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Summary

The many “relativistic corrections” applied to a satellite positioning system suggest that one should
rather formulate the positioning problem using a fully relativistic approach, where there are no “cor-
rections” to be applied. The concepts to be used radically differ from those in use today, and one
arrives at a new paradigm for the operation of a positioning system. The cross-link capacity of the
satellites appears as an essential ingredient of the system.

This colection of papers correspond to the different lectures delivered at the school on Relativistic
Coordinates, Reference and Positioning Systems, held in Salamanca (Spain) in January 2005, and give
a clear idea of what such a positioning system should be, and also give an indication of the theoretical
developments still necessary.

The first article (Tarantola et al.) develops the ‘mathematical engineering’ part of the problem,
and describes the global project from an operational point of view. It is the right paper where to start
to have a global view of the project. The five articles by B. Coll develop the conceptual structure
necessary for a proper understanding of the meaning of ‘positioning’ in (general) relativity. In his
fundamental concepts and applications, Coll gives a more formal definition of the relativistic posi-
tioning system we propose. The basic mathematical properties of the coordinate systems we propose
are analyzed by J. Ferrando and J.A. Morales in the case with (1+1) dimensions (where many exact
result are proposed), and by J.M. Pozo in the case with the (2+1) dimensions and, finally, in the real
case with (3+1) dimensions. Of course, the complexity of the mathematics greatly increases when
passing from 2 to 4 dimensions. J. Ferrando and J.A. Morales propose a classification of all the possi-
ble reference frames in space-time. A basic computational ingredient of the theory is the handling of
light trajectories; L. Klimeš shows that the Hamiltonian formulation is well adapted to the different
numerical and theoretical needs of the theory.
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– Light signals in general relativity, by Bartolomé Coll . . . . . . . . . . . . . . . . . . . . 89
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Albert Tarantola†
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January 2005

Abstract

Relativity is an integral part of positioning systems, and this is taken into account in today’s
practice by applying many ‘relativistic corrections’ to computations performed using concepts
borrowed from Galilean physics. A different, fully relativistic paradigm can be developed for
operating a positioning system. This implies some fundamental changes. For instance, the basic
coordinates are four times (with a symmetric meaning, not three space coordinate and one time
coordinate) and the satellites must have cross-link capabilities. Gravitation must, of course, be
taken into account, but not using the Newtonian theory: the gravitation field is, and only is, the
space-time metric. This implies that the positioning problem and the gravimetry problem can not
be separated. An optimization theory can be developed that, because it is fully relativistic, does
not contain any ‘relativistic correction’. We suggest that all positioning satellite systems should
be operated in this way. The first benefit of doing so would be a clarification and a simplification
of the theory. We also expect, at the end, to be able to run the positioning systems with increased
accuracy.
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1 Introduction

Many relativistic corrections are applied to the Global Navigation Satellite Systems (GNSS). Neil
Ashby presents in Physics Today (May 2002) a good account of how these relativistic corrections are
applied, why, and which are their orders of magnitude. Unfortunately, it is generally proposed that
relativity is only a correction to be applied to Newtonian physics. We rather believe that there is a
fully relativistic way to understand a GNSS system, this leading to a new way of operating it.

As gravitation has to be taken into account, it is inside the framework of general relativity that the
theory must be developed. The shift from a Newtonian viewpoint (relativistic corrections included
or not) into a relativistic framework requires some fundamental conceptual changes. Perhaps the
most important concerns the operational definition of a system of four space-time coordinates. We
reach the conclusion that there is an (essentially unique) coordinate system that, while being con-
sistent with a relativistic formulation, allows an immediate positioning of observers (the traditional
Minkowski coordinates {t, x, y, z} of flat space-time do not allow such an immediate positioning).

These coordinates are defined as follows1. If four clocks —having an arbitrary space-time trajec-
tory— broadcast their proper time —using electromagnetic signals,— then, any observer receives,
at any point along his personal space-time trajectory, four times, corresponding to the four signals
arriving at that space-time point. These four times, say {τ1, τ2, τ3, τ4} , are, by definition, the coor-
dinates of the space-time point. One doesn’t has one time coordinate and three space coordinates, as
usual, but a ‘symmetric’ coordinate system with four time coordinates.

The space-time having been endowed with those coordinates, any observer with a receiver may
obtain (in real time) his personal trajectory. This is true, in particular, for the four clocks themselves:
each clock constantly receives three of the coordinates and it defines the fourth. Therefore, each clock
knows its own trajectory in this self-consistent coordinate system. Note that even if the clocks are
satellites around the Earth, the coordinates and the orbits are defined without any reference to an
Earth based coordinate system: this allows to achieve maximum precision for this primary reference

1Coll and Morales (1992), Coll (2000, 2002, 2004), Coll and Tarantola (2003).
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system. Of course, for applications on the Earth’s surface, the primary coordinates must be attached
to some terrestrial coordinate system, but this is just an attachment problem that should not interfere
with the problem of defining the primary system itself.

In general relativity, the gravity field is the space-time metric. Should this metric be exactly
known (in any coordinate system), the system just described would constitute an ideal positioning
system (and the components of the metric could be expressed in these coordinates). In practice the
space-time metric (i.e., the gravity field) is not exactly known, and the satellite system itself has to be
used to infer it. This article is about the problem of using a satellite system for both, positioning, and
measuring the space-time metric.

Information on the space-time metric may come from different sources. First, any satellite system
has more than four clocks. While four of the clocks define the coordinates, the redundant clocks can
be used to monitor the space-time metric. The considered satellites may have more that a clock: they
may have an accelerometer (this providing information on the space-time connection), a gradiometer
(this providing information on the Riemann), etc. Our theory will provide seamless integration of
positioning systems with systems designed for gravimetry.

In the “post Newtonian” paradigm used today for operating positioning and gravimetry systems,
the ever increasing accuracy of clocks makes that more and more “relativistic effects” have to be taken
into account. On the contrary, the fully relativistic theory here developed will remain valid as long
as relativity itself remains valid.

It is our feeling that when GNSS and gravimetry systems will be operated using the principles
here exposed, new experimental possibilities will appear. One must realize that with the optical
clocks being developed may one day have a relative accuracy of 1018 . The possibility that some
day we may approach this accuracy for positioning immediately suggests extraordinarily interesting
applications.

These applications would simply be impossible if sticking to the present-day paradigm. To realize
how deeply nonrelativistic this paradigm is, consider that GPS clocks are kept synchronized. In this
year 2005, when we celebrate the centenary of relativity, this sounds strange: is there anything less
relativistic than the obstination to keep synchronized a system of clocks in relative movement?

There is one implication of the theory here developed for the Galileo positioning system now
being developed by the European Union. Our theory requires, as a fundamental fact, that the GNSS
satellites exchange signals. The most recent GPS satellites (from the USA) do have this “cross-link”
capability. One could, in principle, use the cross-link data (or an ameliorated version of it) to operate
the system in the way here proposed. Unfortunately, the Galileo satellites will not have, to our
knowledge, this cross-link capability. This is a serious limitation that will complicate the evolution
of the system towards a more precise one.

Finally, we need to write a disclaimer here. None of the algorithms proposed below are intended
to be practical. They are the simplest algorithms that would be fully consistent with relativity theory.
Passing from these to actually implementable algorithms will require some developments in numer-
ical analysis. Finally, some of the simplifying hypotheses made below are not necessary and are only
intended to start with a theory that is as simple as possible.

2 Setting of the Problem

2.1 Model Parameters and Observable Parameters

Imagine that four clocks (called below the basic clocks) broadcast their proper time using light sig-
nals. Any observer in space-time may receive, at any point along its space-time trajectory, four times
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{τα} = {τ2, τ2, τ3, τ4} : these are, by definition, the (space-time) coordinates of the space-time point
where the observer is. If the observer had his own clock, with proper time denoted τ , then he would
know his trajectory

τα = τα(τ) , (1)

i.e., he would know four functions (of his proper time τ ). He could, in addition, evaluate his four-
velocity, and his four-acceleration (see below).

In an actual experiment, the clocks are never ideal, and the reception of times implies a measure-
ment that has always attached uncertaities. We must, therefore, carefully distinguish between model
parameters and observable parameters. This places the present discussion into the usual conceptual
frame of inverse problem theory2.

2.1.1 Complete Model

For us, a complete model consists in:

• A space-time metric field, denoted { gαβ(τ1, τ2, τ3, τ4) } , and some (at least four) trajectories,
denoted { τα

1 (λ1) , τα
2 (λ2) , . . . } , parameterized by some parameters λ1 , λ2 , . . . Because the

metric is given, these parameters can be converted into proper time (by integration of the ele-
ment

√
gαβ dτα dτβ ), so the four trajectories can always be considered to be given as a function

of proper time, { τα
1 (τ1) , τα

2 (τ2) , . . . } . These trajectories shall be the model of the trajectories
of “satellites” consisting on physical clocks, and, perhaps, accelerometers, gradiometers, and
other measuring instruments. Four of the trajectories are arbitrarily selected as ‘basic trajecto-
ries, and the working coordinates {τ1, τ2, τ3, τ4} are assumed to be linked to the metric and
the four basic trajectories as follows: the four coordinates {τ1, τ2, τ3, τ4} of a space-time point
P are, by definition, the four emission times (one in each of the four trajectories) of the four
light “cones” passing by the point P . This is an idealization of the heuristic protocol suggested
in the introduction.

• Associated to each trajectory, a (typically smooth) clock drift function { f1(τ1) , f2(τ2) , . . . } ,
describing the drift of the physical clock with respect to proper time (if z is clock time, and τ

is proper time, then z(τ) = τ + f (τ) ).

To these fundamental parameters, we need to add another set, that are also necessary for the predic-
tion of observations:

• A set of instants {τa , τb , . . . } along each trajectory, that represent the nominal instants when
a clock is observed, a light signal is emitted (that will be received by some other satellite), or
the instant when a measurement (acceleration, gradiometry, etc.) is made.

To simplify the theory, we shall assume that the space-time trajectory of all the satellites has
crossed at a given space-time point, and that all the clocks have been synchronized (to zero time) at
this point. From then on, all clocks will follow their proper time, without any further synchronization
(the drift function just mentioned takes into account that physical clocks never exactly follow proper
time).

We choose in this first version of the theory, not to introduce the fact that light does not propagate
in absolute vacuum. One very simple model for the upper layers of the atmosphere would be as
follows. One could assume that light propagates in a gas that, at rest, is homogeneous and isotropic,

2For an introductory text, see Tarantola (2004).

8



with an index of refraction n that, in general, depends on the carrier frequency of the signal. If the
four-velocity of the gas is Uα , then Maxwell equations in the gas take the same form as in vacuum,
excepted that one must replace the actual (Riemannian) metric by the (Finslerian) metric (see Gordon
(1923) or Pham Mau Quan (1957) for details)

gαβ +
(

1 − 1
n2

)
Uα Uβ . (2)

When we will introduce this aspect in the theory, a complete model will also include the field n
(index of refraction at different frequencies), and the field Uα (four-velocity of the gas). The a priori
information that one has on these quantities is precise enough as for hoping that satellite data will
easily be able to refine the model (tomography of the ionosphere using GPS data is already a well
developed topic of research).

In a physical implementation of the proposed system, the space-time trajectory of any satellite
can be approximately known by just recording the time signals received from the four basic satelites.
But the arrival time of the signals must be measured and any measurement is subject to experimental
uncertainties. It is only through the methodology to be proposed below that an optimal ‘model
trajectory’ is produced.

2.1.2 Observable Parameters

Given a complete model, as just defined, any observation can be predicted, as, for instance:

• The reading of the time of a physical clock (on board of a satellite) can be predicted as zi =∫ τi
0 dτ

√
gαβ (dτα/dτ) (dτβ/dτ) + f (τi) along the trajectory;

• The signals sent by the satellites may be observed by other satellites (this measurement being
subject to experimental uncertainties). The time of arrival of the signals can be predicted by
tracing the zero length geodesic going from the emission point to the reception trajectory (see
the methods proposed in appendix 6.2).

• The satellites may have accelerometers, gradiometers, gyroscopes, etc. The observations can
also be computed using the given metric and the given trajectories.

The methodology here proposed in based in the assumption that any observation made by a satel-
lite (the time of the physical clock, the time of arrival of a received signal, the satellite acceleration, etc.) is
broadcasted. The goal of the paper is to propose a methodology that can allow any observer to use
all the broadcasted observations to build a complete model that is as good as possible. The model
should predict values of the observations that are close to the actual observations (within experi-
mental uncertainties) and it should also have some simple properties (for instance, the metric and
the trajectories should have some degree of smoothness). In principle, any observer could run his
(inverse) modelization in real (proper) time. As the accessible information will differ for the different
observers, the models will also differ. It is only for the part of the space-time that belongs to the
common past of two observers that the models may be arbitrarily similar (although not necessarily
identical).

Note that the assumed smoothness of the metric and of the trajectories will allow not only to
obtain a model of space-time in the past of an observer, but also in his future, although the accuracy
of his prediction will rapidly degrade with increasing prediction time (the methodology proposed
spontaneously evaluates uncertainties).
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In some applications, the observer may not need to make a personal modelization, but just use a
simple extrapolation of the information about space-time broadcasted by a central observer in charge
of all the computations3.

2.2 First Constraint on the Metric (Zero Diagonal)

It can be shown (see the lecture by J.M. Pozo in this school) that in the ‘light-coordinates’ {τα} being
used, the contravariant components of the metric must are have zeros on the diagonal,

{gαβ} =


0 g12 g13 g14

g12 0 g23 g24

g13 g23 0 g34

g14 g24 g34 0

 , (3)

so the basic unknowns of the problem are the six quantities {g12, g13, g14, g23, g24, g34} . This con-
straint is imposed exactly, by just expressing all the relations of the theory in terms of these six quan-
tities4. The covariant components gαβ are defined, as usual, by the condition gαγ gγβ = δ

β
α . The

diagonal components of gαβ are not zero.

2.3 Second Constraint on the Metric (Smoothness)

Let gprior be some simple initial estimation of the space-time metric field. For instance, we could take
for gprior the metric of a flat space-time, the Schwarzschild metric of a point mass with the Earth’s
mass, or a realistic estimation of the actual space-time metric around the Earth.

We wish that our final estimation of the metric, g , is close to the initial estimation. More precisely,
letting Cg be a suitably chosen covariance operator, we are going to impose that the least-squares
norm5

‖ g − gprior ‖2
Cg

≡ 〈 C−1
g ( g − gprior ) , ( g − gprior ) 〉 (4)

is small.
The covariance operator, to be discussed later, shall be a ’smoothing operator’ this implying,

from one side, that at every point of space-time the final metric is close to the initial metric, and,
from another side, that the difference of the two metrics is smooth. As the initial metric shall be
smooth, this imposes that the final metric is also smooth. In particular, the final metric will be defined
‘continously’, in spite of the fact that we only ‘sample’ it along the space-time trajectories of the
satellites and of the light signals.

This kind of smoothing, could perhaps be replaced by a criterion imposing that the Riemann
tensor should be as ‘small’ as possible. The two possibilities must be explored.

3We call this central observer “Houston”.
4In the same lecture by J.M. Pozo, it is demonstrated that the metric above is Lorentzian if and only if the following

condition is satisfied: defining A =
√

g12 g34 , B =
√

g13 g24 , and C =
√

g14 g23 , one must have A + B > C , B + C > A ,
and C + A > B . This constraint is not yet introduced, as it may be strongly simplified when using the logarithmic metric.

5The criterion in equation 4, that is based on a difference of (contravariant) metrics, is only provisional. In a more
advanced state of the theory, we should introduce the logarithm of the metric, and base the minimization criterion on the
difference of logarithmic metrics.

10



2.4 Einstein Equation (Stress-Energy Data)

The notations use in this text for the connection Γα
βγ , the Riemann Rα

βγδ , and the Ricci Rαβ asso-
ciated to a metric gαβ , are as follows:

Γα
βγ = 1

2 gασ ( ∂β gγσ + ∂γ gβσ − ∂σ gβγ )

Rα
βγδ = ∂γ Γα

δβ − ∂δ Γα
γβ + Γα

µγ Γµ
δβ − Γα

µδ Γµ
γβ

Rαβ = Rγ
αγβ .

(5)

The Einstein tensor is then
Eαβ = Rαβ − 1

2 gαβ R , (6)

where R = gαβ Rαβ .
The Einstein equation states that, at every point of the space-time, the Einstein tensor Eαβ (as-

sociated to the metric) is proportional to the stress-energy tensor tαβ describing the matter at this
space-time point:

Eαβ = χ tαβ , (7)

where the proportionality constant is χ = 8πG/c4 . For instance, in vacuum, tαβ = 0 , and, therefore,
Eαβ = 0 . When solving the Einstein equation for tαβ ,

tαβ =
1
χ

Eαβ (8)

we obtain (when replacing Eαβ by the expressions 6–5) the application

g 7→ tcomputed = t(g) , (9)

associating to any metric field g the corresponding stress-energy field t .
Let tobs be our estimation of the stress-energy of the space-time. It could, for instance, be zero, if

we take for the space-time the model of vacuum. More realistically, we may take a simple model of
the rarefied gas that constitutes the high atmosphere. We wish that the space-time metric g is such
that the associated stress-energy t(g) is close to tobs .

More precisely, we are going to impose that the t(g)− tobs is small in the sense of a least-squares
norm

‖ t(g)− tobs ‖2
Ct

≡ 〈 C−1
t ( t(g)− tobs ) , ( t(g)− tobs ) 〉 , (10)

where Ct is a covariance operator to be discussed later. The notation 〈 · , · 〉 stands for a duality
product.

We shall later need the tangent linear application, T , to the application t(g) . By definition,

t( g + δg ) = t(g) + T δg + . . . (11)

As demonstrated in appendix 6.1 (see equations 90–91), this linear tangent application is the (linear)
application that to every δgαβ associates the δtαβ given by

δtαβ =
1
χ

(
Aαβ

µν,ρσ ∇(ρ∇σ) δgµν + Bαβ
µν δgµν

)
, (12)

where

Aαβ
µν,ρσ = 2 g(µ|(σ

δ
ρ)
(α , δ|ν)

β) −
1
2 gµν δ

ρ

(α δσ
β) −

1
2 gρσ δ

µ

(α δν
β) + 1

2 gµν gρσ gαβ − 1
2 gµ(ρ gσ)ν gαβ

Bαβ
µν = 1

2 (Rµ
(αβ)

ν + R(µ
(α δ

ν)
β) + Rµν gαβ − R δ

µ

(α δν
β)) .

(13)
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2.5 Proper Time Data

Assume that there is a physical clock (i.e., a perhaps accurate, but certainly imperfect clock) on board
of some of the satellites. At some instant along the trajectory of such a satelite, a reading of the
physical clock is made (i.e., the proper time is measured), this giving some value zobs with some
associated uncertainty.

The theoretical prediction of the observation is made via the integration of the space-time length
element along trajectory. So, given a model of the metric g = {gαβ(τ1, τ2, τ3, τ4)} , a model of the
trajectory, λ = {τα(λ)} , and a model of the clock drift, f = { f (τ)} , the prediction of the clock
reading is

z(τ) =
∫ τ

0
dλ︸ ︷︷ ︸

λ

√
gαβ uα uβ + f (τ) , (14)

where the integral is performed along the trajectory where the vector uα is defined (along the trajec-
tory) as

uα =
dτα

dλ
, (15)

and where λ is a parameter along the trajectory.
Expression 14 is written for the evaluation of one single time, while we shall typically many

times evaluated along the trajectory, z = {z1, z2, . . . } . The application defined by expression 14, but
considered for all times, shall be written as

{g, λ, f} 7→ zcomputed = z(g, λ, f) . (16)

Let zobs the set of observed values, with experimental uncertainties represented by a covariance
matrix Cz . We wish that our final model {g, λ, f} is such that the (least-squares) norm

‖ z(g, λ, f)− zobs ‖2
Cz

≡ 〈 C−1
z ( z(g, λ, f)− zobs ) , ( z(g, λ, f)− zobs ) 〉 (17)

is small.
For later use, we shall need the three (partial) linear tangent applications to the application so

defined. They are defined through the series development

z(g + δg, λ + δλ, f + δf) = z(g, λ, f) + Zg δg + Zλ δλ + Zf δf + . . . , (18)

where, for short, we write Zg , Zλ , and Zf , instead of Zg(g, λ, f) , Zλ(g, λ, f) , and Zf(g, λ, f) .
One asily sees that Zg is the (linear) operator that to any metric perturbation gαβ(τ1, τ2, τ3, τ4) 7→
gαβ(τ1, τ2, τ3, τ4) + δgαβ(τ1, τ2, τ3, τ4) , associates, at each measure point, the time perturbation

δz =
1
2

∫
dλ

δgαβ uα uβ

√
gµν uµ uν

. (19)

Zλ is the (linear) operator that to any trajectory perturbation τα(λ) 7→ τα(λ) + δτα(λ) , associates,
at each measure point, the time perturbation

δz =
∫

dλ
gαβ uα δuβ

√
gµν uµ uν

, (20)

where
δuα =

d δτα

dλ
. (21)

Finally, Zf is the (linear) operator that to any perturbation δ f (τ) of the clock drift function associates

δz = δ f . (22)
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2.6 Arrival Time Data

At some instant τe along its trajectory, a satellite emits a time signal, that is received by another
satellite at (proper) time σ .

Given a model of the metric g = {gαβ(τ1, τ2, τ3, τ4)} , a model of the trajectory that emits the
signal, τ e = {τα

e (τ)} , a model of the emission time τe along this trajectory, a model of the trajectory
that receives the signal, τ r = {τα

r (τ)} , and a model of the clock drift of the receiving satellite,
fr = { fr(τ)} , we can predict the reception time by tracing the zero-length geodesic that connects the
emission point to the receiving trajectory. We shall write this theoretical prediction as

σcomputed = σ(g, τ e, τe, τ r, fr) , (23)

In the real situation, the metric is only known approximately, and the computed value of the arrival
time will not be identical to the time actually observed time, say σobs .

Roughly speaking, our goal is going to be to determine the space-time metric that minimizes the
differences between calculated and observed arrival times.

Our data, therefore, consists on a set of values

{σ i
obs } , (24)

assumed to be subjected to some observational uncertainties. Letting Cσ denote the covariance
operator describing experimental uncertainties, we wish the (least-squares) norm

‖σ(g, τ e, τe, τ r, fr)−σobs ‖2
Cσ

≡ 〈 C−1
σ (σ(g, τ e, τe, τ r, fr)−σobs ) , (σ(g, τ e, τe, τ r, fr)−σobs ) 〉

(25)
to be small.

Below, we shall need the (partial) tangent linear operators to the operator σ , defined as follows,

σ( g + δg , τ e + δτ e , τe + δτe , τ r + δτ r , fr + δfr ) =

σ(g, τ e, τe, τ r, fr) + Σg δg + Στ e δτ e + Στe δτe + Στ r δτ r + Σfr δfr + . . . .
(26)

Let us evaluate them.
When the metric is perturbed from gαβ to gαβ + δgαβ , the computed arrival times are perturbed

from σ to σ + δσ , where (see equation 120 in appendix 6.2)

δσ = − 1/2
gµν uµ `ν

∫
λ(g)

dλ `α `β δgαβ , (27)

where uα is the tangent vector to the trajectory of the receiver, uα = dτα/dτ , and `α is the tangent
vector to the trajectory of the light ray, `α = dτα/dλ (where λ is an affine parameter along the
ray). Therefore, Σg is the linear operator that to any metric perturbation δg associates the δσ in
equation 27.

To evaluate the operator Στ e we have to solve the following problem: which is the first order
perturbation δσ to the arrival time when the trajectory of the emitter is perturbed from τα

e (τ) to
τα

e (τ) + δτα
e (τ) ? (→ computation being performed).

To evaluate the operator Στe we have to solve the following problem: which is the first order
perturbation δσ to the arrival time when the (proper) time the emitter is perturbed from τe to τe +
δτe ? (→ computation being performed).
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To evaluate the operator Στ r we have to solve the following problem: which is the first order
perturbation δσ to the arrival time when the trajectory of the receiver is perturbed from τα

r (τ) to
τα

r (τ) + δτα
r (τ) ? (→ computation being performed).

The operator Σf is the linear operator that to any perturbation δ fr(τ) of the receiver clock drift
functions associates (check the notations)

δσ = δ fr(σ) . (28)

2.7 Accelerometer Data

We have to explore here the case where each ‘satellite’ has an accelerometer. The acceleration along
a trajectory is

aα = uβ ∂uα

∂xβ
+ Γα

βγ uβ uγ =
duα

dτ
+ Γα

βγ uβ uγ , (29)

where τ is the proper time along the trajectory.
The easiest way to ‘measure’ the acceleration on-board would be, of course, to force the satellite

(or its clock) to be in free-fall (i.e., to follow a geodesic of the spacetime metric). Then, one would
have aα = 0 . Let us keep considering here the general case where the acceleration may be nonzero
(because, for instance, by residual drag by the high atmosphere), but it is measured.

The measure of the acceleration provides information on the connection, i.e., in fact, on the gra-
dients of the metric.

Given a model g of the metric field and a model λ of the trajectory, equation 29 allows to com-
pute the acceleration at all the space-time points when it is measured. We write

{g, λ} 7→ acomputed = a(g, λ) (30)

the application so defined. We wish that the computed accelerations, a(g) , are close to the observed
ones, say aobs . More precisely, we wish the (least-squares) norm

‖ a(g, λ)− aobs ‖2
Ca

≡ 〈 C−1
a ( a(g, λ)− aobs ) , ( a(g, λ)− aobs ) 〉 (31)

to be small, where Ca is a covariance operator describing the experimental uncertainties in the mea-
sured acceleration values.

We introduce the tangent linear operators

a( g + δg , λ + δλ ) = a(g, λ) + Ag δg + Aλ δλ + . . . (32)

It follows from equation 29 that a perturbation of the metric gαβ 7→ gαβ + δgαβ , produces a
perturbation of the computed acceleration given by δaα = δΓα

βγ uβ uγ . The expression for δΓα
βγ is

in appendix 6.1 (see equation 79, page 24), δΓα
βγ = gασ δΓσβγ , with δΓαβγ = 1

2 (∇γδgαβ +∇βδgαγ −
∇αδgβγ) . This gives

δaα = 1
2 gασ

(
∇γ δgσβ +∇β δgσγ −∇σ δgβγ

)
uβ uγ . (33)

The linear operator so defined was denoted Ag in equation 32. To any metric field perturbation
δgαβ this operator associates, at every point of a space-time trajectory where the acceleration was
measured, the values δaα just written.

Note: we shall characterize here the operator Aλ .
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2.8 Gyroscope Data

A gyroscope is described by its spin vector (or angular momentum vector) sα , a four-vector that is
orthogonal to the four-velocity uα of the rotating particle: gαβ uα sβ .

Assume that the gyroscope follows a trajectory xα = xα(τ) , whose velocity is uα = dxα/dτ and
whose acceleration aα is that expressed in equation 29. Then, the evolution of the spin vector along
the trajectory is described6 by the so-called Fermi-Walker transport:

Dsα

dτ
≡ dsα

dτ
+ Γα

βγ uβ sγ = sβ (aβ uα − aα uβ) . (34)

Should the gyroscope be in free fall, aα = 0 , and dsα/dτ + Γα
βγ uβ sγ = 0 , this meaning that the

spin vector would be transported by parallelism.
In our case, the monitoring of the spin vector sα(τ) (besides the monitoring of the acceleration

aα ) would provide the values Γα
βγ uβ sγ , an information complementary to that provided by the

monitoring of the acceleration (that provides the values Γα
βγ uβ uγ ).

Consider that our data is
πα =

dsα

dτ
. (35)

Then we have
πα = sβ (aβ uα − aα uβ)− Γα

βγ uβ sγ . (36)

Given the metric field model g and the trajectory model λ , this equation allows to compute the
vector πα at all the space-time points when it is measured. We write

{g, λ} 7→ π computed = π(g, λ) (37)

the application so defined. We wish that the computed values, π(g) , are close to the observed ones,
say πobs . More precisely, we wish the (least-squares) norm

‖π(g, λ)− πobs ‖2
Cπ

≡ 〈 C−1
π ( π(g, λ)− πobs ) , ( π(g, λ)− πobs ) 〉 (38)

to be small, where Cπ is a covariance operator describing the experimental uncertainties in the
measured values.

Of course, one may not wish to measure the evolution of the spin vector to provide information
on the connection, but to ‘test’ general relativity, as in the Gravity Probe B experiment. From the
viewpoint of the present work, the detection of any inconsistency in the data would put relativity
theory in jeopardy.

Let us introduce the linear tangent operators

π( g + δg , λ + δg ) = π(g, λ) + Πg δg + Πλ δλ + . . . (39)

The application g 7→ π(g) is given in equation 36. To compute the first order perturbation π 7→
π + δπ produced by a perturbation g 7→ g + δg , we must, in this equation, make the replacements
Γα

βγ 7→ Γα
βγ + δΓα

βγ and sα 7→ sα + δsα , with subsequent expression of δΓα
βγ and δsα in terms of

δgα . We obtain
δπα = −δΓα

βγ uβ sγ . (40)

6For details on the relativistic treatment of a spinning test particle, see Papatetrou (1951), Weinberg (1972), or
Hernández-Pastora et al. (2001).
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Using the expression for δΓα
βγ in appendix 6.1, we are immediately left to an expression similar

to 33:
δπα = − 1

2 gασ
(
∇γ δgσβ +∇β δgσγ −∇σ δgβγ

)
uβ σγ . (41)

The operator that to any δgαβ associates the δπα given by this equation is the operator Πg , we were
searching for.

Note: evaluate here the operator Πλ .

2.9 Gradiometer Data

To study the gravity field around the Earth, different satellite missions are on course or planned7. Of
particular importance are the gradiometers with which modern gravimetric satellites are equipped. In
the GOCE satellite, there are three perpendicular “gradiometer arms”, each arm consisting in two
masses (50 cm apart) that are submitted to electrostatic forces to keep each of them at the center of a
cage. These forces are monitored, thus providing the accelerations. The basic data are the half-sum
and the difference of these accelerations (for each of the three gradiometer arms).

The half-sum of the accelerations gives what a simple accelerometer would give. The difference
corresponds to the “tidal forces” in the region where the satellite operates.

A simple model for the gradiometry data is as follows. A mass follows some space-time line that,
to simplify the discussion, is assumed to be a geodesic (i.e., the mass is assumed to be in free-fall, but
taking into account its possible acceleration would be simple). (Note: we should give here general
formulas for the case when the initial trajectory is not a geodesic.) This geodesic is represented at the
left in figure 1. Let uα be the unit vector tangent to this geodesic trajectory. Consider, at some initial
point along the geodesic, a “small” space-time vector δvα that, to fix ideas, may be assumed to be a
space-like vector. By parallel transport of δvα along the geodesic one defines a second trajectory, that
is not necessarily a geodesic (the line at the right in figure 1). Let us denote wα the tangent vector to
this trajectory, and δaα the acceleration along it. Note that, as the trajectory is close to being geodesic,
the acceleration δaα is small (and would vanish if δvα = 0 ).

Figure 1: For the incorporation of gradiometry data, we consider a geodesic
space-time trajectory, and the trajectory defined by transporting a small vector
along the geodesic (see text for details).
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Note: explain that
gµν uµ uν = 1 ; gµν wµ δaν = 0 . (42)

7The LAGEOS (LAser GEOdynamics Satellites) are passive spherical bodies covered with retroreflectors. Note that
Ciufolini and Pavlis (2004) have recently been able to confirm the Lense-Thirring effect using LAGEOS data. The CHAMP
(CHAllenging Minisatellite Payload) satellite is equipped with a precise orbit determination and an accelerometer. The
GRACE (GRAvity recovery and Climate Experiment) consists in two satellites with precise orbit determination, accelerom-
eters and measure of their mutual distance with an accuracy of a few microns. The GOCE (Gravity Field and Steady-State
Ocean Circulation Explorer) satellite is still to be launched. It will consist in a three axis gradiometer: six accelerometers in
a so-called diamond configuration. The observables are the differences of the accelerations.
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Explain also that (i) the tangent vector wα is obtained, all along the trajectory, by parallel transport
of uα along δvα , and (ii) at this level of approximation, the proper time along the second trajectory
is identical to the proper time along the first trajectory.

A mass can be forced to follow this line, and the forces required to do this can be monitored, this
giving a measurement of the acceleration δaα of the mass.

We do not need to exactly evaluate the theoretical relation expressing δaα , the approximation that
is first order in δvα will be sufficient (because δvα is small). As demonstrated by Pozo et al. (2005),
one has δaα = Rα

µνρ uµ uρ δvν + . . . , where the remaining terms are at least second order in δvα .
Then, with a sufficient approximation, we use below the expression

δaα = Rα
µνρ uµ uρ δvν . (43)

As the three vectors aα , uα , and δvα are known, we have a direct information on the components
of the Riemann tensor.

A typical gradiometer contains three arms (in three perpendicular directions in space). This
means that we have three different vectors δvα with which to apply equation 43. The vector uα is
unique (fixed by the trajectory of the satellite). Should one have different satellites at approximately
the same space-time point, with significantly different trajectories, one would have extra constraints
on the Riemann tensor (at the given space-time point).

In order to simplify the notations in later sections of the paper, we drop the δ for the vector δvα ,
and we write ωα instead of δaα . Then, equation 43 becomes

ωα = Rα
µνρ uµ uρ vν . (44)

Given a model metric field g and a model trajectory λ , the theoretical values of the tidal accel-
eration are detoted ωcomputed , and we write

{g, λ} 7→ ωcomputed = ω(g, λ) , (45)

where ωα
computed = Rα

µνρ(g) uµ uρ vν . The gradiometer provides the ‘observed acceleration’ ωobs ,
with observational uncertainties represented by a covariance operator Cω . We wish that the tidal
accelerations, ω(g, λ) , are close to the observed ones, ωobs . More precisely, we wish the (least-
squares) norm

‖ω(g, λ)−ωobs ‖2
Cω

≡ 〈 C−1
ω (ω(g, λ)−ωobs ) , (ω(g, λ)−ωobs ) 〉 (46)

to be small.
We introduce the linear tangent operators

ω( g + δg , λ + δλ ) = ω(g, λ) + Ωg δg + Ωλ δλ + . . . (47)

In view of equation 44, a perturbation of the metric field will produce the perturbation

δωα = δRα
βγδ uβ uδ vγ (48)

of the tidal acceleration, where δRα
µνρ is the first order perturbation to the Riemann tensor. This

perturbation is obtained as a by product in our computation of the perturbation of the Einstein tensor
in appendix 6.1 (see equation 81, page 25). The result is

δRα
βγδ = 2∇[γΩα

δ]β , (49)

where
Ωα

βγ = gασΩσβγ with Ωαβγ = 1
2 (∇γδgαβ +∇βδgαγ −∇αδgβγ) . (50)

This characterizes the operator Ωg .
Note: characterize here the operator Ωλ .
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2.10 Total Misfit

It is clear that we need to optimize for all the components of a complete model, and these include,
in particular, the space-time metric and the space-time trajectories. In the context of this school, we
choose to present a simplified version of the theory, were only the space-time metric is optimized.
The students should be able to complete the expression of the total misfit, as an exercise.

Using standard arguments from least-squares theory (see Tarantola [2004]), we shall define here
the ‘best metric field’ as the field g that minimizes the sum of all the misfit terms introduced above
(equations 10, 4, 17, 25, 31, 38, and 46). The total misfit function, that we denote S(g) , is, therefore,
given by

2 S(g) = ‖ g − gprior ‖2
Cg

+ ‖ z(g)− 1 ‖2
Cz

+ ‖ t(g)− tobs ‖2
Ct

+ ‖σ(g)−σobs ‖2
Cσ

+‖ a(g)− aobs ‖2
Ca

+ ‖π(g)− πobs ‖2
Cπ

+ ‖ω(g)−ωobs ‖2
Cω

,
(51)

i.e.,

2 S(g) = 〈 C−1
g ( g − gprior ) , ( g − gprior ) 〉

+〈 C−1
z ( z(g)− 1 ) , ( z(g)− 1 ) 〉

+〈 C−1
t ( t(g)− tobs ) , ( t(g)− tobs ) 〉

+〈 C−1
σ (σ(g)−σobs ) , (σ(g)−σobs ) 〉

+〈 C−1
a ( a(g)− aobs ) , ( a(g)− aobs ) 〉

+〈 C−1
π ( π(g)− πobs ) , ( π(g)− πobs ) 〉

+〈 C−1
ω (ω(g)−ωobs ) , (ω(g)−ωobs ) 〉 .

(52)

Sometimes, in least-squares theory it is allowed for these different terms to have different ‘weights’,
by multiplying them by some ad-hoc numerical factors. This is not necessary if all the covariance op-
erators are chosen properly. In any case, adding some extra numerical factors is a trivial task that we
do not contemplate here.

Although in this paper we limit our scope to providing the simplest method that could be used
to actually find the metric field g that minimizes the misfit function, it is interesting to know that the
function S(g) carries a more fundamental information. In fact, as shown, for instance, in Tarantola
(2004), the expression

ϕ(g) = k exp(− S(g) ) (53)

defines a probability density (infinite-dimensional) that represents the information we have on the
actual metric field, i.e., in fact, the respective ‘likelihoods’ of all possible metric fields.

3 Optimization

We are going to present here a very plain optimization algorithm, based on the Newton’s method.
This is not a valid candidate for a practical algorithm. Let us see why.

The Newton algorithm, as proposed here, produces an ab-initio calculation: one takes all the
observations, the a priori information on the complete model and produces the a posteriori infor-
mation on the complete model. All the data are treated together. Of course, any practical algorithm
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should rather use the basic idea of a Kalman filter: data are integrated into the computation as they
are available (see appendix 6.5 for a short description of the linear Kalman filter).

In itself, this in an important topic for our future research: Kalman filter computations are made
in real time, but what is ‘real time’ in the context of the relativistic physics used here? It turns out
that ‘real time’ is replaced in this context by ‘proper observer time’ and that the data integrated by an
observer in his Kalman filter are the data arriving to him at this moment, i.e., the data belonging to
the ‘surface’ of his past light cone. We leave this advanced topic out from the teachings of this school.

Therefore, we proceed with the analysis of a simple steepest-descent algorithm.

3.1 Iterative Algorithm

Once the misfit function S(g) as been defined (equation 52), and the associated probability distri-
bution f (g) has been introduced (equation 53), the ideal (although totally impractical) approach for
extracting all the information on g brought by the data of our problem would be to sample the prob-
ability distribution8 f (g) . Examples of the sampling of a probability distribution in the context of
inverse problems can be found in Tarantola (2004).

In the present problem, where the initial metric shall not be too far from the actual metric, the
nonlinearities of the problem are going to be weak. This implies that the probability distribution
f (g) is monomodal, i.e., the misfit function S(g) has a unique minimum (in the region of interest of
the parameter space). Therefore, the general sampling techniques can here be replaced by the much
more efficient optimization techniques. The basic question becomes: for which metric field g the
misfit function S(g) attains its minimum?

This problem can be solved using gradient-based techniques. These techniques are quite sophis-
ticated, and require careful adaptation to the problem at hand if they have to work with acceptable
efficiency. As we do not wish to develop this topic in this paper, we just choose here to explore
the simple steepest descent algorithm, while we explore the more complete Newton algorithm in
appendix 6.4.

To run a steepest descent optimization algorithm, there is only one evaluation that must be done
extremely accurately, the evaluation of the direction of steepest ascent. For this one may use the
formulas developed in Tarantola (2004). One obtains the following direction of steepest ascent,

γk = (gk − gprior) + (Zk Cg)t C−1
z (z(gk)− 1)

+ (Tk Cg)t C−1
t (t(gk)− tobs)

+ (Σk Cg)t C−1
σ (σ(gk)−σobs)

+ (Ak Cg)t C−1
a (a(gk)− aobs)

+ (Πk Cg)t C−1
π (π(gk)− πobs)

+ (Ωk Cg)t C−1
ω (ω(gk)−ωobs) ,

(54)

where the linear operators Zk , Tk , Σk , Ak , Πk , and Ωk have all been introduced above. Note:
explain here the meaning of (·)t . We say transpose operators, better than dual operators, because the

8Sampling an infinite-dimensional probability distribution is not possible, but we could define a (dense enough) grid
in the space-time where the values of g are considered, this discretization rendering the probability distribution finite-
dimensional.
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difference between the two notions matters inside the theory of least-squares9.
The Newton algorithm presented in appendix 6.4, is typically not used as such. One rather uses

a ‘preconditioned steepest descent algorithm’,

gk+1 = gk − Pk γk , (55)

where Pk is an ad-hoc positive definite operator, suitably chosen to produce a convergence of the
algorithm as rapid as possible. Should one choose to use for Pk the Hessian of the misfit function,
one would obtain the Newton algorithm.

Alternatively, one may choose to use a ‘relaxation algorithm’, where succesive ‘jumps’ are per-
formed along the different directions defined by the different terms in equation 54.

One should keep in mind that to obtain a proper estimation of the posterior uncertainties in the
metric, one needs the evaluation of the inverse of the Hessian operator (see appendix 6.4).

3.2 Transpose of a Linear Application

Let L be a linear operator mapping a linear space A into a linear space B . Let A∗ and B∗ the
respective dual spaces, and 〈 · , · 〉A and 〈 · , · 〉B the respective duality products. The transpose of L
is the linear operator mapping B∗ into A∗ such that for any a ∈ A and any b∗ ∈ B∗ ,

〈 b∗ , L a 〉B = 〈 Lt b∗ , a 〉A . (56)

For a good text on functional analysis, in particular on the transpose and adjoint of a linear opera-
tor, see Taylor and Lay (1980). Some of the results in the following sections are provided without
demonstration: to check the proposed results, the reader should become familiar with the concepts
proposed in that book. Let us only mention here two elementary results. The transpose of the linear
operator defined through

yi j...
k`... = Ai j...µν...

k`...αβ... xαβ...
µν...... (57)

is the linear operator defined through

xαβ...
µν...... = Ai j...µν...

k`...αβ... yi j...
k`... (58)

The transpose of the linear operator defined through

yαβ...
γµν...... = ∇γ xαβ...

µν...... (59)

is the linear operator defined through

xαβ...
µν...... = −∇γ yαβ...

γµν...... (60)

There are typically some boundary conditions to be attached to a differential operator, what implies
for the transpose operator a set of ‘dual’ boundary conditions, but we shall not enter into these
‘details’ in this preliminary version of the theory.

9In fact, the dual operators (denoted with a ‘star’) ere respectively Z∗
k = Cg Zt

k C−1
z , T∗

k = Cg Tt
k C−1

t , Σ∗
k = Cg Σt

k C−1
σ ,

A∗
k = Cg At

k C−1
a , Π∗

k = Cg Πt
k C−1

π , and Ω∗
k = Cg Ωt

k C−1
ω . See Tarantola (2004) for details.
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3.2.1 Einstein Equation

Considering the two duality products

〈 δt̂ , δt 〉 =
∫

dτ1
∫

dτ2
∫

dτ3
∫

dτ4 δt̂αβ(τ1, τ2, τ3, τ4) δtαβ(τ1, τ2, τ3, τ4)

〈 δĝ , δg 〉 =
∫

dτ1
∫

dτ2
∫

dτ3
∫

dτ4 δĝαβ(τ1, τ2, τ3, τ4) δgαβ(τ1, τ2, τ3, τ4) ,
(61)

the transpose operator Tt is defined by the condition that for any δt̂ and for any δg , one must have

〈Ttδt̂ , δg 〉 = 〈 δt̂ , T δg 〉 . (62)

Using equation 12 and the expression of the duality products, this can be written∫
dτ1

∫
dτ2

∫
dτ3

∫
dτ4 [

Tt δt̂
]αβ

δgαβ =

1
χ

∫
dτ1

∫
dτ2

∫
dτ3

∫
dτ4 δt̂αβ

(
Aαβ

µν,ρσ ∇(ρ∇σ) δgµν + Bαβ
µν δgµν

)
.

(63)

To compute the direction of steepest descent we need to evaluate the term Cg Tt δt̂ , i.e., we need to
evaluate[

Cg Tt δt̂
]
γδ

(σ1,σ2,σ3,σ4)

=
∫

dτ1
∫

dτ2
∫

dτ3
∫

dτ4 [
Tt δt̂

]αβ (τ1, τ2, τ3, τ4) Cαβγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) .
(64)

This can be evaluated by just replacing δgαβ(τ1, τ2, τ3, τ4) by Cαβγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) in
equation 63. One gets[

Cg Tt δt̂
]
γδ

(σ1,σ2,σ3,σ4) =

1
χ

∫
dτ1

∫
dτ2

∫
dτ3

∫
dτ4 δt̂αβ(τ1, τ2, τ3, τ4)(

Aαβ
µν,ρσ (τ1, τ2, τ3, τ4) ∇(ρ∇σ) Cµνγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4)

+ Bαβ
µν(τ1, τ2, τ3, τ4) Cµνγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4)

)
.

(65)

3.2.2 Arrival Time Data

For each satellite trajectory, to any space-time metric field perturbation δgαβ(τ1, τ2, τ3, τ4) , expres-
sion 27 associates the scalar δσ(τ) defined along the trajectory. Let us here characterize the transpose,
Σt , of this operator. Considering the two duality products

〈 δσ̂ , δσ 〉 =
∫

dτ δσ̂(τ) δσ(τ)

〈 δĝ , δg 〉 =
∫

dτ1
∫

dτ2
∫

dτ3
∫

dτ4 δĝαβ(τ1, τ2, τ3, τ4) δgαβ(τ1, τ2, τ3, τ4) ,
(66)

the transpose operator is defined by the condition that for any δσ̂ and for any δg , one must have

〈Σtδσ̂ , δg 〉 = 〈 δσ̂ , Σ δg 〉 . (67)
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Using equation 27 and the expression of the duality products, this can be written∫
dτ1

∫
dτ2

∫
dτ3

∫
dτ4 [

Σt δσ̂
]αβ (τ1, τ2, τ3, τ4) δgαβ(τ1, τ2, τ3, τ4)

=
∫

dτ δσ̂(τ)
(
− 1/2

gµν(τκ(τ)) uµ(τ) `ν(τ)

∫
λ(g,τ)

dλ `α(λ) `β(λ) δgαβ(τκ(λ))
)

.
(68)

To compute the direction of steepest descent we need to evaluate the term Cg Σt δσ̂ , i.e., we need to
evaluate[

Cg Σt δσ̂
]
γδ

(σ1,σ2,σ3,σ4)

=
∫

dτ1
∫

dτ2
∫

dτ3
∫

dτ4 [
Σt δσ̂

]αβ (τ1, τ2, τ3, τ4) Cαβγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) .
(69)

This can be evaluated by just replacing δgαβ(τ1, τ2, τ3, τ4) by Cαβγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) in
equation 68. One gets[

Cg Σt δσ̂
]
γδ

(σ1,σ2,σ3,σ4) =
∫

dτ δσ̂(τ)
(
− 1/2

gµν(τκ(τ)) uµ(τ) `ν(τ)∫
λ(g,τ)

dλ `α(λ) `β(λ) Cαβγ(τ1(λ), τ2(λ), τ3(λ), τ4(λ),σ1,σ2,σ3,σ4)
)

.
(70)

As the covariance function Cαβγδ(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) shall be a smooth function, we see that
this equation ‘spreads’ the arrival time residuals into the region of the space-time that is around each
satellite trajectory.

3.2.3 Accelerometer Data

It follows from equation 33 that the transpose operator At
g is the linear operator that to any δâα ,

defined at the points where the acceleration was measured, associates, at the same points, the values

δĝαβ = − 1
2

(
gαν uβ uµ + gβν uα uµ − gµν uα uβ

)
∇µ δπ̂ν . (71)

This operator appears in equations 142 and 147.

3.2.4 Gyroscope Data

The operator, Πt
g , transpose of the operator Πg characterized in equation 41 is

δĝαβ = − 1
4

(
gαν (uβ σµ + uµ σβ) + gβν (uα σµ + uµ σα)− gµν (uα σβ + uβ σα)

)
∇µ δπ̂ν . (72)

It appears in equations 142 and 147.

3.2.5 Gradiometer Data

The operator Ωg was characterized in equations 48–50. The transpose operator, Ωt
g , associates to

any δω̂α the δĝαβ given by

δĝαβ = vµ uν (uα ∇µνδω̂β + uβ ∇µνδω̂α) + (uα vβ + uβ vα) uµ ∇µνδω̂ν

−uµ uν (vα ∇µνδω̂β + vβ ∇µνδω̂α − 2 uα uβ vµ ∇µνδω̂ν .
(73)

It appears in equations 142 and 147.
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4 Discussion and Conclusion

We have been able to develop a consistent theory, fully relativistic, where the data brought by satel-
lites emitting and receiving time signals is used to infer trajectories and the space-time metric. This
constitutes both, a kind of ultimate gravimeter and a positioning system. Any observer with re-
ceiving capabilities shall know its own space-time trajectory “in real time”. These coordinates are
not the usual ‘geographical’ coordinates plus a time, but are four times. The problem of attaching
these four time coordinates to any terrestrial system of coordinates is just an attachment problem that
should not interfere with the basic problem of defining an accurate reference system, and of knowing
space-time trajectories into this system.

For more generality, we have considered the possibility that the satellites may have accelerom-
eters, gradiometers, or gyroscopes. This is because the positioning problem and the problem of
estimating the gravity field (i.e., the space-time metric) are coupled. If fact, all modern gravimetry
satellite missions are coupled with GNSS satellites. Our theory applies, in particular, to the GOCE
satellite mission (orbiting gradiometers). It also applies to the Gravity Probe B or the LISA10 experi-
ments, that could be analyzed using the concepts presented here.

The optimization algorithm proposed (Newton algorithm) is by no means the more economical
to be used in the present context, and considerable effort is required to propose a practical algo-
rithm, possibly using the ‘Kalman filter’ approach briefly mentioned in appendix 6.5. We are quite
confident in our prediction that, some day, all positioning systems will be run using the basic princi-
ples exposed in this paper: the ever-increasing accuracy of time measurements with eventually force
everyone to take relativity theory seriously —at last.—
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6 Appendixes

6.1 Perturbation of Einstein’s Tensor

Note: explain somewhere that, as for any matrix a , (a + δa)−1 = a−1 − a−1 δa a−1 + · · · , when
imposing to the metric the perturbation

gαβ 7→ gαβ + δgαβ , (74)

the contravariant components have the perturbation

gαβ 7→ gαβ − gαγ δgγδ gδβ + · · · . (75)

When introducing the perturbations 74–75 in the expressions 5, one obtains, keeping only first
order terms in δgαβ , the perturbation δEαβ of the Einstein tensor.

We consider the perturbation of the metric and the perturbation of the connection.

gαβ → g′αβ = gαβ + δgαβ ; Γα
βγ → Γ ′αβγ = Γα

βγ + δΓα
βγ . (76)

In this appendix, and in order to make the expressions more compact, let us denote

δgαβ = hαβ ; δΓα
βγ = Ωα

βγ . (77)

We will use the unperturbed metric to raise and lower indices. For instance, we will write hα
β ≡

gαγhγβ .
By requiring that both, the unperturbed and the perturbed connection, to be metric, ∇g = ∇′g′ =

0, and symmetric, Ωα
[βγ] = 0, we get:

∇′
γg′αβ = ∇γhαβ −Ωδ

αγg′δβ −Ωδ
βγg′αδ = 0

Ωα
[βγ] = 0

}
⇒ g′αδΩ

δ
βγ =

1
2

(∇γhαβ +∇βhαγ −∇αhβγ) . (78)

Then, Ωµ
βγ is obtained by contracting this expression with the inverse of the perturbed metric g′µα.

But the first order is given by the contraction with the unperturbed one:

Ωα
βγ = gαδΩδβγ where Ωαβγ =

1
2

(∇γhαβ +∇βhαγ −∇αhβγ) . (79)

The two Riemann tensors are related by

R′α
βγδ = Rα

βγδ + 2∇[γΩα
δ]β + 2Ωα

µ[γΩµ
δ]β . (80)

24



Thus, the first order perturbation of the Riemann is given by

δRα
βγδ = 2∇[γΩα

δ]β , (81)

from which we get the first order perturbation of the Ricci tensor:

δRαβ = δRδ
αδβ = 2∇[δΩ

δ
β]α = ∇[δ∇β]h

δ
α +

1
2

(∇δ∇αhδ
β −∇β∇αhδ

δ)−
1
2

(∇δ∇δhαβ +∇β∇δhαδ) .
(82)

Splitting into symmetric and intisymmetric parts of the two covariant derivatives

δRαβ = ∇[δ∇β]hδ
α + 1

2 ∇[δ∇α]hδ
β + 1

2 ∇[β∇δ]hδ
α

+ 1
2 ∇(δ∇α)hδ

β − 1
2 ∇(β∇α)hδ

δ − 1
2 ∇δ∇δhαβ + 1

2 ∇(β∇δ)hδ
α .

(83)

Substituting now the identity 2∇[δ∇α]hδ
β = Rδ

µδα hµ
β − Rµ

βδα hδ
µ and introducing the notation

Hαβ,γδ ≡ ∇(γ∇δ)hαβ , (84)

2 δRαβ = Rµ(αhµ
β) + Rµ

(αβ)δhδ
µ + Hδ

β,αδ + Hδ
α,βδ − Hδ

δ,αβ − Hαβ,
δ
δ . (85)

In order to obtain the perturbation of the Ricci scalar we also need the perturbation of the con-
travariant metric:

gαγ gγβ = δα
β ⇒ δgαβ = −gαγ hγδ gδβ = −hαβ . (86)

Thus, the perturbation of the Ricci scalar is

δR = δgαβ Rαβ + gαβ δRαβ = −Rαβ hαβ + Hαβ
,αβ − Hα

α,
β

β . (87)

Finally we obtain the first order perturbation of the Einstein tensor,

δEαβ = δRαβ − 1
2 (δR gαβ + R δgαβ)

= 1
2 (Rδ

(αβ)
µ hδµ + Rµ

(α hβ)µ + Rγδ hγδ gαβ − R hαβ)

+ 1
2 (Hδ

β,αδ + Hδ
α,βδ − Hδ

δ,αβ − Hαβ,
δ
δ + Hγ

γ,
δ
δgαβ − Hγδ

,γδ gαβ)

(88)

This result can be rewriten as

δEαβ = Aαβ
γδ,ρσ Hγδ,ρσ + Bαβ

γδ hγδ (89)

with

Aαβ
γδ,ρσ = 2 g(γ|(σ

δ
ρ)
(α , δ|δ)

β) −
1
2 gγδ δ

ρ

(α δσ
β) −

1
2 gρσ δ

γ

(α δδ
β) + 1

2 gγδ gρσ gαβ − 1
2 gγ(ρ gσ)δ gαβ

Bαβ
γδ = 1

2 (Rγ
(αβ)

δ + R(γ
(α δ

δ)
β) + Rγδ gαβ − R δ

γ

(α δδ
β)) .

(90)

Note that using he definition 84, equation 89 can be written, explicitly,

δEαβ = Aαβ
γδ,ρσ ∇(ρ∇σ)hγδ + Bαβ

γδ hγδ . (91)

Observe that, by construction, the two tensors A and B are symmetrics in each pair of indices,

Aαβ
γδ,µν = A(αβ)

(γδ),(µν) and Bαβ
γδ = B(αβ)

(γδ) . (92)
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In addition, it results that Aαβ
γδ,µν is symmetric respect to the interchange of the two contravariant

pairs:
Aαβ

γδ,µν = Aαβ
µν,γδ . (93)

This implies that not all the information in Hαβ,γδ contrubutes to δEαβ. In fact, we can express the
term Aαβ

γδ,µν Hαβ,γδ in an interesting form. Let us define Jαβγδ ≡ 2H[δ|[α,β]|γ]. This tensor contains
less information than H[γ|[α,β]|δ], and has the same symmetries as a Riemann:

Jαβγδ = J[αβ][γδ] = Jγδαβ and Jα[βγδ] = 0 . (94)

We can then take the traces of this tensor (obtaining a Ricci-like tensor and scalar): Jαβ ≡ Jγαγβ and
β ≡ Jαα. Then, it is easy to check that the contribution of Hαβ,γδ is only the Einstein-like tensor of
Jαβγδ:

Aαβ
γδ,µν Hγδ,µν = Jαβ −

1
2

J gαβ (95)

In contrast, observe that Bαβ
γδ contains all the information of the Riemann tensor.

6.2 Arrival Time Data

We need the linear operator Σ that is tangent to the forward operator σ at some g0 . Formally,

σ(g + δg) = σ(g) + Σ δg + O(δg)2 . (96)

It is easy to understand the meaning of Σ . While σ associates to any metric g some arrival times
σ i , the operator Σ associates to every metric perturbation δg (around g ) the perturbation δσ i of
arrival times. Let us compute these perturbations.

6.2.1 Hamiltonian Formulation of Finsler Geometry

The Finsler space is a generalization of the Riemann space. This generalization is appropriate for the
description of the propagation of light and many other waves.

Proper time τ in the Finsler space satisfies the stationary Hamilton-Jacobi equation

H(xκ , τ,µ) = const. , (97)

where H(xκ , pµ) is the Hamiltonian. The geodesics can then be described by the Hamilton equations

dxα

dλ
=

∂H
∂pα

, (98)

dpα

dλ
= − ∂H

∂xα
, (99)

with initial conditions
xα(λ0) = xα

0 ; pα(λ0) = τ,α(xµ
0 ) . (100)

Then
τ,α[xµ(λ)] = pα(λ) (101)

along the geodesics. Parameter λ along a geodesic is determined by the form of the Hamiltonian and
by initial conditions (equation 100) for the geodesic. Proper time τ along the geodesic is then given
by

τ(λ) = τ(λ0) =
∫ λ

λ0

dλ pα
∂H
∂pα

, (102)
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which follows from equations 98 and 101. Note that equal geodesics may be generated by various
Hamiltonians. For example, Hamiltonian H̃(xκ , pµ) = F[H(xκ , pµ)], where F(x) is an arbitrary func-
tion with a non–vanishing finite derivative at x equal to the right–hand side of equation 97, yields
equal geodesics as Hamiltonian H(xκ , pµ). The Hamiltonian is often chosen as a homogeneous func-
tion of degree N in pα. Especially, homogeneous Hamiltonians of degrees N = 2, N = 1 or N = −1
are frequently used.

If the Hamiltonian is chosen as a homogeneous function of degree N = 2 in pα, and is properly
normalized, then

gαβ(xκ , pµ) =
∂2H

∂pα∂pβ

(xκ , pµ) (103)

is the contravariant Finslerian metric tensor. If metric tensor in equation 103 is independent of pµ,

gαβ(xκ , pµ) = gαβ(xκ) , (104)

the Finsler space reduces to the Riemann space.
On the other hand, if we know the contravariant metric tensor, we may construct a homogeneous

Hamiltonian of degree N in pα as

H(xκ , pµ) =
1
N

[pαgαβ(xκ , pµ)pβ]
N
2 . (105)

Whereas degree N may be arbitrary for spatial or time-like geodesics, N 6= 2 should be avoided for
zero-length geodesics in order to keep the right–hand sides of Hamilton equations 98 and 99 finite
and non-vanishing identically.

For homogeneous Hamiltonians (equation 105), equation 102 reads

τ(λ) = τ(λ0) +
∫ λ

λ0

dλ [pαgαβ(xκ , pµ)pβ]
N
2 , (106)

and equation 98 yields
dxα

dλ
gαβ

dxβ

dλ
= [pαgαβpβ]N−1 . (107)

Considering equation 107, equation 106, can be expressed in the form

τ(λ) = τ(λ0) +
∫ λ

λ0

dλ

[
dxα

dλ
gαβ(xκ , pµ)

dxβ

dλ

] N
2(N−1)

. (108)

In the Hamiltonian formulation, the Finsler geometry is no more complex than the Riemann geome-
try.

6.2.2 Perturbation of Proper Time

The first-order perturbation of proper time (equation 102) is (Klimeš, 2002, eq. 25)

δτ(λ) = δτ(λ0)−
∫ λ

λ0

dλ δH . (109)

If we wish to perform perturbations with respet to the components of the metric tensor along zero–
length space–time geodesics, homogeneous Hamiltonians (equation 105) should be of degree N = 2
to avoid zero or infinite perturbations δH of the Hamiltonian.

One alternative to the present Hamiltomian formulation, would be to use a Lagrangian formu-
lation of the first degree, this leading to the usual Fermat’s integral. There are four reasons why the
formulation here presented is better:
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• Perturbations of a homogeneous Lagrangian of degree N with respect to the components of the
metric tensor are zero for N > 2 and infinite for N < 2, which results in singularities in the
computation;

• Hamilton equations beak down for N 6= 2, which would prevent us from using efficient tools
of Hamiltonian formulation;

• Dual Legendre transform between homogeneous Hamiltonian and Lagrangian of the first de-
gree is not possible (Červený, 2002), which also holds for spatial and time–like geodesics;

• The integral is generally complex-valued for indefinite metric tensors.

In the following, we shall thus consider an homogeneous Hamiltonian (equation 105) of degree
N = 2,

H(xκ , pµ) =
1
2

pα gαβ(xκ , pµ) pβ . (110)

Equation 98 then reads
dxα

dλ
= gαβ(xκ , pµ)pβ , (111)

and equation 109, with δτ(λ0) = 0 , reads

δτ(λ) = −1
2

∫ λ

λ0

dλ pαδgαβpβ . (112)

Inserting δgαβ = −gακδgκµgµβ , we obtain

δτ(λ) =
1
2

∫ λ

λ0

dλ pαgακδgκµgµβpβ . (113)

Inserting equation 111 into equation 113, we arrive at

δτ(λ) =
1
2

∫ λ

λ0

dλ
dxα

dλ
δgαβ

dxβ

dλ
. (114)

6.2.3 Perturbation of arrival time

Assume the trajectory
xi = yi(σ) (115)

parametrized by proper time σ along it (in general, σ may represent an arbitrary parameter along
the trajectory). A light signal emitted at the given point will hit the given trajectory at proper time
σ = σ0. Assume now that the space–time metric is perturbed from gi j to gi j + δgi j.The light signal
will now hit the trajectory at proper timeσ0 +δσ . We shall now derive the first order relation between
δσ and delta gi j.

The space-time wavefront may be expressed in the form

τ(xα) = 0 , (116)

where τ(xα) is measured along the geodesic from the given point to point xα. The geodesics can be
calculated by Hamiltonian ray tracing from the given point.
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Proper time σ at the point of intersection of the trajectory with the space-time wavefront then
satisfies equation

τ(yα(σ)) = 0 . (117)

Perturbation of this equation yields

δτ(yβ(σ)) + τ,α(yβ(σ))
dyα

dσ
(σ) δσ = 0 . (118)

Then

δσ = − δτ(yβ(σ))

τ,α(yβ(σ)) dyα

dσ
(σ)

. (119)

Inserting pα from equation 111 for τ,α and equation 114 for δτ(yβ(σ)), equation 119 can be expressed
in the form

δσ = −1
2

[
dyβ

dσ
gαβ

dxα

dλ

]−1 ∫ λ

λ0

dλ
dxα

dλ
δgαβ

dxβ

dλ
. (120)

6.3 A Priori Information on the Metric

Let gprior some reference space-time metric (for instance the Minkowski or the Schwarzschild met-
ric), and let g be the actual metric. In the simple (and a little bit simplistic) approach proposed here,
it is assumed that the difference

g − gprior (121)

is small, and is assumed to be a random realization of a Gaussian random field with zero mean and
prescribed covariance. Because in the light coordinates used here it is the contravariant metric that
has some simple properties, the difference in equation 121 is taken using the contravariant compo-
nents.

To obtain a reasonable model of covariance operator for the metric, we could perform a thought
experiment. We imagine a large number of metric fields, all of the form

{gαβ} =


0 g12 g13 g14

g12 0 g23 g24

g13 g23 0 g34

g14 g24 g34 0

 (122)

at every point, all smoothly varying over space-time, and with the quantities gαβ randomly varying
around the values corresponding to the reference metric, with prescribed, simple probability distri-
butions (independent, to start with). The we could evaluate the covariance of such a ‘random field’
using the direct definition of covariance:

Cαβµν(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) =(
gαβ(τ1, τ2, τ3, τ4)− gαβ(τ1, τ2, τ3, τ4)

) (
gµν(σ1,σ2,σ3,σ4)− gµν(σ1,σ2,σ3,σ4)

)
,

(123)

where x means the mean value of x . The mean metric gαβ would be the reference metric.
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Another option is to try to insert more constraints that we know are satisfied by the metric. For
instance, Pozo (2005) shows that the metric has necessarily the form

0 g12 g13 g14

g12 0 g23 g24

g13 g23 0 g34

g14 g24 g34 0

 =


a 0 0 0
0 b 0 0
0 0 c 0
0 0 0 d




0 A B 1
A 0 1 B
B 1 0 A
1 B A 0




a 0 0 0
0 b 0 0
0 0 c 0
0 0 0 d

 , (124)

where the constants {a, b, c, d} are positive, and the constants {A, B should satisfy the constraint
that a triangle exists in the Euclidean plane whose sides have the lengths {A, B, 1} . One could
perhaps use the six quantities {a, b, c, d, A, B} as basic quantities, and assume a Gaussian distribution
for some simple functions of them.

We do not explore yet this possibility. Also, it is very likely that the basic variable to be used in
the optimization problem is not the metric gαβ , but the logarithmic metric. This point is, for the time
being, not examined.

We don’t try to be more specific at this point, we simply assume that some covariance function

Cαβµν(τ1, τ2, τ3, τ4,σ1,σ2,σ3,σ4) (125)

is chosen. The inverse W = C−1 of the covariance operator (a distribution) has the kernel

Wαβµν(τ1, τ2, τ3, τ4;σ1,σ2,σ3,σ4) . (126)

By definition (formally)∫
dv(ρ1, ρ2, ρ3, ρ4) Wαβρσ (τ1, τ2, τ3, τ4; ρ1, ρ2, ρ3, ρ4)×

× Cρσµν(ρ1, ρ2, ρ3, ρ4;σ1,σ2,σ3,σ4) =

= δµ
α δν

β δ(τ1 −σ1) δ(τ2 −σ2) δ(τ3 −σ3) δ(τ4 −σ4) ,

(127)

where
dv(ρ1, ρ2, ρ3, ρ4) =

√
− det gprior(ρ1, ρ2, ρ3, ρ4) dρ1 dρ2 dρ3 dρ4 . (128)

The operators C(g) and W(g) being symmetric and positive definite, define a bijection between
G , the space of metric field perturbations and its dual, G∗ . We shall write

δĝ = W δg ; δg = C δĝ . (129)

Explicitly,

δĝαβ(τ1, τ2, τ3, τ4) =
∫

dv(ρ1, ρ2, ρ3, ρ4)

Wαβµν(τ1, τ2, τ3, τ4;σ1,σ2,σ3,σ4) δgµν(σ1,σ2,σ3,σ4)
(130)

and

δgαβ(τ1, τ2, τ3, τ4) =
∫

dv(ρ1, ρ2, ρ3, ρ4)

Cαβµν(τ1, τ2, τ3, τ4;σ1,σ2,σ3,σ4) δĝµν(σ1,σ2,σ3,σ4) .
(131)
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The duality product of a dual metric field perturbation δĝ by a metric field perturbation δγ is
defined as

〈 δĝ , δγ 〉 =
∫

dv(τ1, τ2, τ3, τ4) δĝαβ(τ1, τ2, τ3, τ4) δγαβ(τ1, τ2, τ3, τ4) , (132)

the scalar product of two metric field perturbations is

δg1 · δg2 = 〈W δg1 , δg2 〉 , (133)

and the norm of a metric field perturbation is

‖ δg ‖Cg =
√

δg · δg . (134)

Denoting by gprior the a priori metric and by g our estimation of the actual metric field, we are
later going to impose that the squared norm

2 Sg(g) = ‖ g − gprior ‖2
Cg

(135)

is small.

6.4 Newton Algorithm

While in section 3.1 we have examined the simple steepest descent algorithm, let us now develop
the quasi-Newton method. To obtain the actual algorithm, one may use the formulas developed in
Tarantola (2004). The resulting iterative algorithm can be written

gk+1 = gk − H−1
k γk , (136)

where the ‘Hessian operator’ Hk is

Hk = I + (Zk Cg)t C−1
z Zk + (Tk Cg)t C−1

t Tk + (Σk Cg)t C−1
σ Σk

+ (Ak Cg)t C−1
a Ak + (Πk Cg)t C−1

π Πk + (Ωk Cg)t C−1
ω Ωk ,

(137)

the ‘gradient vector’ is

γk = (gk − gprior) + (Zk Cg)t C−1
z (z(gk)− 1)

+ (Tk Cg)t C−1
t (t(gk)− tobs)

+ (Σk Cg)t C−1
σ (σ(gk)−σobs)

+ (Ak Cg)t C−1
a (a(gk)− aobs)

+ (Πk Cg)t C−1
π (π(gk)− πobs)

+ (Ωk Cg)t C−1
ω (ω(gk)−ωobs) ,

(138)

where the linear operators Zk , Tk , Σk , Ak , Πk , and Ωk , are the Fréchet derivatives (tangent linear
applications) of the operators z(g) , t(g) , σ(g) , a(g) , π(g) , and ω(g) , introduced in equations 9,
??, ??, 30, 37, and 45, all the operators evaluated for g = gk , and where Lt denotes the transpose
of a linear operator L . We say transpose operators, better than dual operators, because the difference
between the two notions matters inside the theory of least-squares.
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All the linear operators just introduced are evaluated in section 3.2. But before going into these
details, some comments on the iterative algorithm are needed.

The quasi-Newton algorithm 136 can be initialized at an arbitrary point (i.e., at any metric field)
g0 . If working in the vicinity of an ordinary planet, the present problem will only be mildly nonlinear,
and the convergence point will be independent of the initial point. The simplest choice, of course, is

g0 = gprior . (139)

Before entering on the problem of how many iterations must the done in practice, let us take
the strict mathematical point of view that, in principle, an infinite number of iterations should be
performed. The optimal estimate of the space-time metric would then be

g̃ = g∞ . (140)

The least-squared method not only provides an optimal solution, it also provides a mean of estimat-
ing the uncertainties on this solution. It can be shown (Tarantola, 2004) that these uncertainties are
those represented by the covariance operator

C̃g = H−1∞ Cg . (141)

Crudely speaking, we started with the a priori metric gprior , with uncertainties represented by the
covariance operator Cg , and we end up with the a posteriori metric g̃ , with uncertainties repre-
sented by the covariance operator C̃g .

The practical experience we have with the quasi-Newton algorithm for travel-time fitting prob-
lems suggests that the algorithm should converge to the proper solution (with sufficient accuracy) in
a few iterations (less than 10). Then, for all practical purposes, we can replace ∞ by 10 in the two
equations 140–141.

An important practical consideration is the following. The Hessian operator (equation 137) shall
be completely characterized below, and the different covariance operators shall be directly given.
But the algorithm in equations 136–138 contains the inverse of these linear operators. It is a very
basic result of numerical analysis (Ciarlet, 1982) that the numerical resolution of a linear system may
be dramatically more economical than the numerical evaluation of the inverse of a linear operator.
Therefore, we need to rewrite the quasi-Newton algorithm replacing every occurrence of the inverse
of an operator by the associated resolution of a linear system.

Let us start by the evaluation of the gradient vector γk . Expression 138 can be rewritten

γk = δgk + (Zk Cg)t δz∗k + (Tk Cg)t δt∗k + (Σk Cg)t δσ∗
k

+ (Ak Cg)t δa∗k + (Πk Cg)t δπ∗
k + (Ωk Cg)t δω∗

k ,
(142)

where
δgk = gk − gprior , (143)

and where the vectors δz∗k , δt∗k , δσ∗
k δa∗k , δπ∗

k , and δω∗
k , are the respective solutions of the linear

32



systems

Cz δz∗k = z(gk)− 1

Ct δt∗k = t(gk)− tobs

Cσ δσ∗
k = σ(gk)−σobs

Ca δa∗k = a(gk)− aobs

Cπ δπ∗
k = π(gk)− πobs

Cω δω∗
k = ω(gk)−ωobs .

(144)

Once the gradient vector γk is evaluated, one can turn to the iterative step (equation 136). It can
be written

gk+1 = gk − ∆gk , (145)

where ∆gk is the solution of the linear system

Hk ∆gk = γk . (146)

Using the expression 137 for the operator Hk we can equivalently say that ∆gk is the solution of the
linear system

∆gk + (Zk Cg)t ∆z∗k + (Tk Cg)t ∆t∗k + (Σk Cg)t ∆σ∗
k

+ (Ak Cg)t ∆a∗k + (Πk Cg)t ∆π∗
k + (Ωk Cg)t ∆ω∗

k = γk ,
(147)

where, when introducing the vectors

∆zk = Zk ∆gk

∆tk = Tk ∆gk

∆σ k = Σk ∆gk

∆ak = Ak ∆gk

∆π k = Πk ∆gk

∆ωk = Ωk ∆gk ,

(148)

the vectors ∆z∗k , ∆t∗k , ∆σ∗
k , ∆a∗k , ∆π∗

k , and ∆ω∗
k , are the respective solutions of the linear systems

Cz ∆z∗k = ∆zk

Ct ∆t∗k = ∆tk

Cσ ∆σ∗
k = ∆σ k

Ca ∆a∗k = ∆ak

Cπ ∆π∗
k = ∆π k

Cω ∆ω∗
k = ∆ωk .

(149)

In equations 142 and 147 one needs to evaluate vectors whose generic form is

b = (L C)t a . (150)
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the vector a being known. They involve the transpose of an operator. To evaluate these vectors one
must resort to the very definition of transpose operator. By definition, the operator (L C)t is the
transpose of the linear operator (L C) if, and only if, for any a∗ and any a ,

〈 a∗ , (L C)t a 〉 = 〈 (L C) a∗ , a 〉 . (151)

As the linear tangent operators are characterized (for all the nonlinear applications appearing above),
we know how to write the right-hand side of this equation explicitly. As the vector a is known, the
condition that the obtained expression must hold for any vector a∗ gives an explicit expression for
b = (L C)t a . Appendixes 3.2.1 and 3.2.2 provide two examples of this kind of evaluations.

6.5 Kalman Filter

Assume that some linear model allows to make a preliminary prediction of the state of the system at
time k in terms of the state of the system at time k − 1 (we retain here the notations in Grewal et
al. (2001)):

x−k = Φk x+
k−1 . (152)

If the uncertainties we had on x+
k−1 are represented by the covariance matrix P+

k−1 and if the predic-
tion by the linear model Φk has uncertainties described by the covariance matrix Qk−1 , the uncer-
tainty we have on x−k is represented by the covariance matrix

P−
k = Φk P+

k−1 Φt
k + Qk−1 . (153)

So we have the prior value x−k with uncertainties described by the prior covariance matrix P−
k .

To pass from the preliminary estimate x−k to the actual estimate x+
k we now use some observed data

zk that is assumed to be related to x+
k via a linear relation zk ≈ Hk x+

k , with uncertainties described
by the covariance matrix Rk . The standard theory of linear least-squares then provides the posterior
estimate as

x+
k = x−k + P−

k Ht
k ( Hk P−

k Ht
k + Rk )−1 ( zk − Hk x−k ) , (154)

that has uncertainties represented by the posterior covariance matrix

P+
k = P−

k − P−
k Ht

k ( Hk P−
k Ht

k + Rk )−1 Hk P−
k . (155)

Then, if at each time step we input Φk , Qk−1 , zk , Hk , and Rk , equations 152–155 allow to have a
continuous estimation of the state of the system, x+

k , together with an estimation of the uncertainties,
P+

k .
The reader may recognize that equations 154–155 are identical to the standard equations of linear

least-squares theory (see equations 3.37 and 3.38 in Tarantola (2004)). The matrix

Kk = P−
k Ht

k ( Hk P−
k Ht

k + Rk )−1 , (156)

that appears in the two equations 154–155, is called the ‘Kalman gain matrix’.
Example. As a simple example, consider, in non-relativistic physics, the trajectory of a mass that

has been equipped with some sensors. We can choose to represent the state of the system at any time
by a 9-dimensional vector x , that contains the three values of the position, the three values of the
velocity and the three values of the acceleration. Assume that, as a result of the previous iteration, at
some moment we have the estimation x+

k−1 with uncertainties P+
k−1 . Equation 152 may simply cor-

respond to the use of the velocity to extrapolate the position one step in time, to use the acceleration
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to extrapolate the velocity, and to keep the acceleration unchanged. This perfectly characterizes the
matrix Φk . Equation 153 then is used to update the estimation of uncertainty, where we can take for
Qk−1 something as simple as a zero matrix excepted for the three diagonal elements associated to the
acceleration, where a small variance will take into account that our extrapolation of acceleration is
uncertain. The data zk may consist in the output of some sensors, like accelerometers or data from a
satellite positioning system. The relation zk = Hk x−k would correspond to the theoretical calculation
of the data zk given the state x−k . This is not a linear relation, and the theory should be developed to
directly account for this, but if the time steps are small enough, we can always linearize the theory,
this then defining the matrix Hk . Denoting now by zk the actual output of the sensors, and by Rk
the experimental uncertainties, equation 154 is used to obtain our second estimation of the state of
the system, equation 155 providing the associated uncertainties.
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Abstract

The concept of space-time extension belongs to the interface between physics and metaphysics,
by opposition to the mathematical concept of space-time manifold. The only objects that belong
to the space-time extension are the histories of objects. The notion of (extended) present should
not appear as a basis for the description of a physical problem. A coordinate system is completely
defined by its parameterised families of coordinate hypersurfaces or by its parameterised congru-
ences of cordinate lines.
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1 Introduction

In relativity, the word ’space-time’ is used in many different contexts with different meanings. These
meanings go from the more generic ones (’any solution to Einstein equations’, ’any cosmological
solution’, etc) to the more specific ones (’Schwarzshild solution’, ’our particular physical world’, the
standard cosmological model, etc). But whatever its meaning be, it can be theorically obtained from
a space-time extension, endowing it with a metric structure.

This space-time extension is not an ’usual physical object’, but a very singular one. For this
reason, instead of to identify immediately it with a rigorous, formal, mathematically appropriate
object (four-dimensional differentiable manifold) as in use in many textbooks, we shall begin with a
short epistemic analysis of this singular notion (Section 2).

Physics endows the space-time extension with an objective or absolute structure, the metric struc-
ture. The complex historical situation that allowed to pass from the Newtonian conception to the
relativistic one is here abstractly collapsed in few steps, with the sole purpose of enlighten three
fundamental relativistic concepts: the absence of a extended ’present’ as a physical fact, the non ob-
jective relativistic character of the classical Newtonian objects, and the deterministic but impredictive
(retrodictive) relativistic physics (Section 3).

In a large sense, the goal of this school is to try to develop a relativistic physics that respect these
points, i.e. in which the present (and any particular synchronization) is absent or, at most, appears
as a derived and conventional notion, in which only the histories of physical bodies intervene as
physical objects and in which of every data it is indicated who knows it, where and when.

The geometric character of the relativity theory is recovered by identification of the (events of the)
space-time extension with (the points of) a four-dimensional manifold1. The ingredients of such an
object (topology, dimension, local charts, coordinate systems,...) are briefly remembered on account
of their role in the following lectures (Section 4).

The aim of this lesson is to enlighten some aspects of the basic structure of the space-time which
have or may have some incidence in the physical realization of coordinate systems and/or in their
developments. The above mentioned ingredients have not to be considered as the first elements of
an introductory course to differential geometry, for which we have no time and which is not planed
in this school, the reader being supposed to have a sufficient knowledge on the subject.

Finally these aspects are summarized at the end of the lecture (Section 5).

2 Space-time extension

a) The extension.- Invariably, objects are found in specific places at specific moments. To locate
an object is to indicate its place at a precise instant. The extension allowing to contain any object at
any place at any instant is called the space-time extension.

It is in the space-time extension where we are immerged, living our histories, where events take
place and physical processes happen. Space-time extension is, in short, the extension that contains
the interlaced set of our histories and the histories of all around us.

This extension is idealized as continuous, i.e. indefinitely smooth, such that it always offer the
same appearance, whatever be the separation power of the (imaginary) microscope with which we

1An event being an elemental physical phenomena and a point of a manifold being a mathematical notion, their different
nature is evident. It is thus clear that the word ’identification’ is used here as a shortcut for ’one-to-one correspondence’
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observe it.

It is also assumed that to locate an event we need four numbers, usually three numbers associated
to our space (longitude, latitude and eight, or any other equivalent ones) and one number associate
to the time. For this reason the space-time extension is said to be four-dimensional.

The notion of space-time extension is due to Poincaré2, who called it the ’four-dimensional space’
(’espace quadridimensionnel’), already introduced the four dimensional notation (x, y, z, it) for points
and (X, Y, Z, iT) for vectors and proved the Lorentz invariance of the quantity x2 + y2 + z2 − t2. Later
Minkowski3 called it ’space-time’ (’Raum und Zeit’) and interpreted the invariant as generated by a
Lorentzian metric.

b) The nature of the extension.- Space-time extension is thus assumed to be a four-dimensional
continuous extension. Before to comment on these two properties, it is worthwhile to say some words
on the nature of this extension.

By the above construction of the notion, it is evident that the space-time extension is the support
of all physical phenomena. But this does not defines itself as a physical phenomena or object, at least
not as an ’usual’ one.

First of all, if we are able to experiment with objects related to events (energy density in the
neighbour of an even, distance between two events, etc), we do not know and can not conceive, an
experiment on the events themselves, irrespective of the matter and energy they could support.

Secondly, in other order of ideas, the space-time extension keeps a close nearness with our meta-
physical frontiers4. We mean the following. If we try to ameliorate our knowledge of the nature of
an object, we are lead to the analysis of the notions involved in the idea we have of this object. When
making such an analysis, sooner or later we will feel the idea of the object to ’come closer’ to us and
at the same time to ’diffuse’, until to pass trough an ’interface’ after which the idea of the object dis-
appears and we are faced to our proper, personal basic concepts. This interface may be considered as
the limit between physical and metaphysical concepts. If for some notions this interface seems far to
be reached, for the space and the time it appears immediately, as every one can experience and many
authors have confirmed5, irrespective of the conclusions to which they arrived6.

In third place, it is the logic coherence which seems to forbid us to consider the space-time ex-
tension as an usual physical object. Introduced in the theorization process as an immaterial and
non-energetic support for our description of physical phenomena (remember we are unable to con-

2Henri Poincaré, Sur la dynamique de l’éléctron, in Rendiconti del Circolo Matematico di Palermo, 23th July session, 1905.
3Hermann Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körpern, in Göttingen Nac-

chrichten, Mathematisch-physikalische Klasse,1908
4I know that the word ’metaphysics’ is rather terrorific for many physicists. Do not be afraid, the meaning used here

remains ’terrestrial’. Indeed, let us try to elaborate physics without the explicit help of gods and in the standard frame of the
’naive realism’ hypothesis of an objective world, of which we are a simple part. As a simple part (even as big as the entire
mankind) we only receive, at best, the very partial information of this exterior word that converge to us. It seems evident
that these sole data, even supposed completely detected and processed by us, cannot give, if we are simple passive parts,
nothing more than the data themselves. To elaborate with them a physical theory, we must participate actively integrating
these data in a sort of ’software’ which, even if it may be strongly suggested or induced by the data, cannot be reduced to
them. The ingredients of this ’software’ that allow to construct our theories but that cannot be directly neither obtained,
nor verified or falsified by the data, are what are here called ’metaphysical’, in the first historical and etymological sense of
’beyond-physical’ data.

5Aristotle, Physics, IV; Saint Augustine, Confessions, XI; Kant, Critique of Pure Reason...
6In particular, our description not only admits but heuristically suggest the critical analysis and improvement of our

present ideas on the space-time extension, a position not related, in any way, to the a priori conceptions by Kant.
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ceive an experiment on the events irrespective of their supported energy) it would be a non-sense
to try to transform it in a physical phenomena7. And even if we accepted such a juggling, it would
clearly be then a non usual phenomenon, namely, the one that does not need any external support to
be described8.

It follows from the above points that, like an ideal monitor screen showing all the events captured
by an hypothetical web cam, or like an ideal indefinite sheet of paper on which we would draw all
what we could ever see, the space-time extension must be seen as nothing but the support on which we place
all the physical phenomena. The important fact here is that, not been a physical object, its properties
cannot be directly verified or falsified by experiments. We only may hope of these properties that
they be efficient for their support task.

c) Continuity and dimension.- Dimension and continuity are not physical properties. They ought
to be solely efficient conceptual ones. It is the analysis of the data of observation and experimentation
which has to say if the present assumptions on dimension and continuity are sufficiently efficient, or
need to be changed.

It is to be noted that both properties of dimension and continuity, are not properties of the physical
objects and phenomena of the space-time, but properties of their (mete-physical) support, the space-
time extension.

For this reason, the substitution of continuity by a hypothesis of discontinuity of the space-time
extension is meaningless. Discontinuity may be applied to the description of phenomena or physical
objects, not to the extension that supports them9. It is convenient that this extension, similarly to the
fine quality of the texture of a photo paper with respect to the emulsion grain size, be some orders
of magnitude finer than the physical phenomena to be supported, in order to ensure a correct, non
deforming support of the objects and phenomena10.

There is no conceptual obstruction, in the opposite direction, to refine our present notion of con-
tinuity. Although at present it does not seem necessary, this is an open possibility that could be
realized, for example, with the non standard analysis extension of the real line.

Concerning the dimension, one has to distinguish whether or not we are varying that of the space-
time extension itself, or simply adding to its dimension, for formalism or structural reasons, that of
physical quantities (temperature, charge, spin, etc.̇.). Although this second action may present a
certain structural interest, contrarily to what seems to be the believe of many people, it is not, by
itself, necessarily explanatory. The known jest by Feynmann of constructing a ’unified theory’ by
making the Cartesian product of partial known ones illustrates explicitly this point.

Similarly to what happens for continuity, the substitution of the four dimensional assumption by
an hypothesis of fractal dimensionality is meaningless if the extensions having these new dimensions
are in fact subsets of a four dimensional extension. What could be possible, it to consider an extension
without ’canonical’ dimension; arbitrary non integer dimensions would be then, not a characteristic
of the space-time extension, but a characteristic of our modelization of the physical systems under

7Remember that, roughly speaking, physics is the study of matter and energy and the laws that rule them.
8Note that these considerations neither imply, in any way, any a priori conception ’à la Kant’; the properties of the

extension results of a human elaboration constrained by experience and experimental data.
9The discontinuity of matter or energy fields is perfectly compatible with the continuity of their support

10Similar situations exist in other domains. For example, the ’space of measurements’ of physical measure instruments
is constructed on the real line, in spite of the fact that the output of any physical measure instrument is always a fractional
number. The reduction of this space to the fractional subset of the real line does not improves neither our comprehension
nor our handling of the measure algebra.
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study. But, to my knowledge, a theory of intrinsic fractal sets, similar to that of intrinsic surfaces or
spaces initiated by Gauss, has not been still elaborated.

Only a comment on topology. The global extension of every universe has to be constructed in
such a way that the results of observations and experimentations be efficiently described. This may
demand non trivial topologies, but does not affect the basic fact that the assumed texture of the
space-time extension is a physically constrained but intellectual choice, which depends more of our
observation devices than of the observed phenomena.

3 Galileo, Minkowski and Lorentzian structures

a) Absolute properties.- The space-time extension is a basic fabric not only for physics or for
science, but in general for any other human activity. Perhaps the most important difference among
the uses that physics and the other activities make of this fabric, is that physics structure the space-time
extension as an objective element, independent of every one of us, support of physical phenomena (this fact
is at the basis of the naive realism commonly accepted in many branches of science).

The way the physics follows to do it may be summarized in three basic actions:
- space-time location of phenomena,
- set up of the laws connecting them,
- detection of the dependence between these laws and the state of the observer
that has obtained them.

When the set of all the results of these three actions is coherent, The space-time is said structured
by the ’metric’ properties that allow these results to take place.

These properties are said absolute or objective when they are equally detectable by all the ob-
servers, otherwise they are called relative or subjective (when the properties are numerical, its abso-
lute character means that all observers measure the same value).

Absolute properties characterize the space-time extension intrinsically, what means that we have
not to mention the observers that have checked them, we need only to mention these properties
and their place in the space-time extension. Space-time extension endowed with absolute metric
properties is called in short space-time.

It is worthwhile to indicate here that absolute properties are not independent of the observers, what
means that observers are not needed to establish them, but they are invariant by them, what means
that observers are needed but they may be arbitrarily chosen. This confusion of words is frequently
accompanied by a confusion of concepts, not always unimportant.

b) Galileo space-time.- In spite of a century of relativity theory, and of its well defined mathemat-
ical scheme, some prejudices in the use of it and a strong tendency to consider relativity as a learned
algorithm to sprinkle Newtonian expressions with corrective ’relativistic effects’ subsist.

We briefly introduce here Galileo space-time to facilitate its contrast with Minkowski space-time,
the one that interest us here.

First of all, Newton’s theory, constructed around the above mentioned three basic actions11, af-
firms the absolute character of the simultaneity. Simultaneity stratifies thus the space-time extension
by absolute ’instants’ (the collections of all the events simultaneous to a given one). But neither a

11From the data of Newton’s time.
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stratification by absolute instants has to be necessarily absolute, nor the parts of an absolute instant
have to be absolute.

In second place, Newton’s theory affirm, by means of the hypothesis of an absolute time, that the
stratification is absolute and, by the hypothesis of an absolute distance at every instant, that any set
of simultaneous events is also absolute.

Figure 1: In Galileo space-time, the present of an event is absolute
and divides complementarily the whole space-time in future and
past.

PRESENT

FUTURE

PAST

Calling every instant ’the space’, Galileo space-time turns out to be the absolute history of the abso-
lute space. Every space is the ’present’ of any one of its events, and every present divides complemen-
tarily the space in a ’future’ and a ’past’. Past, present and future are all the relational possibilities for
the events.

In Galileo space-time there exist two different classes of lines: space-like lines (paths) and time-
like lines (trajectories). As we will see elsewhere12, they are at the basis of a causal classification of
coordinate systems in these space-times.

c) Minkowski space-time.- Maxwell equations (1873) describe the behaviour of the classical elec-
tromagnetic fields and, in particular, the behaviour of the light.

From these equations, the velocity of light in vacuum results to be independent of its colour,
of its intensity and of the motion of its source. It results that the history of the light that emerge
from or converge to an event describes in the space-time extension an objective ’cone’ (family of
bidimensional topological spheres) centred at the event.

Figure 2: A consequence of Maxwell equations is that the velocity
of light in vacuum is independent of its colour, its intensity and the
motion of its source.

The negative experimental results searching for a dragging of light by the ether, and the convic-
tion of the well-founded character of the relativity principle 13 lead Poincaré and Einstein to state
that the velocity of light is the same for all inertial observers, i.e. that it is an absolute property of the
space-time extension.

12In the lessons on Newtonian and Lorentzian frames, presented by J. Ferrando and J. A. Morales.
13The principle of relativity was first established and so named (in French principe de relativité) by Henri Poincaré, in his

Saint-Louis Conference, USA 1904, cf. Revue des Idées, 15th November, 1904, p. 808.
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Figure 3: The history of the light that emerge from or converge to an
event describes in the space-time extension an objective ’cone’.

The analysis of the compatibility of these two new absolute ingredients (light cone surfaces and
their velocity) with the absolute stratification by instants of Galileo space-time, showed their incom-
patibility. The complex historical process involving importantly the ideas of Lorentz, Poincaré and
Einstein may be abstractly condensed in the three following points:

• Since these three absolute ingredients are incompatible, one of them must not be absolute.

• Since experiments precision on electromagnetic fields is higher than that on mechanics, the
light cones and their velocity must be the absolute ingredients.

• Since the stratification by instants is based on the notion of simultaneity, this notion can not be
absolute.

Minkowski space-time is the space-time extension endowed with a field of light cones centred
at every event and completed with the prescription of a time allowing these cones to have the same
velocity for all inertial observers 14.

Figure 4: Minkowski space-time is the space-time extension en-
dowed with a field of light cones centred at every event... .

A very important consequence of this structure is that, in contrast to what happens in Galileo
space-time, the ’classical objects’ like stars, planets, the Earth, ourselves, houses, tables, etc, no longer
are objects in Minkowski space-time 15. What are objects now are their histories: the histories of the
stars, the histories of ourselves, etc.

A second important consequence is the non existence of an extended present, with the corollary
that past, present and future are no longer sufficient to relate all the events. This means that, in
relativity, questions like ’what is happening just now at Los Angeles?’ have no physical meaning and
consequently no physical meaning. Only after a choice of convention16 it is possible to give a (relative
and conventional) unique answer17.

14The field of cones defines the conformal metric structure and the prescription of the time fixes the conformal factor,
i.e., the usual point wise Lorentzian metric structure.

15That is to say, no longer are things equally detectable by all the observers.
16In our case, a protocol of synchronization
17The distance between Salamanca and Los Angeles being around ten thousand kilometres, the imprecision of the ques-

tion is of about 6 hundredth of seconds, a significant quantity, because 1011 times greater than what today one is able to
measure!
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Figure 5: In Minkowski space-time the present is no longer ex-
tended, and past, present and futur are insufficient to contain all
the events.
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A third important consequence is that, the field of cones define the limiting velocity of propaga-
tion of the information, in any physical context, it has to be carefully indicated to whom and where is
accessible the information on the physical system under analysis.

d) General Lorentzian space-time.- The principle of equivalence will lead Einstein, after some
doubts and frustrated attempts, to describe gravitational fields as non-flat18 deformations of Minkowski
structure.

Of these deformations he will not give the local deformation law, that is to say, the law that relates
locally how the deformed Lorentzian structure progresses in terms of the undeformed Minkowski
structure and of the progressive gravitational field that produces this deformation19. In place of it,
he will identify the gravitational field to the deformed Lorentzian structure20, and consequently will
write the field equations as equations for the deformed Lorentzian structure 21. These equations, the
Einstein equations, relate a part of the Riemann curvature of the deformed Lorentzian structure, to the
energetic content (energy tensor) of the medium. The deformed space-time structure and Einstein
equations constitute the basic ingredients of the general theory of relativity.

Because of:
• the concepts from which it starts,
• the principles on which it is constructed,
• the generic domain of validity of its equations22,
• the causal character of its solutions23,
• the tensorial character of the physical quantities that take part in it24

• the class of space-times that it describe25

• the absence of explicit phenomenological theory for the construction of the sources, but the
implicit assumption that they are made by means of classical balances,

Einstein theory of relativity is a local theory in all its constituents.

18In the Riemann sense.
19A typical deformation law is the one that relates a deformed iron rod to the undeformed one as a function of a temper-

ature field.
20As we could ‘identify’ the temperature with the height of a mercury column. A gravitational field is a field of forces

per unit of mass, meanwhile a Lorentzian structure, as represented by a metric tensor, is a quadratic field of units of length;
the ‘identification’ cannot but means ‘one-to-one correspondence’.

21Not to be confused with a ’law of deformation’.
22Einstein equations constitute a quasi-linear hyperbolic system. Quasi-linear hyperbolic systems are intrinsically local,

in contrast to elliptic and parabolic systems, which are drastically boundary dependent.
23To every local set of initial data, correspond a domain of influence in which the solution depends exclusively of these

initial data.
24Tensors are objects defined point by point.
25That is, any space-time corresponding to any sort of sources and any boundaries, not only our cosmological space in

its globality.
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4 Formal structure of the space-time extension

The above epistemic definition of the basic relativistic space-time structure is sufficient to outline
some essential notions, as we have seen, but it is clearly insufficient to construct explicitly a rigorous,
deductive and quantitative physical theory. We must precise what is what is exactly a Minkowskian
or a general Lorentzian structure in order to be able to characterise and handle it and, in particular,
write Einstein equations. To this end, we must associate to the notions sketched above precise formal
or mathematical concepts.

We have seen that the space-time extension is continuous and four-dimensional. The mathemati-
cal objects that mimics these two properties, and refine the first one, are the differentiable manifolds
26.

Because some ingredients of their very basic structure are concerned by the physical construction
of coordinate systems, we shall briefly remember their definition.

As it is well known, the spaces admitting a notion of continuity are the topological spaces, so that
we begin remembering them.

a) Topological spaces.- A topological space V is a set admitting a collection P of parts, called
open sets, such that V itself, the empty set Φ and the union and finite intersection of elements of P
are in P .

A neighbourhood of a point x of V is any subset of V that contains an open set that contains x.

V is said Hausdorff if two arbitrary points have disjoint neighbourhoods.

Let f be a map between two topological spaces V and W , and let us note it y = f (x) for x ∈ V
and y ∈ W . Then f is said continuous at x if, for any neighbourhood Ey of y = f (x) there exists a
neighbourhood Ex such that f (Ex) ⊂ Ey . The map is said continuous in V if it is continuous for all
x . A homeomorphism from V on W is a bicontinuous bijection.

Let (x1, ..., xn) be a point of the Cartesian product Rn of the set of real numbers R . The numbers
xi are called the coordinates of the point. Rn is a topological space for the open sets obtained, as
union of open hypercubes, an open hypercube being the set of points (xα), α = 1, ..., n, such that
aα < xα < bα , with aα , bα real numbers, and the empty set Φ . It can be shown that a bijection
between two open sets X and Y of Rn is a homeomorphism if and only if the coordinates yα of
y = f (x) are continuous functions of the coordinates xi of x and conversely.

b) Topological manifolds.- Generically a topological space carries a notion of continuity, but
not a notion of dimension. The objects that carry both notions are called topological manifolds. A
topological manifold Vn is a Hausdorff topological space such that every point has a neighbourhood
homeomorphic to Rn that is to say, Vn is union of a family of open sets homeomorphic to Rn .

Let U one of these open sets of Vn and ϕ the homeomorphism from U on Rn (or on an open
set of Rn homeomorphic to Rn ); the pair (U,ϕ) is called a local chart. The coordinates {xα} in Rn

of the point ϕ(x) , x ∈ U , are called local coordinates of x , U is called the domain of the chart and

26The concept of differentiable manifold was definitively performed in the 30’s although, since Gauss, it was already
implicitly present in many previous works; for example, the configuration space of the Lagrange’s analytical mechanics.
Gauss, who wrote in Latin, called it varietas from which the French ‘variété’, the Italian ‘varieta’ or the Spanish ‘variedad’,
but Rieman, who extended Gauss work to any dimension, callet it ‘multi(-)plicity’, of Latin root, whose Germanic version
gives the English ‘mani(-)fold’.
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ϕ(U) its image 27.

If ϕ is the map that associates to the point x the coordinates {xn} , ϕ may be considered as
being the ordered set of the n functions ϕα : U → R , such that ϕα(x) = xα . The n functions
ϕα : U → R , are called coordinate functions, and they are said to constitute a (local) coordinate system
for the domain U of Vn .

An atlas of Vn is a covering of Vn by local charts.

c) Differentiable manifolds.- We have seen that the dimension n assigned to some topological
spaces, the topological manifolds, is the power of R to which these spaces are locally homeomor-
phic. In Rn we know how to handle differentiable functions, so that we may refine the concept of
topological manifold in order to facilitate the analysis.

An atlas is said of class Cp if, for every pair of local charts of Vn, (U1,ϕ1) , (U2,ϕ2) , with
U1 ∩ U2 6= Φ , the map ϕ2 ◦ϕ−1

1 from Rn to Rn is a diffeomorphism of class Cp between the
images ϕ1(U1 ∩U2) and ϕ2(U1 ∩U2) . In other words, the coordinates of a point x ∈ U1 ∩U2 in
a local coordinate system are functions of class Cp of the coordinates of the same point in the other
local coordinate system.

A topological manifold is said endowed of a differentiable structure of class Cp , and is called a
differentiable manifold, if it is endowed of an atlas of class Cp .

d) The relativistic space-time.- A differentiable manifold offers us a precise notion of dimension
and a refined and precise notion of continuity. As every one knows, the space-time extension is
identified in relativity with a four-dimensional differentiable manifold V4 . Once endowed with a
Lorentzian metric structure g , the pair (V4, g) is called the space-time.

At the present level, two points are important to be noted for it:

- the first one is that, in the construction of a space-time (for example, the Schwarzschild one),
either we state a priori the differentiability class it must have (induced by an epistemic analysis of
the physical situation to be described), and then it is sufficient to give, for every point, the metric ex-
pression in a sole local chart, or we need necessarily to know, for every point, the metric expression
at least in two local charts; otherwise, the differentiability of the manifold is obviously not deter-
mined. This point is systematically ignored in the construction of space-times starting from solutions
to Einstein equations in one local chart.

- the second point is that, although the space-time V4 is generically supposed at least C2;4pw ,
i.e. of differentiability class C2 , C4 piecewise (in order to insure discontinuities of the energy tensor
and ’well propagation’ of Bianchi identities), we know this hypothesis is rather abusive because
the physical object is the metric field g and not the space-time extension V4 . What has a physical
meaning is the demand that the metric field g of the space-time (V4, g) be of differentiability class C1;4pw,
i.e. of differentiability class C1 , C3 piecewise.

e) Coordinate (hyper)surfaces and lines.- We have seen that the local coordinates of a point of Vn
are objects of Rn associated to the local chart (U,ϕ) in question. The coordinate functions associated
to ϕ , ϕα(x) = xα , allow to give a geometric content to this representation. Thus, for every local
chart, we may consider in Vn the n one-parameter families of local hypersurfaces of local equation

27We shall see in other lessons that the physical coordinates inform us about this image, and the main problem is to
reconstruct the metric structure of U .
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ϕα = Constant , corresponding in Rn to xα = Constant . They are the coordinate hypersurfaces of the
local chart. In this chart, a point is characterized by the hypersurfaces to which it belongs, that is to
say, by the corresponding values of the xα .

It is easily seen, but important for our physical constructions, that n independent one-parameter
families of local hypersurfaces in a domain U , i.e. n local functions ϕα(x) of non vanishing regular
(i.e. definite and finite) Jacobian, define a local chart, namely (U,ϕ ≡ {ϕα}) .

Alternatively, to every local chart of Vn we can consider the n local congruences of lines of Vn
of local equation ϕᾱ(x) = Constant , ᾱ 6= α . They are the coordinate (congruences of) lines of the local
chart. In this local chart, a point is characterized by the corresponding values of the parameters of
the lines that pass at the point, that is to say, by the values xα .

It is also important for us the negative result that n arbitrary congruences of parameterised lines
in a domain U do not define generically a local chart having them as coordinate lines.

5 Points of interest of this lecture

This lecture has reviewed the most basic and well known topics of relativity. We have dared it to bring
some comments on points that, although simple, are insufficiently raised (even completely ignored)
in the standard presentations of the subject, and that are pertinent for a better comprehension both
of the concepts and techniques needed in this course.

The comments we wanted to raise are:

• The space-time extension is a concept that belongs to the interface between physics and meta-
physics28.

• The only objects of the space-time extension are histories. It is with them29 that any physical
problem must be stated in relativity.

• The extended present is not a physical element of the space-time. Its physical reality is of the
same order than that of the crystal spheres of Ptolemaic theory of epicycles. Consequently, it
must not appear as a basis for the description of any physical problem.

• In the physical space-time, there always exist regions in which some information about the
physical systems under analysis are inaccessible. Therefore, physical problems have to be stated
taking into account who is accessible, and where, to every data.

• Because Einstein theory is a local theory, the generic class of physical problems that concern it
are local.

• A solution of Einstein equations in a local chart is not sufficient to determine the space-time
manifold. At least other related chart, or physically justified global conditions are necessary to
do it.

• A coordinate system is completely defined by its parameterised families of coordinate hyper-
surfaces or by its parameterised congruences of coordinate lines.

28In the sense of concepts and language to work and speak about physics.
29And not with what were objects in Newtonian physics, which are now merely arbitrary conventional ‘sections’ of

relativistic objects.
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1 Past, present and future roles of coordinate systems

1.1 Need of a theory for coordinate systems

Coordinate systems appear in mathematics as well as in physics. And frequently, in theoretical stud-
ies, it is not clear when we are using them as mathematical tools or as physical things. In fact, their
status is rather ambiguous, even in a purely geometric context. But the rather intensive use that
physicists and mathematicians make of them, the need of better understanding the most part of
them, and the conviction that they will play increasing roles in physics, justify to tackle the construc-
tion of a theory of coordinate systems. Taking into account the progress in experimental precision
and the already present relativistic effects in earth positioning, this theory cannot be but a Relativistic
Theory of Coordinate Systems. I believe that things and thoughts are ripe to begin this construction.

The structure of such a relativistic theory of coordinate systems is better that of a theory in the
sense of Number Theory than that of a theory in the sense of a pyramid-structured deductive theory,
like Set Theory. Like in Number Theory, where numbers are considered as elements of classes (odd,
prime, Fibonacci, Bernouilly, etc.), in the theory of relativistic coordinate systems, coordinate sys-
tems are not considered individually, but as elements of classes (harmonic, Born, Fermi, co-moving,
symmetric, light-like, etc). Of these classes, their existence, internal group structure, intrinsic and
extrinsic ways of definition and of generation of their elements, as well as their mutual relations,
or nature of their intersections, generically creating new classes, are taken into account. These un-
avoidable aspects constitute the formal part of the theory. This Lesson is devoted to sketch some
ingredients of it.

But, as physicists, we are interested in coordinate systems not only as mathematical tools to obtain
tensorial results, but also as a true way to locating the space-time in our neighbourhood. So, we
are specially interested in their physical realization, the locating systems. This is the physical and
operational part of the theory, that is exposed in the other lessons.

1.2 The role of the history

A century has passed of special theory of relativity, of signals travelling at most at the velocity of
light, of absence of absolute simultaneity. Almost a century of general theory of relativity, of spaces
in which rigid bodies not only cannot be physically construted but cannot be thought, of curved and
variable spaces, quicksand of matter and energy, where the space-time location of events is very far
from being so a priori and trivial as was supposed in the past.

How is it possible that, after almost one hundred years of being aware of this situation, the works
about the physical construction of relativistic coordinate systems are much less than a hundred?

The little historic comments that we present here want to remember this situation and to make
easier its change in the next future. The history of science has this great interest that not only provides
the knowledge of the evolution of the ideas that have impacted our society, but also and specially the
knowledge of the unfairly stopping of some other good ones.

In some sense the aim of a researcher is to construct, starting from what is known at the present,
what will be known in the future. In this sense, to think only about the present is like to think about
a sole term of a time series of which we must guess the following one. History, providing some other
terms, help us to realise this prediction function, acting as a diving board for the future.
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1.3 The prejudice of coordinates

The history of coordinate systems is ancient, and probably it began with ‘Cartesian coordinates’...
some millenniums before they were attributed to Sieur Des Cartes. So seems it to be testified, in
building, by the ostrakon found in Saqqara circa 2700 BC, which shows five vertical lines under a
curve, associated with numbers. It was found next to a saddle-backed structure with a curve at the
top that matched the diagram within a few centimetres 1

In geometry, circa 350 BC, Menaechmus, a student of Eudoxus, already uses Cartesian coordinates
to solve the problem of duplicating the cube. But his proof was strongly criticised, in part for the
very reason of his introduction of Cartesian coordinates, ingredients that being not present in the
statement of the problem, already was considered that they had not to be present in its solution.
Strong purity, which along the twenty three following centuries will weaken very little.

Already one hundred years after Menaechmus, Eratosthenes, for the representation of the inhab-
ited world, uses also these coordinates in his Geographia, a world invented by himself. And almost
four hundred years after Eratosthenes, Ptolomy wrote his Treatise on Geography in the same coordi-
nates2.

But in mathematics, the mentality that led to the contempt for Menaechmus’ proof, will remain
essentially intact for the duration of almost two centuries more than the geocentric mentality in as-
tronomy: almost two thousand years!

One has to wait Fermat, about 1650, to see Cartesian coordinates reappear3. Meanwhile, Descartes
seems to have never used these (‘his proper’!) coordinates; at least, he never used them in his
Géométrie4.

Although maps were used by the Greeks in navigation as early as in the sixth century BC5, for this
task coordinate systems appear only in the sixteenth century, after the invention of the loxodromic by
the Portuguese Pedro Nunes, and its use and study by the Dutch Gerard Kremer, known as Mercator
(Latin translation of his name), one of the founders of the modern geography.

More than two centuries later, and apart from the relatively simple and few coordinate systems
of the elemental geometry, geography, navigation and astronomy6 (Cartesian, spherical, cylindrical,
Mercatorial, etc...), the study of continuous media from the point of view of Euler induced to think
any local diffeomorphism of the Cartesian system as a valid coordinate system. And since the thirties,
the construction of the notion of differentiable manifold confirm coordinate systems definitively as
true mathematical objects.

Nevertheless, although being mathematical objects, their quality of geometric objects is prohibited by
the very definition of geometry, as the study of the objects which are, roughly speaking, invariant by
change of coordinates. Obviously, coordinate systems cannot have this invariance property.

1B. Lumpkin, Math. Intellig. 24, 2, 2002, p.20-25.
2The form of the Mediterranean sea (‘Middle of the Earth’ sea), is at the basis of the appellations ‘longitude’ and ‘lati-

tude’ for East-West and North-South locations.
3Fermat already uses the word ‘ordinate’ for the vertical axis, but the word ‘abscissa’, introduced first by Newton to

design a curve split in little pieces (‘ab-scisa linea, ‘scissored’ line), will be applied to the horizontal axis only later.
4Nevertheles,it is Descartes who introduce the notation of the last lower-case letters z, y, x, ... for the unknowns of a

problem (not for the Cartesian axis!) and of the first lower-case letters a, b, c, ... for the data. The inversion z, x, y →
x, y, z seems to have due to his editor, who asked him the permission to exchange z by x, the z begin to scarce.

5Not long after what it is supposed to be the first map, invented by Anaximander, a student of Thales.
6The ray vector appears first in astronomy, in the middle of the eighteenth century.
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Thus, in geometry, coordinates are relegated to be auxiliary scaffoldings for the construction of
geometrical objects. But, once these objects constructed, the scaffolding is conjured away and the
result is shown clean of any support7.

An implicit principle of Newtonian physics, strongly extended to relativity, stipulates that phys-
ical laws ought to be formulated in a form independent of the coordinate systems used to establish
them. This principle reinforces the analogy between geometrical object and physical object, and will
contribute to the geometrization of theoretical physics following essentially the same prestigious
progression than the geometry, propelled by Felix Klein’s Erlangen program.

Undoubtedly, theoretical physics has obtained a great benefit in this geometrization process. But,
at the same time, the side effects have been devastating. In this out-and-out geometrization, theoret-
ical physics has finished forgotten, in its essence (i.e. theoretical content of physics), that coordinate
systems are powerful tools to sound the space-time and the physical ingredients it contains. In par-
ticular, they are essential:

• to detect experimentally the geometrical character of the significant physical quantities of an
experiment8,

• to improve the experimental definition and determination of physical events, which involves
the same type of physical progress than that associate to ameliorations in the definition and the
determination of the physical units.

It is this blindness that makes very little the number of theoretical physicists that consider coor-
dinates as having a physical interest. And almost none of them considers coordinate systems as able
to constitute truly physical instruments. This blindness is the one that, after one century of relativity,
makes that the works on the physical construction of coordinate systems be so scarce.

In theoretical physics, appropriate coordinate systems must be regarded as defining geometrical
objects, so that their physical construction constitute really physical instruments.

2 Definitions of coordinate systems

In Euclidean space R3 the sphere may be considered as the locus of points for which the distance
to a fixed point is constant, or as a surface of constant intrinsic (Riemann) curvature, or still as a
surface of constant (umbilical) extrinsic curvature. But in a curved space, these definitions split in
three inequivalent ones, of which only the first one exists in any space. This situation is general, not
only for other geometric objects, but also for coordinate systems.

This is why it is pertinent the study of the different definitions that one can give of every par-
ticular coordinate system of Newtonian or Minkowskian space-time: in order to conserve, in the
gravitational case, specific properties of them, or simply to assure its existence.

Before to comment on these definitions, it is convenient to remember the different frames that can
be associated, in a manifold with a metric structure, to every coordinate system.

7Coordinate systems in geometry, once used to construct the foundations of the differentiable manifold, are treated as
‘second class concepts’ for the manufacture of other concepts which always exceed them in importance.

8For example, to what experimental precision is the electric force a vector for a given observer?
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2.1 Natural and metric frames and coframes

In the domain U of a local chart (U,ϕ) of a differentiable manifold Vn , the coordinate functions χα

associate to every point P in U its coordinates xα = χα(P) . This allow us to handle functions on
U ∈ Vn , but it not allows us to handle vectorfields (i.e. the data of a vector at every point P ). To
handle vectorfields one needs a frame (i.e. n linearly independent vectors) at every point of U . The
frames for vectorfields and those for covectorfields (coframes) canonically associated to a coordinate
system by the tangents to its congruences of coordinate lines and the gradients of its families of
coordinate hypersurfaces, are called natural.

In U a curve is defined by a local equation of the form xα = κα(t), where the κα(t) are n
functions of a parameter t . The functions ξα = dκα(t)/dt ≡ ˙κα(t) are said to define the components
of the tangent vector to the curve at the point κα(t) in the coordinate system {xα} .

Let P be a fixed point of coordinates xα = χα(P). From the the definition of coordinate lines that
we have seen in the precedent lesson, the n coordinate lines passing by P have the local equations
xα = δα

ρ xρ + δα
ρ̂ xρ̂ for every ρ = 1, ..., n, and ρ̂ 6= ρ. And according to the precedent definition

of components of the tangent vector, we have the n sets of components of the tangent vectors to
the coordinate lines at the point P : e1 ≡ (1, 0, ..., 0) , e2 ≡ (0, 1, ..., 0) , ... , en−1 ≡ (0, ..., 1, 0) ,
en ≡ (0, ..., 1) . The n vectorfields {eα} constitute the natural frame of the coordinate system {xα} .

On the other hand, from the definition of coordinates hypersurfaces of the preceding lesson, the n
one-parametric families of coordinate hypersurfaces passing by P are xρ for every ρ = 1, ..., n, xρ̂ =
variable , and ρ̂ 6= ρ . The components of their gradients dxα are then given by: θ1 ≡ (1, 0, ..., 0) ,
θ2 ≡ (0, 1, ..., 0) , ... , θn−1 ≡ (0, ..., 1, 0) , θn ≡ (0, ..., 0, 1) . The n gradients {θα} constitute the
natural coframe of the coordinate system {xα} . Obviously, both frames are dual: eα`β = δ

β
α .

Suppose, in a domain U of Vn , an arbitrary coframe {θα} . It is then clear that the necessary and
sufficient conditions for {θα} to be the natural coframe of a coordinate system is that the 1-forms θα be exact,
i.e. dθα = 0 .

If in U we have now an arbitrary frame, {eα} , one can show that the necessary and sufficient
conditions for {eα} , to be the natural frame of a coordinate system is that they be mutually Lie-invariant, i.e.
[eα , eβ] = 0 , where [ , ] denotes the Lie bracket.

The above two simple results are important: they show that the construction of a coordinate
system from a coframe impose uncouple equality relations9, meanwhile its construction from a frame
impose coupled equality relations10, more difficult to handle and to realise physically.

Now, if the manifold Vn , is endowed with a metric g , in (Vn, g) the metric allows to associate to
the natural frame {eα} the metric coframe {eα} given by eα ≡ g(eα) and analogously, to the natural
coframe {θα} the metric frame {θα} given by θα ≡ g∗(θα) , where g∗ denotes the contravariant
metric, inverse of g , g∗ g = Identity .

It is obvious11 that rarely, natural and metric frames , or natural and metric coframes, coincide.
In fact, as the vectorfields θα of the metric coframe have components θα

ρ = δα
ρ , natural and metric

frames coincide iff gαρ = δα
ρ , a condition that occurs only in Cartesian coordinates of flat Euclidean

spaces.

Like the natural ones, metric frames and coframes, {θα} and {eα} , are algebraically dual,

9Every 1-form must be a gradient, the inequality relations being that their Jacobian be non-vanishing.
10Vanishing of their Lie bracket.
11Although many people is surprised by this fact!
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θαeβ = δ
β
α . It is thus natural to ask whether or not metric frames and coframes may be natural

frames of some coordinate systems.

A metric g is said (locally) Hessian for a metric h if it is the Hessian, with respect to h , of a
function,

g = h∇dϕ ,

where h∇ is the covariant derivative of h . A metric is said (locally) Hessian if h is flat. This concept
of Hessian metric allows to evaluate the rarity of the metrics and coordinate systems where metric
frames are natural. One can prove the following result:

Proposition 2.1: The necessary and sufficient condition for a metric manifold (Vn, g) to admit natural
metric frames is that the metric g be Hessian.

Proposition 2.2: Let g a Hessian metric. The coordinate systems for which the metric frames are natural
are those in which the flat connexion vanishes.

These propositions and the facts that, on one hand, in the space of all the metrics, the class of
Hessian metrics is very restricted and, on the other hand, in the space of all coordinate systems of a
flat metric, the class of affine coordinates is very restricted, fix the rarity of the cases in which metric
frames are also natural frames.

2.2 Definitions of coordinate systems

Coordinate systems, or classes of coordinates systems, of interest may be defined in very different
forms. In order to be able to compare them or their different classes, we must dispose of definitions
(or characterizations) of the same type. The comparison of different classes is essential for their clas-
sification, allowing to know if their are independent or not, what is its intersection, or their contact
order, etc, points that are important when working in physics.

What follows is a classification, not of coordinate systems, but of their different definitions or
characterizations. A sole coordinate systems may have different definitions. Observe our lack of
knowledge of alternative definitions for some of the very usual coordinate systems. This is the case,
for example, for the differential intrinsic definition of spherical coordinates.

A definition of a coordinate system is said an extrinsic definition if it refers to another given system.

Example: polar coordinates {r,θ} in terms of Cartesian ones, r2 = x2 + y2 , θ = arctan y/x .

A definition of a coordinate system is said anintrinsic definition if it does not refer to another given
system.

Example: {r,θ} , r being the affine parameter of a focal congruence of straight lines, and θ the
angle that every line forms with respect to one of them.

An intrinsic definition may be integral, as in the example above, or differential as in the following
example. {r,θ} is a polar coordinate system12 iff:

∇d r = (1/r)(g− dr⊗ dr) , dr.dθ = 0 , r|dθ| = cos 2θ .

12Observe the unknown character of this intrinsic differential definition of polar coordinates, however its frequent use.
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The conditions ∆xα = 0 for harmonic coordinates constitute another example of a differential
intrinsic definition.

The above definitions do not take into account the spaces where they may exist. A coordinate
system is said generic for a class of space-times if it exists on any space-time of this class.

Some definitions of (classes of) coordinate systems are given as conditions on their natural frames
or coframes. For example, harmonic coordinates ∆xα = 0 because ∆xα = tr∇dxα = tr∇θα ≡ δθα =
0 , may also be defined or characterised as those whose natural coframe is diverge-free, δθα = 0 .. When
these conditions may be formulated indifferently on a frame or on a coframe13, the corresponding
coordinate systems will be said dual coordinate systems. Thus, the coordinate systems such that their
natural frame is divergence-free, δeα = 0 , are the dual of the harmonic ones.

It is not difficult to show the following.

Proposition 2.3: The coordinate systems {xα} which are dual of the harmonic ones are those of constant
volume element:

η = K dx1 ∧ ... ∧ dxn .

It is interesting to observe that historically, they were such coordinate systems which were sys-
tematically used by Einstein and others at the beginning, and during the gestation, of the general
theory.

In Section 3, another example, that of harmonic frame, will be considered, and the possibility of
the existence of self-dual coordinate systems is posed.

An interesting notion to classify coordinate systems and to describe some of them is that of the
Yano (or centrifugal)vector field of a coordinate system. It is a formal14 extension of the position vector
for Cartesian coordinates.

For every coordinate system {xα} , its Yano or centrifugal vector field is the vector field ξ whose
components are ξ i = xi . Yano showed the converse15, that to every vectorfield ξ , there are asso-
ciated a set of Yano coordinate systems {xi} , namely those in which the vector field has components
xi . Normal coordinates and homothetic vector fields are particular examples of the usefulness of this
notion.

3 Harmonic coordinates and generalizations

3.1 Generalized linear coordinates

As it is well known, the class of Cartesian coordinates16 is that of those coordinate systems in which the
matrix of the components of the metric tensor takes the unit diagonal form up to sign. They constitute
a n(n + 1)/2 -parametric family of coordinate systems, and characterize flat space: a metric manifold
is flat if, and only if, it admits Cartesian coordinates.

The essential roles played by Cartesian coordinates are related to the trivial form that the metric
takes in them. A slightly extension of Cartesian coordinates, the linear coordinates, are those in which

13But not necessarily of thesame coordinate system.
14For example, the Yano vector of spherical coordinates is not the position vector expressed in these coordinates
15Kentaro Yano, The theory of Lie derivatives and its applications, North Holland Pub., 1955.
16We have seen elsewhere the inadequacy of this appellation.
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the components of the metric tensor are constant; they constitute a n(n + 1) -parametric family of co-
ordinate systems, and equally characterize flat metrics: a metric is flat iff it admits linear coordinates.
The passage between both systems by a simple R -linear change makes both local coordinate systems
essentially equivalent from their (local) differential properties. This relation to Cartesian coordinates,
joint to the fact that they are the local coordinate systems in which the metric connexion vanishes,
give to the linear coordinates a great interest.

The direct transcription of their definition gives the differential equations that the linear coordi-
nate functions x(α) verify:

g∗(dx(α), dx(β)) = Cαβ , (1)

where the C ’s are constants. Of course, Cartesian coordinates verify the same equations for the
particular choice Cαβ = ηαβ, where ηαβ denotes the unit diagonal form up to sign, or signature
matrix, of the metric.

Equations (1) constitute a coupled system of non linear equations in the unknowns x(α). The
same happens for their quasi-linear expression obtained by covariant derivative,

i(dx(α))Hess x(β) + i(dx(β))Hess x(α) = 0 , (2)

where Hess is the Hessian operator, Hess x(α) ≡ ∇d x(α). But it can be shown that the systems (1)
or (2) are equivalent, for n independent functions x(α), to the uncouple one:

Hess x(α) = 0 , (3)

System (3) is of second order in the derivatives of the x ’s and of first order in those of the metric
g. As a set of n(n + 1)/2 equations in the n x ’s, system (3) is clearly overdetermined17, so that
for general metrics it has no solution in the x ’s. Specifically, the inegrability conditions on the g ’s,
i.e. the conditions to be satisfied by the metric g in order that system (3) admit solutions in the x ’s,
impose the metric g to be flat18.

For all those researchers confronted to general, non flat, metric manifolds, the generalization of
Cartesian or linear coordinates to these manifolds would be a useful element. But, what has to be
understand here by ’generalization’?

The above mentioned integrability conditions suggest the adequate answer. According to what
we have seen, system (3) is the imbrication of two systems of differential constraints: one system
(integrability conditions) in the sole unknown g that constraints the g ’s to be flat, and another
system in the unknowns x(α), with coefficients depending of that flat metric g , that determines the
x ’s up to a set of n(n + 1) constants. It is thus natural to generalize linear coordinate systems trying
to uncouple both systems and keeping only the second one:

Definition 1: (generalized linear coordinate system) A set of n independent functions x(α) define a
generalized linear coordinate system if they are solutions of a differential system of equations L(g) x(ff) =
0 such that:

• whatever be the metric g, the space of solutions of L(g) x(ff) = 0 is of dimension n(n + 1),

• if the metric g is flat, g = η , the space of solutions of L() x(ff) = 0 is that of Hess x(α) = 0 .

17For any n > 1 , of course.
18Equations (3) assert that the four independent one-forms d x(α) are covariantly constant, and their commutation rela-

tions imply Riem(g) = 0
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Unfortunately, there is no canonical method to uncouple system (3) and select the subsystem L(g)x(ff) =
0. Moreover, we do not know if this task is possible, i.e. if such a subsystem can be constructed, or
exists. Nevertheless, meanwhile we have no hints against its existence, some hints seem to point
towards a positive answer. The following part is devoted to analyse this possibility.

3.2 Harmonic coordinates

In particular curved space-times, harmonic coordinates were assimilated by Fock as the analogue of
Cartesian coordinates, but under additional global conditions. These global conditions cannot be im-
posed but in particular metric manifolds, so that Fock proposition do not constitute a generalized lin-
ear coordinate system in the sense of the above definition. On the other hand, the intrinsic structure
of differential geometry being essentially local19, and the existence of Cartesian or linear coordinate
systems being local for locally flat spaces, we believe that the good generalization of Cartesian and
linear coordinate systems has to be local, and conform to our above definition.

On the other hand, as these coordinates have to be specific of the given metric, the differential
operators determining the coordinates must be concomitant of the metric. The first differential op-
erator concomitant of the metric is the Laplacian. This suggests the old Fock’s idea that harmonic
coordinates are potential candidates to be considered as analogues to Cartesian or linear coordinates
for non flat metric manifolds.

But local harmonic coordinates are excessively abundant, as compared with Cartesian ones, as
they are defined by the sole trace of equations (3). So that additional restrictions are to be imposed. To
this end, let us observe the following points:

• the natural coframe {dxα} of a system of harmonic coordinates {xα} , ∆xα = 0 , is also har-
monic,

∆(dxα) = 0 .

• the natural exterior coframe of order p , {dxα1 ∧ ...∧ dxαp} , 1 < p < n , of a system of harmonic
coordinates {xα} , ∆xα = 0 , is not harmonic in general20,

∆(dxα1 ∧ ... ∧ dxαp) 6= 0 ,

• the natural coframe of order p , {dxα1 ⊗ ...⊗ dxαp} , p 6= 1 , of a system of harmonic coordinates
{xα} , ∆xα = 0 , is not harmonic in general21,

∆(dxα1 ⊗ ...⊗ dxαp) 6= 0 ,

• the natural coframe {dxα} of a system of harmonic coordinates {xα} , ∆xα = 0 , is, equiva-
lently, divergence free, δ(dxα) = 0, but the corresponding natural frame, {∂α}, has not this
property22,

δ(∂α) 6= 0 .

19By ’essentially local’ here we mean that by means of Cinf functions of compact support, we are able to deform any
arbitrary local portion of any given space.

20The elements of this coframe represent the natural volume elements of the corresponding coordinate p-surfaces; they
are always harmonic for linear coordinates.

21But it is always harmonic for linear coordinates.
22But it is always divergence free for linear coordinates.

57



• the natural frame {∂α} of a system of harmonic coordinates {xα} , ∆xα = 0 , is not harmonic
in general23,

∆(∂α) 6= 0 .

3.3 The Laplacian operator

The above items suggest precise simple ways to try to restrict the excessively abundant number of
harmonic coordinates as representatives of Cartesian or linear ones, namely to demand different
elements of the natural coframe or frame to be also harmonic. But harmonic with respect to what
Laplacian?

For scalar functions the Laplacian is understood to be the Beltrami operator24 ∆B ,

∆B ≡ tr∇2 = gρσ∇ρ∇σ .

It may be applied as well to arbitrary tensorfields, but it is not the most convenient for many pur-
poses, as was shown by De Rham25 for the exterior algebra and by Lichnerowicz26 for arbitrary
tensors

In terms of the Beltrami operator and of the Riemann and Ricci tensors, the De Rham Laplacian
over the p-forms, denoted here simply by ∆,

∆ ≡ dδ + δd , (4)

may be written in the form:

∆θα1 ...αp = −∆Bθα1···αp + ∑rRαrρθ
ρ

α1···r···αp
−∑r 6=sRαrρ,αsσθ ρ σ

α1··· r ··· s ···αp
(5)

where r and s denote the places ocuped respectively by ρ and σ . Expression (5) was obtained by
Lichnerowicz27, who observed its validity also for any tensorfield, whatever its symmetry be. Of
course, for a general tensor De Rham definition (4) is not applicable so that the operator defined by
(5) is called the Lichnerowicz Laplacian.

Of course, De Rham and Lichnerowicz Laplacians reduce, when acting on functions, to the Bel-
trami operator up to sign28. In particular, for one-forms u and second order tensorfields S , one has,
in intrinsic evident form,

∆u = −∆B u + i(u)Ric , (6)
∆S = −∆B S + Ric× S + S× Ric− 2i(S)Riem . (7)

In what follows, we shall use the Laplacian given by its general expression (5) or its particular
ones ( 6) and (7 ). But it must be clear that, in any case, the ’good’ Laplacian that finally interest us
has to be the zero degree second order differential operator with Beltrami principal part29 that allow,
if possible, to define the generalized linear coordinates that we are looking for.

23But it is always harmonic for linear coordinates.
24These appellations are used here independently of the signature of the metric
25Georges de Rham, Oeuvre mathmatique, Geneva, 1981.
26André Lichnerowicz, Propagateurs et commutateurs en Relativité Générale, I.H.E.S., Pub. Math. n 10, 1961.
27Lichnerowicz, op. cit.
28The change of sign is due to expression (4) and the choice of the divergence δ as the adjoint operator of the exterior

differential d
29Part of higher order in the derivatives.
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3.4 Exterior covariant harmonic systems

Following the above items, a first way to restrict simple harmonic coordinates in curved manifolds to
approach the properties of linear coordinates in flat spaces is to ask for the harmonicity of the exterior
basis. In this direction, we give the following definition.

Definition 2: (exterior covariant harmonic coordinates) A harmonic coordinate system is said exterior
covariant harmonic if, for any p , 0 < p ≤ n , the natural basis for p-forms,

dxα1 ∧ ... ∧ dxαn

is harmonic:
∆(dxα1 ∧ ... ∧ dxαn) = 0. (8)

Whether or not exterior covariant harmonic coordinates are admissible by any metric manifold is
a first open question. In the case of a positive answer to it, the second open question is their dimen-
sion (parameter dependence), in order to identify them with the generalized linear coordinates.

In order to examine the first open question, an operational concept able to absorb the fact that the
Laplacian is not a derivation of the exterior algebra is convenient. This concept is called the Leibniz
bracket. Let us introduce it briefly.

Let (V, o) be an algebra, α and β two of its elements, and P an operator. By definition, the
Leibniz bracket of α and β with respect to P , {α, β}P , is given by the default of P as a derivation of
(V, o) :

{α, β}P ≡ Pα o β + (−1)aα o Pβ− P(α o β) , (9)

where a is the degree of α. Thus, an operator is a derivation of an algebra iff its Leibniz bracket
vanishes.

Consider now the exterior algebra (Λ,∧) on the manifold and denote by δ the divergence oper-
ator on the exterior forms α, β. As δ is not a derivation, its Leibniz bracket, that we denote simply
by {α, β} ,

{α, β} = δα ∧β + (−1)aα ∧ δβ− δ(α ∧β) , (10)

does not vanish. In fact, its opposed is called the Schouten bracket, and the pair (Λ, { , }) the
Schouten algebra. Taking into account that the exterior differential d is a derivation of (Λ,∧), one
can show

Proposition 1 (Coll-Ferrando): The De Rham Laplacian over the exterior forms,

∆ ≡ [d, δ] = dδ + δd,

verifies
∆α ∧β +α ∧ ∆β− ∆(α ∧β) =

{dα, β}+ (−1)a{α, dβ}+ d{α, β} (11)

for any two forms α, β .

This compact and meaningful expression relates harmonicity to ‘variance’, if one takes into ac-
count that the Schouten bracket already exists in non metric manifolds for contravariant antisym-
metric tensors, and that it is not but the extension to these tensors of the Lie derivative operator.
Expression (11) simplifies nicely in cases of closed forms or of mutually invariant ones.

59



Thus, for example, in our metric context, if α and β are 1-forms, the second member of expres-
sion (11) becomes −L(�)�+ L(�)� + d

By iteration, this proposition allows to show the following one.

Proposition 2 (Coll-Ferrando): The Laplacian of an exterior product of p closed exterior forms
αi , i = 1, ..., p , dαi = 0 , admits the expression

∆(α1 ∧ ... ∧αp) =

p−1

∑
i=1
j>1

(−1)π(i, j;p)α1 ∧ ...î... ĵ... ∧αp ∧ Li j ,

where the forms Li j associated to the pairs αi,α j are given by

Li j ≡ ∆(αi ∧α j)− p− 2
p− 1

(∆αi ∧α j +αi ∧ ∆α j) ,

π(i, j; p) is the parity associated to αi and α j , and the ai ’s are the degrees of the αi .

So we have the following

Theorem (Coll-Ferrando): A harmonic coordinate system {xα} , ∆xα = 0 , is exterior covariant
harmonic if, and only if, it verifies

∆(dxα ∧ dxβ) = 0 , ∀α, β = 1, ..., n . (12)

This is an interesting result: if the natural volume element of the coordinate two-surfaces of a
harmonic system is harmonic, then the natural volume element of any coordinate p-surface is also
harmonic, whatever be p. Consequently, the existence in any metric manifold of exterior covariant
harmonic systems depend, and only depend, on the integrability conditions of the quadratic equa-
tions (12).

3.5 Total covariant harmonic systems

Being unaware of the dimension of the space of solutions of conditions (12) and of their dependence
of the particular metric tensor, we have also to consider the possibility suggested by the third item
above mentioned, that the natural coframe for tensors of any order be also harmonic in harmonic
coordinates. In this direction we give the following definition.

Definition 3: (total covariant harmonic systems) A system of coordinates is said total covariant
harmonic if, for any p > 0 , the natural basis for p -cotensors,

dxα1 ⊗ ...⊗ dxαp

is harmonic:
∆(dxα1 ⊗ ...⊗ dxαp) = 0.
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Unlike for the exterior product, a general expression for the tensorial product of two arbitrary
tensors generalising expression (11) does not seems known. Nevertheless, it last application for our
purposes may be hand made. The result is similar to the last theorem.

Theorem (Coll-Ferrando): A harmonic coordinate system {xα} , ∆xα = 0 , is exterior covariant
harmonic if, and only if, it verifies

∆(dxα ⊗ dxβ) = 0 , ∀α, β = 1, ..., n . (13)

Whether or not any metric manifold admits total covariant harmonic coordinates is also, for the
moment, an open question. Be it answered positively, it would remain to verify the parameter de-
pendence of such harmonic solutions in order to identify total covariant harmonic systems with the
searched generalized linear coordinate systems.

3.6 Divergence free harmonic systems

When dealing with dual definitions of coordinate systems, we already mentioned, as directly follows
from the definition of the De Rham Laplacian, that a coordinate system is harmonic iff its natural coframe
is divergence free. And we saw that this property does not extend to the natural (algebraic dual) frame.
Thus, we may consider the following new subclass of harmonic coordinates:

Definition 4: (divergence free harmonic systems)) A harmonic coordinate system {xα}, ∆xα = 0,
is said divergence free if its natural frame ∂α is divergence free, δ∂α = 0.

4 Contravariant harmonic systems

In relation with the last of the four above items, it is to be noted that, even in divergence free harmonic
systems, the natural frame {∂α} is not harmonic in general, ∇∂α 6= 0. Conversely, that the natural
frame of a harmonic system is harmonic does not imply that it is already divergence free. So we have
another independent subclass of harmonic coordinates:

Definition 5: (contravariant harmonic coordinates)) A harmonic coordinate system {xα}, ∆xα = 0,
is said contravariant harmonic if its natural frame ∂α is harmonic, ∆∂α = 0.

This class may be still restricted at two different levels, in parallel to the way followed for coframes.
Calling p -tensorfields the contravariant antisymmetric tensorfields of order p, we first have to con-
siderer the contravariant version of the exterior covariant harmonicity:

Definition 6: (exterior contravariant harmonic coordinates)) A harmonic coordinate system {xα},
∆xα = 0, is said exterior contravariant harmonic if, for any p, 0 < p ≤ n, the natural basis for p-
tensorfields,

∂α1 ∧ · · · ∧ ∂αp ,

is harmonic,
∆(∂α1 ∧ · · · ∧ ∂αp) = 0 . (14)

And finally, the general one:
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Definition 7: (total contravariant harmonic coordinates)) A harmonic coordinate system {xα},
∆xα = 0, is said total contravariant harmonic if, for any p > 0, the natural basis for contravariant
tensorfields,

∂α1 ⊗ · · · ⊗ ∂αp ,

is harmonic,
∆(∂α1 ⊗ · · · ⊗ ∂αp) = 0 . (15)

5 Problems of physical interpretation

We would like to close this lesson remembering that, although we believe that harmonic coordinates
have an important role to play in the future, probably in the directions we have just indicated, many
of the present physical applications that are made with them risk strongly to be incorrect.

This is because frequently one ‘choose’ (apparently based in the covariance principle) harmonic
coordinates to describe a physical system (for example, solar system) at which harmonic coordinates
are supposed adapted. But the time-like congruence of lines of an harmonic system, along the ones
the system is supposed to evolve, are very particular. So that, as a consequence, this apparently
innocuous ‘choice’ in fact is constraining unphysically the evolution of the system.

This is a consequence of a theorem stating the conditions under which harmonic coordinates
may be adapted to given congruences30. In particular, for the most non stationary ’almost classical’
situations, in which the observer is irrotationally rigid (in Born sense), it is shown that never exist
harmonic coordinates adapted to it.

30Lluı́s Bel and Bartolomé Coll, Adapted Harmonic Coordinates, Gen. Rel. and Grav., 25, 6, p. 613–24, 1993.
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Coordinates, distances and metrics, II∗

Bartolomé Coll

Observatoire de Paris†

January 2005

Abstract

While the metric of a manifold is defined at each individual points, the world function (dis-
tance between two points) is a finite notion. The properties of the world function allow to set the
structure problem (is it equivalent to give a distance function and a metric tensor field?), and to
demonstrate the relevant theorems.
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1 World function

1.1 Role and concept

a) Generalities.- The world function Ω(x, y) on the space-time is a local bi-function that gives the
half of the square of the geodesic distance between the two points x, y. It is the most important finite
element of a metric manifold, able to allow (conveniently stated) an alternative finite definition of it.

The world function interest us here at least as potential experimentalists. Positioning and gravime-
try will provide us with finite data related to characteristics of finitely separated events, so that the first
physical meanings deductible from them cannot but to be finite quantities related to these separate
events. And the first, most primary, of such finite quantities are the distances between these events.
The conditions under which these distances could be interpolated up to give the space-time metric

∗Notes for a lecture delivered at the School on Relativistic coordinates, Reference and Positioning systems, Salamanca,
January 2005. The role of these provisional notes is to complement the slides and blackboards of the talks, and must be
exclusively considered as a sort of draft and mnemonic guide to help the students of the school. A more elaborated text is
in preparation.

†61 avenue de l’Observatoire, 75014 Paris, France; bartolome.coll@danof.obspm.fr; http://www.coll.cc.
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tensorfield at every point (gravimetry) will depend on the homogeneity degree of the gravitational
field, on the density of events and data and on the degree of precision required. But a suitable set
of finite data contain already a finite physical information, and to decipher it will need necessarily a
good knowledge of the world function.

Anyway, the interest of the world function goes beyond the above applications. At the period
of creation of the theory of relativity, the essentials of Riemannian differential geometry (works by
Ricci, Bianchi, Levi-Civita, etc) were achieved , so that the conception of a curved space-time found in
this geometry the ingredients to be mathematically described. But differential geometry seems rather
to be best adapted to the description of local deformations (for example, piece of iron submitted to
contact forces) than that of (gravitational) fields of long (infinite) range, because of the extension,
rapidity and significance of the correspondent deformations. In fact, apart from g-problems, almost
all physical applications of the theory sooner or later ask systematically for relations between corre-
lated quantities defined at separate events of space-time. Think that at our anthroposcopic level, it is
sufficient to switch on a torch to produce significant finite (light) perturbations. Undoubtedly, facing
to the increasing number of experiments involving relativity (GPS and many other spatial missions),
the use of the world function can not but become more and more extensive.

Unfortunately, the most part of the relativistic works concerning the world function answers
questions related to g-problems1 not to p-problems, so that the particular developments presented
there, in spite of their elegance and theoretical interest2 are not useful for us here.

The study of the intrinsic properties of the world function and, with respect to physically measurable
coordinates, of its exact expression in well known space-time metrics or of its approximate expression
in more realistic ones, has to be made entirely.

Here we are limited to present the notion, basic properties of the world function, the metric ex-
pression as a functional of it and the structure theorem, and to comment some solved and open
problems.

The genesis and development of the notion of distance and the problem of the equivalence of
distance spaces and metric spaces are sketched in Section 2.

Appart from the fact that the world function is a bi-function on the space-time (i.e. a function on
its Cartesian square), their (differential) fundamental relations are nothing but that of a function with
parallel transported level surfaces. For this reason, Section 3 analyses such functions, and extract the
fundamental differential relations for the world function.

A world function is a bi-function verifying the properties of a Lorentzian distance3, but not all
Lorentzian distances are world functions, i.e. can be obtained as geodesic distances of Lorentzian
metrics. The structure theorem is the one that gives the conditions that must verify a general Lorentz-
ian distance in order to be so generated by a Lorentzian metric. This theorem not only allows to
inverse heuristically the classical ways to approach the world function, but could act in computational
algorithms, already at the level of world functions candidates, as realistic constraints to be imposed
for future deductions of the space-time metric.

1See lesson on Fundamental concepts above.
2Because the related results (time and frequency transfer, for example) are expressed in terms of coordinate variables

that are not physical measurable quantities, they cannot be applied in real time, but only in strongly stationary conditions,
where the position of the pertinent events are not directly measured but predicted by calculations based in the regularity
of their motion.

3Strictly speaking, world functions Ω(x, y) and distance functions d(x, y) are related by Ω = d2/2, so that the properties
of a distant function must be applied to

√
2Ω, not to Ω but for short we call also Ω a ’distant function’.
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To prove the structure theorem, it is convenient to previously deduce the metric candidate from
the world function and its variations. This deduction has also the interest of being directly based on
the finite data and its variations, contrarily to the usual standard way of obtaining the metric as the
limit, when both events coincide, of the second derivative of the world function, a limit for which the
set of data says nothing. The expression of the metric in terms of concomitants of the world function
is obtained in Section 4. Then, the necessary and sufficient conditions for a Lorentzian distance easily
follow, and are presented in Section 5.

Finally, in Section 6 we mention some solved problems in general relativity and comment on some
other open problems about the world function.

1.2 Distance and metric spaces

a) The notion.- On any abstract set, a primitive notion of distance involves associating to every
ordered pair x, y of its elements an element d(x, y) of a set of distances according to certain properties.

For example, in order to recover the usual notion of Euclidean distance, three properties have
been showed to be inevitable, namely the symmetric one, d(x, y) = d(y, x), the positive definite one,
d(x, y) ≥ 0 with d(x, y) = 0 ⇔ x = y and the triangular one, d(x, y)+ d(y, z) ≥ d(z, x), for any three
elements x, y, z, the set of distances being then the real numbers. The loss of any of these properties
produce serious and inadmissible changes in the intuitive notion of this distance4.

A bi-function d(x, y) on a set (i.e. a function on the Cartesian square of the set) having these three
properties is called a distance function, and a set endowed with a distance function is called a distance
space. In particular, if the set is a differentiable manifold, it is called a distance manifold.

The concept of distance spaces was introduced by Fréchet5 and after named by Hausdorff ’metric
spaces’ (’metrischer Raum’), an appellation that we will not follow here to avoid confusion with
the metric spaces defined by suitable second order tensorfields. Because of the analogy with the
Hamilton’s characteristic function of geometric optics, it has also been called characteristic function
for many authors6. Distance spaces were thoroughly studied in the 50’s7.

These developments concerned strict distances, i.e. those verifying the symmetric, definite pos-
itive and triangular properties. Generalized, indefinite distances, essentially Lorentzian ones, were
not considered but as a generalization of a particular class of them, namely the metric distance func-
tions (see below), but have been, and continue to be considered in general as secondary local struc-
tures, derived from primary metric manifolds.

b) Metric distance functions. Alternative description.- A particular class of distance func-
tions, the metric distance functions are those constructed over metric manifolds, by means of the
geodesics of the metric and their affine parameters, giving the geodesic distance between two points.
Ifεγ is the causal sign of the geodesic γ of the metric g passing at the points x and y,εγ ≡ sign g(dγ/ds, dγ/ds),
and s an affine parameter along gamma, then the metric distance function d(x, y) is given by

d(x, y) = εγ

∫
γxy

√
εγg(

dγ

ds
,

dγ

ds
) ds (1)

4See Theory and Applications of Distance Geometry, L. M. Blumenthal, Clarendon Press, Oxford, 1953.
5Sur quelques points du calcul fonctionnel, Rendiconti del Circolo Matematico di Palermo, 22, 1906, p1-74
6J. L. Synge, Proc. Lond. Math. Soc., 32, 1930, p241-59.
7Blumenthal, op. cit.
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where γxy is the geodesic segment determined by x and y.

It is to be noted that the definition of a distance for indefinite metrics is rather conventional. We
have chosen (1) because it makes the space of distances real and distinguishes (by the sign) time-
like and space-like geodesic distances. But other choices could be possible: to include imaginary
distances or to restrict to positive ones, losing the direct information of the the causal relationship of
the two points x and y.

Another interesting point is the working variable chosen to represent a metric distance (or a can-
didate to it). In (1), for every pair of points, the two functions d(x, y) and Ω ≡ ε d2(x, y)/2 with ε the
sign of d(x, y), contain the same information, but their derivatives present very different properties.
So the limit when y reaches x of their gradient in y depends of the path joining x and never vanishes
for d(x, y) meanwhile it is independent of the path and always null for Ω(x, y). Such properties may
be interesting in some situations, for example the nullity of the limit of the gradient of Ω makes the
second order covariant and partial derivatives of Ω coincide. For these reasons, Synge chose to work
with Ω8 and called it in the Lorentzian case the world function9. But the interest in the use of the dis-
tance function or of the half of its square depends essentially of the particular problem in hand. We
shall see that the problems considered in this lesson are easier solved in terms of the distant function,
which is here denoted by U(x, y), although we will give the necessary expressions to obtain them
also in terms of the world function Ω(x, y).

c) The structure problem.- We have seen that besides distance manifolds, metric manifolds
may also be endowed with distance functions, so that the natural question arises: are both notions,
that of metric manifold and that of distance manifold, equivalent? or, in other words, is it the same
thing to endow a differentiable manifold with a distance function or with a metric tensorfield? The
answer is ’almost positive’.

On one hand, it is clear that on a metric manifold the above expression gives rise to a local distance
function (defined at most in the exponential domain of every point). Consequently, a (global) metric
structure on a manifold cannot be generically replaced by a sole (global) distance function, but for
a suitable set of local distance functions. Their overlapping conditions must allow, in particular, to
find the different situations in which one can find several geodesics and different distances between
two points (an essential property for gravitational mirages).

On the other hand, although any distance function may generate, in the neighbourhood of every
point, a metric tensor g, the geodesic distance function (1) of the metric tensor so generated does not
need to coincide, in general, with the distance function that generated it. Thus, the main obstruction
for the local equivalence of distance and metric manifolds has been, up to recently, the lack of a
intrinsic characterization of all those distance functions that coincide with the geodesic distance of the
metrics that they generate. This intrinsic characterization, i.e. the necessary and sufficient conditions
to be verified for a distance function in order to be the geodesic distance of a metric field, constitute
the structure theorem, and will be obtained here in Section 5.

Thus, once accepted the idea of an atlas of local distance functions as generically necessary for a
finite definition of metric structures, one has to constraint the elements of this atlas to verify the
conditions of the structure theorem. It is such a constraint atlas of local distance functions which is
strictly equivalent to a metric structure.

8See footnote 6.
9J. L. Synge, Relativity: the general theory, North-Holland, Amsterdam, 1971, first printing 1960.
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1.3 Fundamental equations

a) Parallel transport.- A functionϕ(x) on a manifold may be seen as defining a one-parameter
family of hypersurfaces, namely that of its level hypersurfaces ϕ(x) = constant. The metric allows to
relate every one of these hypersurfaces to the neighbouring ones. The particular relation that interest
us here is that of parallel transport.

Let Σ be a hypersurface of local equationϕ(x) = 0. To this local expression corresponds a gradient
one-form dϕ which we will suppose for the moment non null, g(dϕ, dϕ) 6= 0, ε = sign g(dϕ, dϕ), so
that it can be normalized. Let u be this normalized gradient one-form,

u =
dϕ√

εg(dϕ, dϕ)
. (2)

and u∗ the vector field associated by the metric,

u∗ ≡ g∗(u) , (3)

where g∗ denotes the contravariant metric tensor. u∗ is the vectorfield (on Σ) orthogonal to Σ, and
generates at every point a geodesic line with proper parameter s, which may be taken such that s = 0
on Σ. The hypersurfaces Σs, locus of the points of parameter s on these geodesics are said parallel
transported of Σ. Because the proper parameter is associated to the unit vectorfield u∗, which in turn
is the contravariant version of the gradient dϕ of the local equation ϕ(x) = 0 of Σ, it is clear that for
the parallel transported hypersurfaces Σs, to admit a local equation of the form ϕ(x) = k one must
have g(dϕ, dϕ) = constant on every hypersurface, that is to say g(dϕ, dϕ) = f (ϕ). The new function

φ(x) =
∫ dϕ√

f (ϕ)
(4)

may be chosen such that φ(x) = 0 be the local equation of Σ and, by construction, verifies dφ = u,
so that the parallel transported hypersurfaces Σs admit the local equation φ(x) = s. Conversely, if a
family of hypersurfaces admit a local equation φ(x) = constant of gradient dφ unitary, g∗(dφ, dφ) =
1, the hypersurfaces are transported by parallelism and the parameter of the family is the proper
parameter along the orthogonal geodesics. We have thus:

Proposition 1: The level hypersurfaces of a function ϕ(x) are transported by parallelism iff ϕ(x) verifies

(dϕ, dϕ) = f (ϕ) (5)

with f an arbitrary function.

By construction, the proposition concerns only functions of non null gradients. For functions of
null gradients the geometric construction proposed above must be reinterpreted, because the con-
travariant gradient belong to the surface itself, so that the transport along the orthogonal geodesics
do not generate new hypersurfaces, as for non null gradients, but slides every null hypersurface on
itself.

Denoting ξ ≡ dϕ and taking the gradient of (5) one has

ξ .∇ξ = f ′ξ (6)
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which shows that the vectorfield orthogonal to the hypersurfaces is necessarily geodesic, and affine
parameterised iff f is constant, vanishing or not. Thus, with the reinterpretation above, the proposi-
tion is also applicable to functions with null level hypersurfaces.

A local coordinate system {xα} is said to be adapted to a family of hypersurfaces if in it their
local equation is ϕ(x) ≡ xα = constant, where α is a fixed index value. It is easy to see then that,
for functions of non null gradient, their level hypersurfaces are parallel propagated iff there exist adapted
coordinate systems, called Gauss coordinate systems, in which the components with α of the metric take the
values gαα = ε, gαα = 0, α 6= α.

b) Fundamental equations.- Now, let d(x, y) be a metric distant function, i.e. a bifunction
whose value is the metric distance between x and y that is to say, the proper parameter interval of
the geodesic segment joining both points. For fixed x, the level hypersurfaces d(x, y) = constant (Rie-
mannian balls or Lorentzian hyperboloids) correspond to the locus of points y at constant geodesic
distance from x. It is then clear that the direction of maximum growth of the distance is the orthogonal
one, so that the geodesics issues from x cross the level hypersurfaces orthogonally leaving the level
hypersurfaces parameterised with the proper geodesic parameter, or an affine one in the null case.
As we have seen in the preceding paragraph, this means that, for every x, the level hypersurfaces of
the function of y d(x, y) are proper parameterised and parallel propagated, i.e. verify

gab(y)
∂d(x, y)

∂ya
∂d(x, y)

∂yb = 1 (7)

Consequently, the unit vector Ua normal to the level hypersufaces of constant distance and thus
tangent to the geodesic coming at y from x , is given by

Ua = gab(y)
∂d(x, y)

∂yb (8)

1.4 The metric

a) World function notation.- Let x, y be two points of a world function domain and denote by α,
β, γ... and a, b, c... the tensor indices associated respectively to the local charts in the neighbours of x
and y.

The word function Ω(x, y) verifies the fundamental equations

gαβ(x)
∂Ω(x, y)

∂xα

∂Ω(x, y)
∂xβ

= 2Ω(x, y)

gab(y)
∂Ω(x, y)

∂ya
∂Ω(x, y)

∂yb = 2Ω(x, y)

which may be written in short:

gαβ ∂αΩ ∂βΩ = 2Ω , gab ∂aΩ ∂bΩ = 2Ω (9)

For simplicity, we shall suppose here a pair of points such that Ω(x, y) > 0, so that by continuity
the same inequality will be verifies in their neighbour. For the present purposes, we have interest to
consider the associate distance U(x, y) :

U ≡
√

2Ω ⇔ Ω ≡ 1
2

U2. (10)
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Then equations (9) may be written:

gαβ Uα Uβ = 1 , gab Ua Ub = 1 (11)

where, of course, Uα ≡ ∂αU, Ua ≡ ∂aU.

b) The problem of the metric.- The point of view here is the following: we suppose known
the world function Ω(x, y) and consider equations (9), or their equivalent (11), as equations for the
unknown g.

Because gαβ and gab are unknown, so are the quantities

Uα ≡ gαρUρ , Ua ≡ garUr , (12)

so that (11) may be written:
UαUα = 1 , UaUa = 1 , (13)

where Uα , Ua are known and Uα , Ua are unknown.
¿From now on, we shall concentrate in the neighbour of x, the correspondent relations in the

neighbour of y being obtained, mutatis mutandi, by permuting Greek and Latin indices.
In order to solve in Uα equations (13), let us derive at y the first of equations (11). The metric g

there being a function of the sole x and symmetric, one has

gαβ(UaαUβ + UαUaβ) = 2gαβUaαUβ = 0

or, according to (12),
UaαUα = 0. (14)

c) The unit vector Uα.- The first of equations (13) and equations (14) constitute a system of
n + 1 equations in the n unknowns Uα ; it follows immediately from (14) that:

Proposition 1: In order that the algebraic system

UαUα = 1 , UaαUα = 0 (15)

in the unknown Uα admit a non trivial solution, it is necessary and sufficient that

rank Uaα ≤ n− 1. (16)

It is not difficult to see that for Minkowski space-time, this rank of the world function is exactly
n− 1. Thus, in sufficiently small neighbours or for metrics near the flat one, the equality in (16) may
be supposed.

Under this hypothesis ans restricted to a four-dimensional space-time, if {Xa, Ya, Za} are three
independent arbitrary vectors in the tangent space at point y, their transformed by Uaα , namely

x̃α ≡ UaαXa , ỹα ≡ UaαYa , z̃α ≡ UaαZa , (17)

will be generically independent too:
x̃ ∧ ỹ ∧ z̃ 6= 0 . (18)

When this is he case, we shall say that {Xa, Ya, Za} is a regular triad for Uaα .
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Because (18), x̃, ỹ, z̃ span all the three-dimensional space associated to Uaα , and the vector ∗(x̃ ∧
ỹ ∧ z̃), say

Vα ≡ (∗(x̃ ∧ ỹ ∧ z̃)α (19)

is obviously orthogonal to x̃, ỹ and z̃. Vα has thus the same (unique)direction that Uα :

Vα = λ Uα , (20)

so that, applying the first of equations (15) we have:

Uα Uα = 1 = Uα Vα 1
λ

(21)

and thus
λ = Uα Vα = ∗(U ∧ x̃ ∧ ỹ ∧ z̃) . (22)

where we have write U ⇔ Uα . We have thus shown:

Proposition 2: Given Uα and Uaα , the unique solution Uα to the system (15) is:

Uα =
(∗(x̃ ∧ ỹ ∧ z̃)α

∗(U ∧ x̃ ∧ ỹ ∧ z̃)
. (23)

Now, in order to make explicit the arbitrary parameters introduced in expression (23), let us
substitute the tilde variables by their definition (17). A straightforward calculation gives:

Uα = 4
(εαλµνUaλUbµUcν)XaYbZc

(εκρστUκUdρUeσU fτ )XdYeZ f . (24)

Frequently, invariance and independence are confused, specially in some scalar cases. It is in-
teresting to note that expression (24) shows explicitly the difference: it depends effectively od the
variables Xa, Yb, Zc although its value is an invariant of them.

¿From the definition (10) of U in terms of Ω(x, y), it follows by derivation:

Uα = (2Ω)−
1
2 Ωα , Uaα = (2Ω)−

1
2 Ωaα − (2Ω)−

3
2 ΩaΩα . (25)

The direct substitution of (25) in (24) gives, in terms of the sole world function Ω(x, y), the explicit
expression, at the event x, of the unit vector Uα tangent to the geodesic joining y and x.

d) The metric.- Now, by (24), Uα may be considered, with Uα and Uaα , as known data. Intro-
duce the variables

γαβ ≡ gαβ −Uα Uβ . (26)

Equation (14) is the first derivation of the first of equations (11). Its second derivation may be written

(Uabα Uβ + Uaα Ubβ)gαβ = 0 (27)

or, with (26),
Uaα Ubβ γαβ = −Uabα Uα , (28)

where now the sole unknown is γαβ.
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Uaα being of rank 3, it admits no inverse, but there exists a unique bi-vector Uaα of rank 3 such
that

Uaα Uaβ = δα
β −Uα Uβ . (29)

We have the following proposition.

Proposition 3: The three-dimensional reciprocal bi-vector Uaα of Uaα, i.e. the one that verifies (29), is
given by:

Uaα = 3
εα`mnεaλµνU`UλUmµUnν

εk`mnεκλµνUkUκU`λUmµUnν

(30)

To prove it, take at x and y a basis containing respectively Uα and Ua, such that Uα = δ
(0)
α ,

Ua = δ
(0)
a , and put εαmn ≡ εα0mn, εaµν ≡ εa0µν . Then, (30) takes the form

Uaα = 3
εαmnεaµνUmµUnν

ε`mnε
λµν
`λ UmµUnν

(31)

Taking into account that, because of the definition of the ε’s, in (31) all indices take only the values
1,2,3, it is clear that such expression is the three-dimensional inverse of the three-dimensional matrix
Uaα , which is nothing but what equations (29) impose on Uaα, c.q.d.

Contracting now (28) by Uaγ Ubδ and using (29), one obtains

γαβ = UaαUbβUabγUγ (32)

and consequently one has

Theorem 1: In terms of Uα , Uaα and Uabα , the contravariant components gαβ of the metric solution of the
first equations (9) at the point x, are given by

gαβ = Uα Uβ + Uaα Ubβ Uabγ Uγ , (33)

where Uα and Uaα are respectively given by (23) and (30).

In order to express the metric gαβ(x) given by (33) in terms of the sole world function and its
derivatives, we need, in addition to expressions (25), the one corresponding to Uabα . From (25) by
derivation one finds

Uabα = (2Ω)−
1
2 Ωabα − (2Ω)−

3
2 (ΩabΩα + ΩbαΩa + ΩaαΩb) + (2Ω)−

5
2 Ωa Ωb Ωα (34)

1.5 Structure theorem for distance functions

Up to now, the metric gαβ given by (33) is the solution to the first of equations (11) and equations (14)
and (27), that is to say to equations:

gαβ Uα Uβ = 1
gαβ Uaα Uβ = 0 (35)

gαβ (Uabα Uβ + Uaα Ubβ ) = 0
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The next derivation at y gives

gαβ (Uabcα Uβ + Uabα Ucβ + Uacα Ubβ + Ubcα Uaβ) = 0 (36)

which, in order that the bifunction U(x, y) be the distance function of gαβ, must be identically verified
for it. Thus, from (33) and (36) one has:(

Uα Uβ + Uaα Ubβ Uabγ Uγ
)

(Uabcα Uβ + Uabα Ucβ + Uacα Ubβ + Ubcα Uaβ) = 0 (37)

Taking into account that Uα Uα = 1, that Uα Uaα = 0, and that Uaα Ubα = δa
b−Ua Ub, this expression

successively develops as follows:

Uabcα Uα + Uabα Umnρ Umα(Unβ Ucβ)Uρ

+ Ubcα Umnρ Umα(Unβ Uaβ)Uρ

+ Ucaα Umnρ Umα(Unβ Ubβ)Uρ = 0

and

Uabcρ Uρ + Uabρ Ucrσ Urρ Uσ

+ Ubcρ Uarσ Urρ Uσ

+ Ucaρ Ubrσ Urρ Uσ

− Uabρ Umnσ Umρ Un Uc Uσ

− Ubcρ Umnσ Umρ Un Ua Uσ

− Ucaρ Umnσ Umρ Un Ub Uσ = 0

so that we have shown:

Theorem 2 (structure theorem for distance functions): The necessary and sufficient conditions for
a distance function U(x, y) to be the geodesic distance function of a metric, is that its derivatives verify the
identity:

Uabcρ Uρ + (Uabρ Ucmσ + Ubcρ Uamσ + Ucaρ Ubmσ ) Umρ Uσ

− (Uabρ Uc + Ubcρ Ua + Ucaρ Ub) Umnσ Umρ Un Uσ = 0 (38)

where Uα and Uaα are respectively given by (23) and (30).

In order to express the structure relations (38) in terms of the sole world function and its deriva-
tives, we need, in addition to expressions (25) and (34), the one corresponding to Uabcα . From (34) by
derivation one finds

Uabcα = (2Ω)−
1
2 Ωabcα

− (2Ω)−
3
2 (ΩabcΩα + ΩabαΩc + ΩbcαΩa + ΩcaαΩb

+Ωab Ωcα + Ωbc Ωaα + Ωca Ωbα) (39)

+ 3 (2Ω)−
5
2 (Ωab Ωc Ωα + Ωbc Ωa Ωα + Ωca Ωb Ωα

+ Ωaα Ωb Ωc + Ωbα Ωc Ωa + Ωcα Ωa Ωb)

− 3.5 (2Ω)−
3
2 Ωa Ωb Ωc Ωα
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1.6 Prospective

a) Present situation.- The world function is being used at present as one of the best methods for
evaluating the deflection of light and the time/frequency transfer in post-Minkowskian expansions
10. It allows to evaluate the relativistic effects 11 with respect to a Newtonian description in inertial
Minkowskian coordinates. The method itself is correct for the solution of geometrical problems, and
its elegance is out doubt. But the correct application of the results to experimental situations is much
more restrictive of what many colleagues seem to think.

For example, the travel time tB − tA of a photon connecting two points xA and xB as a function
of tA , xA and xB in the common inertial coordinate system, is given by 12 tB − tA = T (tA, xA, xB) ,
where T is the transfer function, obtained from an evaluation of the world function up to a perti-
nent order. Geometrically, the evaluation of the effect up to the wanted order is perfect. But from the
experimental point of view, the formula is far from being applicable in variable situations or in real
time, because the knowledge of T (tA, xA, xB) needs that of xB the spatial coordinates of the emis-
sion point xB at the emission instant, a variable for which the observer at xA has no experimental
protocol of measure, the protocol of signals that he could think to use would involve the same transfer
function T (tA, xA, xB) that he wants to calculate. Only in particular stationary or periodic situations
indirect methods of calculation could compensate the direct measure of the coordinates used in the
geometrical evaluation.

For this reason, expression like this one of time transfer must be evaluated in coordinates able
to be constructed experimentally, i.e., those for which corresponding location systems 13 have been
defined. We know already that these coordinates will not be of the usual type {t, x} ; constructed
by light signals {τα} , they will be of the type we propose. As a consequence, we must recast the
formalisms of series expansions and adapt them to the new coordinates.

b) Open problems.- Apart from the above one, of developing approximating methods adapted
to the new coordinates, the use of the world function as ‘primitive’, as the one more directly related
to the experimental data, demand the analysis of new geometrical problems.

Among them, the one of the study of the effects of the symmetries of the space-time on the world
function, the simplifications that they impose, their detection.

But the principal one is perhaps that of the obtaining the constraints on the world function im-
posed by Einstein equations, not as conditions at a point on the limits of the world function 14, but as
differential conditions on the world function and its local variations.

This task seems to need of previous geometric concepts concerning world functions spaces, namely
that of the introduction of finite concepts derived from the world function and depending on a net

10Christophe Le Poncin-Lafitte et al., op. cit.
11Remember that, at present, about one century after the creation of general relativity, the appellation ‘relativistic effects’

would be considered as an euphemism for what in fact clearly are ‘Newtonian defects’. I do not know if our colleagues
of the end of the eighteen century (about a century after the publication of Newton’s theory), continued comparing it to
the precedent one, and calling ‘Newtonian effects’ the differences between Newtonian theory and Copernican one, i.e. the
corresponding ‘Copernican defects’. The present WYP2005 could be a good occasion to incite to a better comprehension of
the relativistic world from the relativistic point of view, and to leave Newtonian theory for the physical phenomena for which
it is still sufficient.

12Christophe Le Poncin-Lafitte et al., op. cit.
13See the notes on Fundamental concepts.
14As it is known, the limit y → x of the Hessian of Ω(x, y) at y gives the metric g(x) at x . It seems without interest to

express Einstein equations directly in terms of this limit and its derivatives.
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of points whose limits when the net converges to a point reduce to the usual ones of connexion and
curvature.
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Fundamental concepts and applications∗

Bartolomé Coll

Observatoire de Paris†

January 2005

Abstract

In relativity, one must carefully distinguish reference systems from positioning systems. There
is a small class of location systems which are generic, free and immediate positioning systems.
The simplest representers of this class consists of four point sources broadcasting numbered elec-
tromagnetic signals. The SYPOR project aims at defining a fully relativistic operation of Global
Navigation Satellite Systems. A positioning system is defined that is valid in the vicinity of the
Solar System, using the signals from four millisecond pulsars.

Contents

1 Fundamental concepts

1.1 G-problems and p-problems

Most of the research problems in relativity suppose the space-time in which they have to be solved
as known. Globally or locally known, explicitly or implicitly known, directly or indirectly known, but
known by whom?, known when? These questions are almost never explicitly answered.

From a purely geometrical point of view, it is implicitly supposed that the specific levels of knowl-
edge are possessed by the mathematician who is working on the corresponding problems, at the
moment in which he is working. But from a physical point of view, a detailled analysis of these situa-
tions show that, in most of the cases, the suposed knowledge can not be obtained, in the pertinent moments
of the problem in question, by any physical observer.

The solutions to these problems are, of course, interesting both from the purely geometrical point
of view and from a structural physical one, leading to a better understanding of the textures of the
different gravitational fields or space-times and of particular structures in it. But, under the physical
working conditions implied by the problems, only a sort of omniscient god would be able to gather

∗Notes for a lecture delivered at the School on Relativistic coordinates, Reference and Positioning systems, Salamanca,
January 2005. The role of these provisional notes is to complement the slides and blackboards of the talks, and must be
exclusively considered as a sort of draft and mnemonic guide to help the students of the school. A more elaborated text is
in preparation.

†61 avenue de l’Observatoire, 75014 Paris, France; bartolome.coll@danof.obspm.fr; http://www.coll.cc.
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the supposed data in the pertinent moments. For this reason, we shall speak in these cases of g-
problems and g-data.

We have already seen that the objects of the space-time in relativity are not what usually we call
‘objects’, but that they are rather their histories. We are here concerned by histories of clocks, histories
of rockets, histories of satellites and histories of observers. In this context, where we try to use only
relativistic notions, there has not to be confusion in the use, for short, of the same classical words to
designate their relativistic associate objects, their histories. We will do that for convenience.

We know also that for all of them the notion of ‘now’, of space, is local (even ‘very’ local), and that
any synchronization is conventional, so that its physical realization cannot be made ’before’ a certain
physical knowledge of the surrounding space-time.

And we also know that we cannot ’predict’ physical behaviours but at most simply to corroborate
them. Problems which involve only dada that may be obtained by a (finite) number of physical
observers, and ask questions compatible with the three above physical points (histories, local present,
retrodiction) are called here p-problems.

1.2 The physical space-time

In g-problems, the space-time extension is a manifold which may be endowed, in principle, with any
lorentzian metric, i.e. with any field of cones and any time-measure.

In p-problems, the space-time extension is supposed to be that of the observers that collect the
data, so that the light cones are already ’in place’, and, although the observers cannot know all of
them, they can send and receive light rays and/or light fronts, and receive a part of them: it is suffi-
cient to switch on light bulbs, or a laser or a radio transmitter and to detect them with the adequate
device. This space-time, endowed with a unknown metric tensor structure but that already fixes the
light paths or fronts of what is broadcasted by some devices and received by some observers, is what
is here called a physical space-time.

1.3 Location systems

We have seen that in the mathematical object that is the space-time manifold, we can define coordinate
systems. In what follows, coordinate systems will always designate exclusively these mathematical
objects.

We have seen also that the physical space-time is thought, modeled or mathematically repre-
sented, by a space-time manifold, but in it they are the real energetic phenomena that take place,
not simple mathematical objects. To specify this correspondence, we must be able to state physically
the one-to-one correspondence between every geometric point of the manifold and every (physical)
event of the physical space.

But points in the space-time manifold are labelled by its coordinates in some system, so that we
must be able to construct physically similar labels for the events of the physical space-time. In other
words, if we try to ’identify’1 a space-time manifold with a physical space-time, we must be able to
materialize, to physically realize, coordinate systems.

1We use here, for short, this verb in its weak meaning of ’to establish a one-to-one correspondence’. We think that
there is no danger of confussion with its strong meaning, because mathematical points and physical events are, any way,
esentially different thinks.
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Definition 1: (location system, derived) A location system in the physical space is a materialization,
or physical realization, of a coordinate system of the corresponding space-time manifold.

Acording to this definition, location systems appear as physical approximations of mathematical
coordinate systems, but it may be interesting to consider location systems per se, directly as physical
objects or devices able to locate events. In this sense, we give the following definition.

Definition 2: (location system, primitive) In a region of the physical space-time, a location system is
a real or virtual, passive set of physical fields, parameterized in such a way that every event in the region
is biunivocally characterized by the values of the parameters at the event.

In Definition 2 the notion of physical field has to be understood in the large sense of (more or
less) extended matter or energy, and the parameterization consist in a performance, mechanism or
detailled protocole relating the fields and allows to associate to them real numbers. For example a
goniometer allows to associate to two light beams (radiative fields), one coming from a reference and
the other from a generic event, the real number measuring their angle of convergence.

The physical fields to which Definition 2 refers may be real, if they are effectively present in the
region of validity of the location system, or virtual if only their protocole of construction is specified,
their physically realization taking place, case by case, only for specific events. So, in a (millimetered)
graph paper the physical fields (colored straight lines) are real, meanwhile in this room, the Cartesian
coordinates lines with respect to the three edges of the left top corner are generically virtual, because
they are not really constructed in the whole domain of the room, but only for the points to which we
ask for their coordinates. The real or virtual character of a location system is intimately related to a
very important property: that, for the location system, of being immediate or retarded.

Finally, Definition 2 asks for passive fields, that is, for fields whose interaction with the events to
be located is supposed negligible for the location process.

Let us note that now, with this primitive definition, they are the coordinate systems which appear
as derived objects, i.e. as mathematical idealizations of physical location systems.

It is also interesting to be noted that location systems involve specific physical fields, produced
and measured with specific devices and related by specific protocoles and that, in the limiting pro-
cess of mathematical idealization, some of these ingredients may desappear completely. In other
words, there is no one-to-one correspondence between coordinate systems and location systems: ev-
ery mathematical system may be physically represented by different location systems.

Example (two polar location systems): Suppose polar coordinates of given center C and origin axis x
materialized in a flat plot of land. An observer at C, may reference his neighbours realizing physically these
coordinates by measuring the radial distance r of an object by means of a laser device, and the angle ϕ of the
radial line of sight by means of a goniometer; these physical instruments and the corresponding protocole of
obtention of the pair (r,ϕ) constitute a location system for that polar coordinates. Now, to obtain the same
coordinates of the object, any other observer walking in the plot of land may operate with similar instruments
but used differently with the following protocole. First of all he determines his proper coordinates (ro,ϕo), ro
by direct measure of his distance to C and ϕo from ϕo = arcsin ho/ro, where ho is his laser distance to the axis
x. Then he measures his distance h to the object and the angle θ between the two lines of sight that join C and
the object to him, and he applies the rule

r =
√

r2
o + h2 − 2roh cosθϕ = ϕo + arctan

h sinθ

ro − h cosθ
.

Joint to physical instruments similar to the above ones, this new protocole for the obtention of the pair (r,ϕ)
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constitute a different location system for the same polar coordinates.

Figure 1: Illustration of the polar location systems.
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1.4 Reference systems and positioning systems

As the above example already shows, the protocole of realization of a coordinate system in the phys-
ical space depends essentially of who and how will use it. From this point of view, there are two
specially important classes of location systems, namely, reference systems and positioning systems.

Definition 3: (reference systems) The location systems for which the goal is to allow one observer to
locate points of his neighbourhood are called reference systems.

Definition 4: (positioning systems) The location systems for which the goal is to allow every observer
of a region to known his proper coordinates are called positioning systems.

Rememeber that we are here in a general relativistic context, so that the above definitions of refer-
ence systems and positioning systems refers to four-dimensional location systems. They are inspired,
of course, in Newtonian well known notions but, as relativistic counterparts, they have essential
different properties, as we shall see.

Positioning systems will always supposed to be generic, free and immediate. These three proper-
ties make of them the more important class of (relativistic) location systems.

Definition 5: (generic positioning systems) A positioning system is generic (for a given class of space-
times) if it can be constructed in any space-time (of the class).

Thus, for example, whatever be their protocole of construction, Cartesian systems are not generic
but for (the class of) Minkowski space-time, the only space-time in which they can be constructed. In
contrast, harmonic systems (a protocole for their construction suppossed known) would be generic
for (the class of) all space-times.

In general, before making measures, we do not know the gravitational metric tensor of the phys-
ical space-time. To know it, we need to make measures of this metric tensor in some arbitrary (but
specified) location systems, so that their protocole of construction must be compatible with the (for
the moment unknown) metric tensor structure that we shall measure. For this reason, in practice
the generic class of a positioning system must be sufficiently larger to be sure it contains the real
space-time in question.

Because the simplest passive parameretized physical fields that we know to construct are the
electromagnetic ones, we shall choose from now on as generic class that of vacuum space-times, for
which the light cone and the metric cone coincide.

Definition 6: (free positioning systems) A positioning system is (gravity-free if its construction does
not need the previous knowledge of the gravitational metric tensor field.

If a positioning system is not free, it cannot serve to measure the gravitational field, because its
construction already suppose the knowledge, at least partial, of this gravitational measure. The free
property of a location system is thus essential to break this loop of implications. Nevertheless, in
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the present state of development of the theory of relativity, we do not know clearly free constructible
systems (otheer than the ones we shal construct in this course). In particular, the generic harmonic
systems, are obviously not free, because they are intimately related to the gravitational metric tensor.

Definition 7: (immediate positioning systems) A positioning system is immediate if every event of
its domain may know its coordinates without delay.

No one immediate location system has been considered up to now in relativity. Even the more
simple and clear of the location systems that have been proposed in the simplest space-time, radar
coordinates for inertial observers in Minkowski, are not immediate: the central inertial observer
knowns the radial distance of an event with a delay proportional to this distance, so that the event
itself cannot known this distance but after a delay double of this one.

To our knowledge, the positioning systems we propose are the first ones in relativity having the
immediate property.

In Newtonian theory, as far as the velocity of light is supposed infinite, the goals of reference
and of positioning systems are exchangeable, so that both goals may be associated to a sole location
system. But in relativity this association is no longer possible. Furthermore, it is not difficult to show
that

In relativity, it is impossible to construct a positioning system
starting from a reference system

and furthermore that

One may always (and very easily) construct a reference system
starting from a positioning system

This strong asymmetry between reference and positioning systems, and its direction, shows us
that, whenever possible, the advantage being clearly in favour of positioning systems, there would
be these ones which ought to be constructed.

It remains to analyse wheter it is possible to construct positioning systems obeying the three
implicit basic conditions of being generic2, free and immediate.

At the present level of construction of the theory, this analysis cannot be but epistemic, and the
important conclusion is that

There exists a small class of location systems which are
generic, free and immediate positioning systems

with the precision that

2Remember that the generic class chosen in this work is that of vaccum space-times
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The simplest representants of this class consists of four point sources
broadcasting numbered electromagnetic signals

We see that from the physical point of view, the construction of a coordinate system (location
system) involves the selection of some specific ingredients of the coordinate system, of direct phys-
ical interpretation, and relegates the other ingredients to a delicate interpretation. In our case, the
numbered electromagnetic signals emitted from the word lines of the four point sources constitute
four parameterized families of light cones, that define in the space-time the coordinate hyperfurfaces
of the coordinate system, meanwhile its coordinate lines result to be the four congruences of special
space-like lines, namely, those obtained by intersection of the light cones three by three3

2 Earth positioning systems

This Section is extracted from a short paper on the subject4,5. The project SYPOR wishes to use the
global navigation satellite system GALILEO as an autonomous relativistic positioning system for the
Earth.

Motivations and a sketch of the basic concepts underlying the project are presented. For non
geodetic (perturbed) satellites, a two-dimensional example describes how the dynamics of the con-
stellation of satellites and that of the users may be deduced from the knowledge of the dynamics of
only one of the satellites during a partial (causal) interval.

2.1 Introduction

The current conception of the global navigation satellite systems (GNSS), like GPS, is based on a
Newtonian model corrected numerically of some ”relativistic effects”. The direct relativistic theory
suggests not only amelioration in accuracy, but also new functions for such GNSS systems.

The project SYPOR (Système de Positionnement Relativiste) proposes the ideas and instruments
needed to carry out these new possibilities. Particularly it aims to endow the constellation of satel-
lites of GALILEO of the necessary elements to constitute, by itself, a primary, autonomous positioning
system for the Earth and its neighbors. The word ”autonomous” refers here to the capability of the
constellation to provide complete relativistic metric information, i.e. to describe the kinematics and
the dynamics both, of the constellation itself and of the users (possibility of gravimetry).

3To our knowledge, even in Minkowski space-time these curves seen not to be studied. What class of curves are they?
that is, what is their Frenet-Serret characterization? They may be considered as a subclass of the class of space-like curves
which slip on a fixed light cone, of which a characterization is neither known. Both characterizations constitute interesting
open problems relatively easy to solve.

4B. Coll, A Principal Positioning System for the Earth, in Proc. Journées Systèmes de Référence, Bucarest, 25-28 septembre,
2002, Roumanie. See also gr-qc/0306043, http://coll.cc .

5For this reason, the reader can find some superpositions of content with the other sections. I remember that the role
of these notes, is to complement the slides of the talks, and must be considered as a sort of draft and mnemonic guide to
complement and help students to organize their proper notes.
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For this goal, the project SYPOR envisages, for the first time in physics and astronomy, to con-
struct in the neighbors of the Earth a relativity-compatible physical coordinate system (relativistic
positioning system).

We sketch here the general lines of the project, the underlying physical concepts, the role of rela-
tivistic positioning systems and the way to make such systems autonomous, explicitly illustrated in the
two-dimensional case.

2.2 Sketch of the project

For most of the needs of geodesy and positioning, the Earth may be considered as a Newtonian system,
for which classical mechanics is enough to explain its essential properties. But a constellation of satel-
lites around the Earth, endowed with clocks exchanging their proper times, is a relativistic system in
its own right (mainly due to Doppler and gravitational potential ”relativistic effects”). Consequently,
the natural conceptual frame to study GNSS is relativity theory.

At present, the GNSS involve the Earth and the constellation of satellites as a sole, coupled sys-
tem. They start from a terrestrial, non relativistic coordinate system6 and use the satellites of the
constellation as moving beacons to indicate to the users their position with respect to this system.

The project SYPOR offers this result in two steps, that have different levels of conceptual precision
and practical accuracy:

1. At the first level, SYPOR proposes the concepts and means to use the sole constellation of
satellite-borne clocks as the most accurate, primary, autonomous, relativistically valid, positioning
system for the neighbors of the Earth. At this level, any user may know its coordinates with respect
to the satellites, its dynamical state (acceleration, rotation), the exact internal configuration of the
constellation, and their situation with respect to the ICRS (i.e. all what an user may hope to obtain
from a primary system), and any two users may know their relative position, distance and relative
orientation.

Such a positioning system is a non usual one, with light-like (rapidly variable) coordinate sur-
faces, but any conventional system may be defined with respect to it. It is to be noted that, at this
level, no synchronization of clocks is at all necessary.

2. At the second level, the usual data of the control segment on the trajectories of the satellites,
are ”read” as the data defining the coordinate change to (secondary, non relativistic) terrestrial coor-
dinates (WGS 84 or ITRF classical eference systems).

At this level, any user may know its position (with terrestrial precision) with respect to the Earth,
as with the current GPS conception.

The possibility appears for a space agency to concentrate its interest in the first level, the au-
tonomous positioning system, and delegate to global and local Earth agencies the control of the
terrestrial coordinates.

To realize these performances, every satellite must be endowed with the following kinematic
devices:

• a device, on every satellite, allowing to exchange proper times with its neighbors (internal
control of the parts of the system)7.

6B. Coll, Physical Relativistic Frames, in Proc. Journées Systèmes de Référence Spatio-Temporels, Brussels, Belgium, 24-26
September 2001, also http://coll.cc . Some properties of classical and relativistic coordinate systems are pointed out.

7All the present technical possibilities of such contacts have been excellenty analysed in the report by J. Hammesfahr et
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• a device, on four at least of the satellites, pointing to the ICRS (International Celestial Reference
System) in order to define virtual local charts ‘at rest’ with respect to the ICRS (external control
of the system as a whole),

• a device, on every satellite, broadcasting over the Earth, beside its proper time, those of their
neighbors (strong integrity: control by the users segment).

2.3 Positioning Systems

Relativity theory may be used:

* as a wise algorithm to sprinkle Newtonian expressions with terms corresponding to the ”rela-
tivistic effects” necessary for the obtention of the correct numerical values, or

* as the adequate starting frame to rise and to approach the physical situations with the most
recent concepts and developments on the space-time.

The first use is undoubtedly correct in some particular scenarios, as may be in approximate nu-
merical computations or for the abstract comparison of the equations of the two theories. The analysis
shows that in fact this first use may be correct in the situations in which the physical determination
of the coordinates either does not matter, or may be numerically identified to their Newtonian ge-
ometric determinations. But it is obviously useless to take advantage of the progress and specific
developments of relativity theory in its proper domain, as it is the case in advanced GNSS.

The basic arena of relativity theory is its space-time. Relativistic space-time differs from Newto-
nian space-time in the following essential point: ”the space” and ”the present” are not now ”physical
objects”, but inessential local arbitrary conventions. The three-dimensional Newtonian space has as
much physical reality as have the Ptolemaic cristal spheres, and ”past”, ”present” and ”futur” are
not exhaustive complementary parts of the space-time. Consequently, ”objects” in their usual sense,
like galaxies, stars, planets, mountains do not exist in the relativistic space-time. What one can find
in it are rather the ”absolute invariants” that they generate, that is to say, their ”histories”. It is with
the histories of the satellites that a relativistic theory of GNSS must be constructed.

We have seen in the above Section that the functions of reference and of positioning are exchange-
able in Newtonian physics, and perhaps this is why they are frequently mistaken. But in relativistic
physics these two functions have very different physical properties:

* they are always incompatible for a sole coordinate system. So that the ”reference” or ”position-
ing” character of a locationing system must be previously chosen,

* it is always impossible to construct a positioning system starting from a reference system,

* it is always possible (and very easily) to construct a reference system starting from a positioning
one.

As a consequence, the first element to be conceived in a relativistic GNSS must imperatively be
its positioning system, and not its terrestrial reference system (WG 84 or IERS) as it is currently the
case.

Remember (Coll, 2001) that relativistic positioning systems are generic, free, and immediate, three
very important physical properties that no other locationing system may simultaneously offer. A

al., Intersatellite Ranging and Autonomous Ephemeris Determination for future Navigation Systems, Deutsches Zentrum für Luft-
und Raumfahrt (DLR), document number ISR-DLR-REP-002, 1999.
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general analysis of rigorous mathematical results, physical possibilities and present technical devel-
opments leads to the important epistemic result that, among all the relativistic locationing systems,
the set of relativistic positioning systems exists but constitute a very little class. And the simplest
representative of this class is the one formed by electromagnetic signals broadcasting the proper time
τi of four independent clocks Si ( i = 1, ..., 4 ).

From now on, we suppose these clocks carried by (not necessarily geodetic) satellites.

In the space-time, the above wave fronts signals, parameterized by the proper time of the clocks,
draw four families of physical hypersurfaces moving at the velocity of light, realizing a covariantly
null coordinate system {τi} .

Coordinate systems of this class are very unusual. Very different from the current relativistic
ones, and still more from the Newtonian ones, they have been studied by a very restricted number
of specialists in relativity8.

In such covariantly null coordinate systems, instead of ηαβ = diag{1,−1,−1,−1} , the Minkowski
metric of the space-time adopts the complementary form:

ηαβ =


0 f g h
f 0 ` m
g ` 0 n
h m n 0

 (1)

where f , g, h, `, m, n, are strictly positive functions of the coordinates τi .

We see that in such coordinates there is no time-like asymmetry, the four coordinate surfaces
playing exactly the same role. The nullity of all the diagonal terms in the above real expression
seems to have erroneously suggested in the past that such coordinate systems would be ”somewhere
degenerate”; this uncorrect intuitive feeling is perhaps the cause of the absence of studies on them
and of their slow re-discovery by some authors.

The four proper times {τi} read at a space-time event by a receptor constitute its (covariantly
null) coordinates with respect to the four satellites. But such a system can not be considered as
primary (with respect to the space-time structure) if we have not sufficiently information to relate to
it any other coordinate system (Cartesian, harmonic, etc). And for this task, we need to know the
(dynamical) space-time trajectories of the satellites. In principle, there are many ways to do that, one
simple one being to force satellites to follow prescribed trajectories, for example geodesics. But the
most complete one is that in which these information is generated and broadcasted at every instant
by the system of satellites itself, whatever be their trajectories. When this happens, we call the primary
system autonomous.

2.4 Autonomous Positioning Systems

How to make autonomous such a system of embarked clocks , arbitrarily synchronized, broadcasting
their proper times? The answer is very simple: broadcasting, not only their proper time, but also the
proper time of their neighboring satellite’s clocks.

8For an almost exhaustive bibliography, see M. Blagojević, J. Garecki, F. Hehl, Yu. Obukhov, Real Null Coframes in General
Relativity and GPS type coordinates, Phys. Rev. D65, 2002, also gr-qc/0110078.
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In other words: let τi j , i 6= j , be the proper time of the satellite’s clock j received by the satellite
i at its proper time instant τi . Then, the broadcasting of the data {τi, τi j} allow to make autonomous
the covariantly null space-time positioning system {τi} .

Observe that the sixteen data {τi, τi j} received by an observer contains, of course, the coordinates
{τi} ( i = 1, ..., 4 ), of this observer but also the coordinates {τi, τi j} of every satellite i in the totally
covariant null coordinate system that the four satellites are generating.

In a four-dimensional Cartesian grid of axis τi ( i = 1, ..., 4 ), the data {τi, τi j} received by an
user represent at every instant the proper position of the user as well as the positions of the satellites.
During an arbitrary interval, these data allow the user to draw in this grid its proper space-time
trajectory as well as the trajectory of the four satellites. Of course, two different users will found, in
their corresponding grids, that their personal trajectories are different, but in the covering domain of
proper times, the trajectories of the four satellites will be necessarily the same.

Such grids are diffeomorphic to the corresponding domain of the space-time, but they are not
isometric. The precise deformation that relates them is nothing but the metric tensor gi j(τ`) of this
domain, which gives the dynamical properties of the trajectories (their inertial and/or gravitational
characteristics).

Whatever be the arbitrary grid trajectories of two satellite, an important general result may be
prove: the knowledge of the dynamics of one of the satellites during a relative acausal interval, allows to
know the dynamics of both of the satellites as well as that of the user at any later instant.

In other words: if 1 and 2 denote the two clocks, the relative acausal interval of the satellite
1 with respect to the satellite 2 at the ”instant” τ2 is the interval of the trajectory of the satellite
1 between its proper times τ ′

1 = τ21 and τ ′′
1 such that τ12 = τ2 . Then our result states that the

dynamical knowledge of the satellite 1 during its proper time interval (τ ′
1, τ ′′

1 ) suffices to know its
dynamical trajectory for any τ1 ≥ τ ′′

1 and of 2 and the user for any τ2 ≥ τ12 .

The relative acausal interval of, say, the satellite 1 with respect to the satellite 2 , at the ”instant”
τ2 is the interval of the trajectory of the satellite 1 between its proper times τ ′

1 = τ21 and τ ′′
1 such

that τ12 = τ2 . Then, in other words, our result states that the dynamical knowledge of the satellite
1 during its proper time interval (τ ′

1, τ ′′
1 ) suffices to know its dynamical trajectory for any τ1 ≥ τ ′′

1
and of 2 and the user for any τ2 ≥ τ12 .

Of course, around the Earth more than four satellites will be convenient. Every four neighboring
ones will constitute a local chart of the atlas of covariantly null coordinate systems enveloping the
Earth. From this atlas, appropriate virtual global conventional coordinate system may be defined.

3 Galactic Positioning Systems

3.1 Introduction

This Section is extracted from a short paper on the subject9,10.

It is proposed to use the signals of millisecond pulsars as a relativistic positioning system valid
in and beyond our Solar System. The analogue of a GPS receiver is here a radio telescope, so that

9B. Coll and A. Tarantola, A galactic positioning system,in Proc. Journées Systèmes de Référence, St. Petersburg, 22-25
September, 2003, p 333. See also http://coll.cc

10For this reason, the reader can find some superpositions of content with the other sections. I remember that the role of
these provisional notes is to complement the slides and blackboards of the talks, and must be exclusively considered as a
sort of draft and mnemonic guide to help the students of the school
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such a positioning system is heavy to use, but its interest is strong. Its study constitutes a simpli-
fied version of the relativistic positioning system recently proposed as primary reference system for
the Earth (SYPOR project). A simple qualitative analysis of this last system and its relation to the
usual, conventional reference frames may be made, allowing to better understand this new class of
coordinate systems.

Today, there is a certain trivialization of the coordinate systems -suggested in part by the (post-
)Newtonian perturbation methods involved in the evaluation of ’relativistic effects.’- Furthermore,
contrarily to an extended opinion, relativistic and classical coordinate systems differ strongly, not
only in their conceptual or formal aspects, but also in their physical or material forms, i.e., in their
construction.

We are now at a turning point, where relativistic particularities are taken into account in order to
ameliorate the results of our experiments, but are conceptually crushed by the Newtonian perturba-
tion approach.

An alternative approach, directly based in relativistic coordinate systems, naturally integrates
the ’relativistic effects’ -which are nothing but the expression of the divergences between Nature and
Newtonian theory- and prepares us to take advantage of the next generation of high precision clocks.

After remembering some conceptual and operational ingredients related to relativistic coordinate
systems, our pulsar-based positioning system for the Solar System is sketched.

3.2 Recall of some notions and comments

A coordinate system is a mathematical object. In our physical space-time, there are many ways to
materialize a coordinate system, to give detailed protocols for its physical construction. Every one of
these protocols gives rise to a location system.

In the space-time manifold, a coordinate system is defined by its (congruences of) coordinate
lines, by its (one-parameter families of) coordinate surfaces, or by a convenient set of both elements.
Consequently, the physical fields needed to define a location system are nothing but those necessary
to construct physically these ingredients.

According to their goal, situating events with respect to one observer, or indicating its own po-
sition to every point of a region, location systems are respectively called reference systems or posi-
tioning systems. In Newtonian theory, both goals are exchangeable for a sole system, but in relativity
this is no longer possible.

Almost all the usual reference systems (e.g., BCRS or GCRS) are defined generically by virtual
coordinate lines or surfaces, of which only the ones that cross at the particular localized points are
to be actually constructed or evaluated. For positioning systems (e.g. GLONASS or GPS), these
ingredients are all real. In contrast to reference systems, which are necessarily retarded, only real
positioning systems are immediate.

Observe that all of the theoretical studies about relativistic effects between distant points (time
transfer) are at present given in coordinate systems (Cartesian inertial, Schwarzschild, isotropic, har-
monic, etc.) unable to be directly described by real positioning systems. Even the standard Minkowski
coordinates (x,y,z,t) of an event, although bona-fide relativistic coordinates, are not immediate (us-
ing, for instance, Poincar-Einstein protocol, the coordinates are known only after the delay necessary
for light signals to travel to/from the origin of the system).
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Such a situation is acceptable only if the order zero of their Newtonian development is a good
physical approximation. Consequently, in a next future, these studies should be corrected and ex-
pressed in terms of coordinates admitting a real and immediate construction, i.e., able to be realized
as positioning systems.

3.3 Earth and Galactic systems

For the neighbours of the Earth, the project SYPOR (see see above Section) proposes to use the con-
stellation of satellites of the GNSS GALILEO as a primary and autonomous relativistic positioning
system. Four clocks in arbitrary motion in space-time, broadcasting their proper time, constitute
the basis for such a system: the coordinates of a space-time event are, by definition, the four times
(τ1, τ2, τ3, τ4) of the four signals converging at that point, as recorded by a receiver. So any observer
able to receive the signals is able to (instantaneously) know his own coordinates, in fact, his own
space-time trajectory, expressed in these ’light-coordinates’11. Some day, all positioning satellite sys-
tems will be run this way.

For the Solar System, instead of the proper time signals broadcasted from the Earth satellites,
we propose to use pulsar pulses as the analogue signals. Pulsars are rotating astronomical objects,
located in the Galaxy, that emit quasi-periodic signals. Of particular interest to us are the millisecond
pulsars (with a period of the order of 1 ms). The main source of variability in the pulsars’ signals is the
interstellar medium, that imposes an uncertainty in the measurement of arrival times of the order of 4
nanoseconds. Such pulses do not allow the same short scale performance that the embarked atomic
clocks but, under some restrictions, are sufficient to construct a physically acceptable positioning
system, as we explain in what follows.

3.4 The galactic positioning system

A signal is said rhythmic if it allows to univocally associate to any point (instant) a next point in such
a way that the associated next points of two ordered points remain ordered (note that a rhythmic
signal does not need to be periodic). A rhythmic signal associates, by iteration, a sequence of points
to any given point, and a rhythmic signal is said sequenced if a point on it has been given. A sequenced
signal is said parameterised if the sequence of points has been numbered.

Pulsar signals are, in the vicinity of the Solar System, real and passive (test) physical (electromag-
netic) fields. In the space-time, they draw light cones centred on the world line of the pulsar, i.e.,
sequenced families of (hyper-)surfaces. So, in order to constitute ingredients for the construction of
coordinate systems, they have only to be parameterised. And, as they are sequenced, we need only
to associate to them a particular point, an origin.

As a general method, we chose here the origin to be transported to the users of the positioning
system, which will be then able to find their galactic coordinates. The following figure shows how
such a transport works in a bi-dimensional space-time.

Nevertheless, because of the anomalies in shape and arrival time within the average pulse pe-
riod12, it is possible to broadcast a ’signature’ of signals allowing any user to identify the origin and,
consequently, to find its proper coordinates.

11We say ’light-coordinates’ because one would typically use electromagnetic waves to propagate the signals.
12D.R. Lorimer, Binary and Millisecond Pulsars, in http://www.livingreviews.org/lrr-2001-5.

86



Figure 2: Space-time positioning in the vicinity of the Solar
System using signals from millisecond pulsars.
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3.5 The galactic frame for the solar system

We propose to define the Galactic Positioning Frame as follows:

1. By convention the basic four millisecond pulsars will be:

0751 + 1807 (3.5ms) , 2322 + 2057 (4.8ms) ,
0711 − 6830 (5.5ms) , 1518 + 0205B (7.9ms) .

Their angular distribution around the Solar system is quite even (they look almost like the vertices
of a tetrahedron seen from its centre).

2. We define the origin (τ1, τ2, τ3, τ4) = (0, 0, 0, 0) of the space-time coordinates as the event
0H0’0”, January 1, 2001, at the focal point of the Cambridge radiotelescope (the one that was used
for the discovery of the pulsars).

Then, any other space-time event, on Earth, on the Moon, anywhere in the Solar system or in its
vicinity, provided it is joinable from Earth, has its own coordinates attributed.

With present-day technology, this locates any space-time event with an accuracy of the order of
4 ns, i.e., of the order of one meter. This is not an extremely precise coordinate system, but it is
extremely stable and has a great domain of validity.

3.6 Domains of interest

A first point of interest in the analysis of the Galactic positioning system based on pulsars, is its rel-
atively simple mathematical structure, as compared with its Earth analogue based on a constellation
of satellites.

In this last case, and already at the zero order in the gravitational field (Minkoswki level) the light
cones are quadratic hypersurfaces, so that the space-time metric in the associated light coordinates
has a complicated expression. In the Galactic case, nevertheless, the signals of the pulsars arrive at
the Solar System practically as plane waves, so that every pulsar may be modelled as a plane antenna
emitting with a very stable period.

This advantage not only allows i) to make easy many calculations, but also ii) to give the first ex-
plicit example of Minkowskian relativistic positioning systems, iii) to interpret it as the instantaneous
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asymptotic limit of the relativistic GNSS and iv) to take it as the order zero in the gravitational field
of more realistic models.

The possibility for the Earth to share a common immediate and relativistic coordinate system
with other planets and satellites would improve the precision to which we know their position and
trajectories. Should we, one day, be able to equip space-crafts with receivers of pulsar signals (in
fact, miniature radio telescopes), they could continuously send their space-time position to us. This
would help, for instance, in better understanding the vicinity of our Solar System and, in particular,
Pioneer 10/11, Galileo and Ulysses acceleration anomalies13.

We are grateful to François Biraud for helping in the selection of the four pulsars.

13J.D. Anderson, M. Martin Nieto and S.G. Turyshev, A Mission to Test the Pioneer Anomaly, Int. J. Mod. Phys., D11 (2002)
1545-1552.
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Abstract

In the presence of gravitation, positioning systems constructed with harmonic light signals do
not exist. The International Astronomical Union should reconsider its recommendations concern-
ing the harmonic conditions choice, and study other systems more directly related to observational
and experimental situations.
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1 Harmonic signals

1.1 Introduction

We have seen that the easier realizations of location systems are obtained broadcasting light signals1.
On the other hand, we have seen in our first lesson on coordinates, distances and metrics, the im-
portant role played by harmonic coordinates in the answer to the deterministic character of Einstein
equations, and their potential role able to be played in some other interesting g-problems2 for the
better understanding of the texture of the space-time. Although we have also seen the dangers to be
used by specified observers, the question of whether or not harmonic coordinates can be physically
constructed by means of light signals is of obvious interest.

Here we shall prove two negative results in this direction. The first one, in Section 2, is that no
non flat space-time exists that admit more than two harmonic light-like front waves. This quantity

∗Notes for a lecture delivered at the School on Relativistic coordinates, Reference and Positioning systems, Salamanca,
January 2005. The role of these provisional notes is to complement the slides and blackboards of the talks, and must be
exclusively considered as a sort of draft and mnemonic guide to help the students of the school. A more elaborated text is
in preparation.

†61 avenue de l’Observatoire, 75014 Paris, France; bartolome.coll@danof.obspm.fr; http://www.coll.cc.
1We use here ’light signals’ as a shortcut for ’electromagnetic signals’.
2For the notion of g-problems and p-problems, see the talk Fundamental concepts.
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is insufficient for the construction of a location system, so that we can conclude that, in presence of
gravitation, positioning systems constructed with harmonic light signals do not exist.

This results cannot be applied to a flat, non gravitational, space-time, for which it is well known
from long time that harmonic light-like front waves exist in large quantities. Nevertheless this
fact still does not means that positioning systems constructed with harmonic light signals exist in
Minkowski space-time. In Section 3 we shall see that they remain forbidden, because the existing
harmonic light-like front waves in flat space-time cannot be families of light cones.

These two results seem to show that harmonicity can hardy have a practical interest in solving
p-problems, in spite of its clear interest in solving g-problems.

1.2 Harmonic front waves in gravitational space-times

In a general space-time, letϕ be a harmonic function such that its level hypersurfacesϕ(x) = constant
are light-like front waves:

∆ϕ = 0 , g∗(df , df ) = 0 . (1)

Applying the covariant derivative to the second of relations (1), one has:

i(dϕ)∇dϕ = 0 . (2)

that says us that the gradient vectorfield f ∗ ≡ g∗(dϕ) is geodesic affine parameterised.

Applying now the Laplacian to the same equation, one has:

∆(dϕ, dϕ) = δd(dϕ, dϕ) = 2δ(i(dϕ)∇dϕ) , (3)

and in the local coordinate system xα it follows

∆(dϕ, dϕ) = −2∇ρ(ϕσ∇ρϕσ ) = −2 (∇ρσϕ∇ρσϕ +ϕσ∇ρ∇ρϕσ ) , (4)

where in the last term we have:

∇ρ∇ρϕσ = ∇ρ∇σϕρ = ∇σ∇ρϕρ + Rρ
σϕρ = ∂σ∆ϕ + {i(dϕ)Ric}σ . (5)

On account of (1) and (5), equation (4) gives:

∇ρσϕ∇ρσϕ + Rρσϕρϕσ = 0 . (6)

Denoting now by Hess ϕ ≡ ∇ρσϕ dxρ ⊗ dxσ the Hessian of ϕ, the first of equations (1), (2) and (6)
and Einstein equations, we can state:

Proposition 1: The Hessian H ≡ Hess ϕ of a harmonic function ϕ of null gradient, verifies:

(H, H) + i2(dϕ∗)T = 0 , i(dϕ∗)H = 0 , tr H = 0 (7)

where T is the energy tensor of the medium.

Let us solve algebraically equations (7). Taking, for example, a null Newman-Penrose tetrad
{` ≡ dϕ, m, p, q} , because only m is not orthogonal to `, the second of equations (7) implies:

H = α `⊗ ` + β (`⊗ p + p⊗ `) + γ (`⊗ q + q⊗ `) (8)
+ µ p⊗ p + ν (p⊗ q + q⊗ p) + ρ q⊗ q
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and the third ρ = −µ. On the other hand, the only terms that appear in the first of equations (7) are
those of the second line of (8), because the first one contains `, which is orthogonal to all others. One
has thus

(H, H) = µ2 + ρ2 + 2ν2 + i2(dϕ)T = 2(µ2 + ν2) + i2(dϕ)T = 0 (9)

that, in vacuum or under the weak energy conditions i2(v)T ≥ 0 for any causal vector field, yields µ

= ν = i2(dϕ)T = 0, so that

H = (
α

2
` + βp + γq)⊗ ` + `⊗ (

α

2
` + βp + γq) (10)

and, because of the arbitrary character of m, p and q, one has:

Proposition 2: In vacuum or under weak energy conditions, the Hessian H ≡ Hess ϕ of a harmonic
function ϕ of null gradient, is of the form:

H = `⊗ e + e⊗ ` , `.e = 0 . (11)

Conditions (11), saying that H = ∇dϕ and ` = dϕ, with ` null, contain all the starting equations
(1) and their consequences. We shall see here under what conditions they admit a solution.

Taking the covariant derivative of the first of equations ( 11):

∇αβ`γ = ∇α`β eγ +∇α`γ eβ +∇αeγ `β +∇αeβ `γ , (12)

that is, taking into account (11),

∇αβ`γ = 2`αeβeγ + `βeαeγ + `γeαeβ +∇αeγ `β +∇αeβ `γ , (13)

and antisymmetrizing in α and β :

`ρ Rργ, βα = (`αeβ − `βeα)eγ + (∇αeβ −∇βeα)`γ +∇αeγ `β −∇βeγ `α . (14)

It is straightforward to see that the identity
∮
αβγ Rρα, βγ = 0, is identically verified. Contracting (14)

in α and γ,
`ρRρβ = −(e, e)`β + `ρ∇ρ eβ − `ρ∇βeρ− δe.`β− `ρ∇βeρ , (15)

but, because of the second of relations ( 11), one has:

`ρ∇βeρ = −eρ∇β`ρ = −eρ(`βeρ + `ρeβ) = −(e, e)`β , (16)

so that:
`ρRρβ = ((e, e)− δe) `β + `ρ∇ρeβ . (17)

Now, contracting (14) by `β :

`ρ`βRργ, βα = (`β∇αeβ − `β∇βeα)`γ − `β∇βeγ `α (18)
= −eβ∇α`β `γ − (`ρRρα − {(e, e)− δe}`α) `γ (19)

− (`ρRργ − {(e, e)− δe}`γ) `α (20)
= ((e, e)− 2δe) `α`γ − `ρRρα`γ − `ρRργ`α (21)

and we have:
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Proposition 3: In vacuum, every harmonic function ϕ of null gradient, ` ≡ dϕ, g∗(`, `) = 0, verifies:

`ρ`σ Rαρ, βσ = Φ`α`β . (22)

where Rαρ, βσ are the components of the Riemann tensor, and Φ is a scalar.

Equation (22) says us that the vectorfield ` defines a multiple principal (Debever degenerate)
direction of the Riemann tensor, because it verifies the equation

`α`ρ`σ Rρβ,σγ − `β`ρ`σ Rρα,σγ = 0 . (23)

Consequently, we have:

Theorem 1: In vacuum, non flat space-times, there exists at most two functionally independent harmonic
families of null wave fronts. The existence of one or two of such wave fronts correspond respectively to type II
or type D space-times.

This theorem shows clearly that harmonic null coordinates cannot be realized, in non trivial grav-
itational space-times, by means of light signals. In the trivial case of Minkowski space-time, never-
theless, it is well known that harmonic families of null wave fronts exist in profusion, so that in this
case one could think possible the realization of harmonic positioning systems, i.e. positioning systems
realizing physically harmonic coordinate systems. In Section 3 we shall see that this possibility is
also forbidden.

1.3 Harmonic light cones in Minkowski space-time

In Cartesian coordinates {xα}, the Minkowskian light cone centred at the event of coordinates κα is
given by:

ηµν(xµ −κµ)(xν −κν) . (24)

If κν(s) is a curve, (24)defines a one-parameter family of light cones in a certain domain:

Ψ(xα , s) ≡ ηµν(xµ −κµ(s))(xν −κν(s)) = 0 . (25)

One has

Ψ′
s = Ψ′

κρ

dκρ

ds
= −2ηµρ(xµ −κµ)

dκρ

ds
,

strictly negative at the exterior of the curva κα(s) , because it is the product of a time-like vector,
dκ/ds , by a null one, (x−κ) . So Ψ(xα , s) determines implicitly a function σ(s),

Ψ(xα , s) = 0 ⇔ s = σ(xα) . (26)

For every value of the parameter s, σ(xα) is the light cone centred at the event κα(s) of Minkowski
space-time. It is this function that we want to characterize.

By differentiation of (26), one has

Ψ′
αdxα + Ψ̇ds = 0 , ds = σαdxα . (27)

Combining them and taking into account (25) one obtains

σα =
ηαµ(xµ −κµ)

ηρσ (xρ −κρ)vσ
, (28)
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where vσ ≡ dκσ/ds, not necessarily unitary. Introducing

Nα ≡ ηαµ(xµ −κµ) , V ≡ Nρvρ , (29)

it results:
σα =

Nα

V
, (30)

and we have:

Proposition 4: The function σ verifies

(dσ , dσ) = 0 , (dσ , v) = 1 (31)

The first of (31) is direct from the first of (29) and (24), and the second of (31) from (29).

In order to obtain the Hessian of σ , let us evaluate the gradients of Nα and of V:

∂βNα = ηαµ(δµ
β − vµσβ) = ηαβ − vασβ ,

∂βV = ∂βNρ vρ + (Nρaρ)σβ

= (ηρβ − vρσβ)vρ + (Nρaρ)σβ ,

that is to say:

∂βNα = ηαβ − vασβ , ∂βV = vβ + {A− (v, v)}σβ , A ≡ Nρaρ . (32)

Differentiating ( 30) and taking into account (32) one has:

∂βσα =
1

V2 {∂βNα V − Nα∂βV}

=
1

V2 {(ηβα −σβvα)V −Vσα (vβ + {A− (v, v)}σβ)}

=
1
V
{ηβα −σβvα)−σαvβ − {A− (v, v)}σασβ} ,

and because A = V(dσ , a), one has

Proposition 5: The Hessian of the function σ defining the family of light cones centred on an arbitrary
curve is given by

∇dσ =
1
V

{
η− dσ⊗̃v + ((v, v)− A) dσ ⊗ dσ

}
. (33)

The trace of (33) gives, on account of (31) of proposition 4,

∆σ = −n− 2
V

. (34)

which, for any dimension n > 2 and for any time-like curve, well defined and does not vanishes.
Consequently we have:

Theorem 2: In Minkowski space-time, the families of light cones centred along any time-like curve can
never be defined by harmonic functions
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The proof of theorem 2 could be slightly shortened evaluating the divergence of dσ directly from
(28), but the result of proposition 5 is important because it allows to show that, for any observer at the
event of coordinates xα the knowledge of the Hessian of ϕ allows to know what is the unit velocity
of the source, its radial acceleration and their relative distance; this will be shown elsewhere.

Theorems 1 and 2 show that, meanwhile harmonic functions are important in some g-problems,
they are clearly uninteresting from the observational or experimental point of view. It would be
suitable that, on account of these results, the I.A.U. (International Astronomical Union) reconsider its
recommendations concerning the harmonic conditions choice, and study other systems more directly
related to observational and experimental situations.
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Relativistic Positioning Systems:
3D Solutions

José-Maria Pozo∗

Observatoire de Paris

Abstract

We start this note by introducing some general properties of emission coordinates in tridimen-
sional space-times. Analogously to the bidimensional case studied by Ferrando and Morales in
this school, for a n-dimensional space-time, emission coordinates are a particular type of coor-
dinates which can be realized physically by the reception at each point of the light-like signals
sent by n emitters SA broadcasting their own proper time τ A. Usually we would have in mind
that each emitter is on board a satellite provided of a clock. But, we are not involved with any
technical or physical question about the real emission, propagation and reception of the signal.
We will assume that the signal propagates through light-like geodesics, so that the hypersurface
formed by the space-time points ‘occupied’ by one value of the signal is a null cone centered at the
emission point. ext, we study some particular cases in Minkowki space-time. The examples are
very simple, but they provide us with a lot of interesting properties which illustrate the behaviour
of this type of coordinates. They also provide us with a lot of conjectures which suggest several
directions for further study. In particular, we will study the emission coordinates generated by
three static emitters, and the ones generated by three stationary rotating emitters.
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1 General properties

1.1 Comparison of the tridimensional case with the bidimensional case

We will begin by describing some important differences of the tridimensional emission coordinates
with respect to the previously studied case of bidimensional emission coordinates. In this description
we mention some properties that will be better studied later.

1.1.1 Elements dependent on the space-time and elements dependent on the emitters

The main property of emission coordinates is that the natural cobasis {dτ A} is formed by null cov-
ectors g(dτ AdτB) = 0. The vector metrically associated to each covector dτ A gives the light-like
direction followed by the signal from the emitter A to the receptor.

In a bidimensional space-time there are only two light-like directions at each point. Thus, the
directions of the null covectors dτ1, dτ2 are fixed by the space-time, independently of the trajectory
followed by the emitters. In contrast, the tridimensional space-time determines the past null cone at
each point, but there are infinite light-like directions in this null cone. Thus the directions of the 3 null
covectors dτ1, dτ2, dτ3 are not fixed by the space-time but depend on the trajectory of the emitters.

2D 3D

Figure 1: The past cones of an space-time point in 2 and 3 dimensions, and the light-like geodesics
followed by the signal from the each emitter to the point.

Then, the grid given by emission coordinates is determined with different contributions of the
space-time and the emitters in 2 and 3 dimensions. In the bidimensional case, the space-time de-
termines the coordinate hypersurfaces (lines) and the emitters determine their numbering and their
domain. In the tridimensional case, the grid is determined inseparably by both, the space-time and
the trajectories of the emitters.
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Figure 2: The coordinate hypersurfaces of emission coordinates in 2 and 3 dimensions. In 2 dimen-
sions the 2 hypersurfaces (lines) are determined by the space-time. In 3 dimensions the 3 hypersurfaces
(surfaces) are determined by both, the space-time and the trajectory of the emitters.

1.1.2 Coordinate lines and hypersurfaces: causal character of coordinate vectors and forms

The coordinate hypersurfaces, given by τ A = ctant for each A, represent the coordinate covectors or
1-forms dτ A. For emission coordinates in any dimension the coordinate hypersurfaces are null cones
(see figure ). The tangent hyperplane to a null cone is light-like at every point, except at the emission
vertex, where the tangent hyperplane is not well defined. This implies that the covectors dτ A are
null everywhere, except on the word-line of the corresponding emitter SA. Observer that this means
that the domain of the emission coordinates can not include the emitters themselves since there the
system is not differentiable.

Thus, the coordinate covectors dτ A are null in both, 2 and 3 dimensions. However, the causal
character of the coordinate vectors ∂τ A does not coincide. The coordinate lines, given by τB =
const. ∀B 6= A for each A, are the integral curves of the coordinate vectors ∂A. These lines are
the intersection of n− 1 coordinate hypersurfaces, that is the intersection of n− 1 null cones. Every
line in a null cone is light-like or space-like. The conclusion is that ∂τ A can not be time-like. Even
more, a null cone contains a unique null direction at each point. Hence, the intersection between two
null cones can include their null directions only if they coincide at the point, namely if the two null
cones are tangent to each other. But, in this case the coordinate system will be degenerate. Therefore,
the coordinate lines are always space-like. The exception appears in 2 dimensions, where the lines
are given by the ‘intersection’ of only one cone. Consequently, the coordinate vectors are light-like in
2 dimensions, but are space-like in any other, in particular in 3 dimensions.

1.1.3 Unicity of the event determined by the grid parameters: “interior” and “exterior” zones

In order to be more precise, the collection of received proper times τ A, will be called emission parame-
ters when we consider them in a space-time domain wider than the one where they constitute a good
coordinate system. Also while we are not sure of this.
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Figure 3: The coordinate lines of emission coordinates in 3 dimensions. In 2 dimensions they are light-
like. But in 3 dimensions they are given by the intersection of two null cones, thus they are space-like.

Observe that in 2 dimensions the word-line of the emitters delimit an interior and two exterior
zones. The emission parameters τ A determine the space-time point only in the interior zone. Thus,
they constitute a system of coordinates only for the interior domain. In the exterior zone, the two
covectors dτ A are aligned so that the system is degenerate. Hence, in the interior zone, each set of
emission parameters determines a unique event in the space-time. While in the exterior zones, each
event has the same emission parameters as the nearest emitter at some moment of its story, so that
all the event in the same light-like line has the same emission parameters.

Let us comment, however, that the coordinate system in the interior zone can be mathematically
extended to the whole space-time. The system would be equivalent to moving the two emitter word-
lines up to the light-like past infinity. Note that this means that different sets of emitters can generate
the same grid, changing only the domain of the emission coordinate system.

In contrast, in 3 dimensions the word-lines of the 3 emitters does not delimit an interior zone.
But this does not imply that we have a unique domain of emission coordinates. The system is not
degenerate on an exterior zone but on the shadows of each emitter to each other. There are 6 such
shadows, where 2 of the 3 covectors are aligned, making the system degenerate. These shadows
are hypersurfaces, which in the simplest case delimit 4 regions of the space-time. These 4 regions
constitute 4 different domains of emission coordinates. None of the domains is bounded, because all
of them reach the spatial infinity in some direction. But one of the domains includes the region inside
the triangular prismoid formed by the 3 word-lines. This one will be called the interior domain. The
others will be called the exterior domains.

The result is that in 3 dimensions there is not any region where emission parameters {τ A} does
not constitute a coordinate system. There is only the degenerated frontier between 4 domains.1 How-
ever, the same emission parameters can correspond to different space-time events, each of them in a
different domain. In fact, each shadow behaves like a kind of mirror for the emission parameters: to
each point in an exterior domain it corresponds another point in the interior domain which receive
the same 3 values τ A. This is illustrated in figure 4, which is an example of three light cones which
intersects in two different points. Nevertheless, there is a subregion in the interior domain (at least
in Minkowski) where the emission parameters received are not present in the other domains. Thus,
in this interior sub-domain the event is uniquely determined by the three values τ A.

1In the general case there can be more domains, but this will not be commented here.
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Figure 4: Two views of an example of three light cones in Minkowski which intersects in two different
points of the space-time. This implies that the reception of these 3 emission parameters τ1, τ2, τ3 does
not determines uniquely one event but two.

1.2 Emission parameters and emission coordinates

The emission parameters of an space-time point will be simply the 3 values τ1, τ2, τ3 that are re-
ceived (or could be received) at this point from the 3 emitters S1, S2, S3. It is clear that to label the
points in a tridimensional space-time, we need three coordinates. The 3 scalar fields provided by
the emission parameters τ A are good candidates for being coordinates, but we should check some
required properties.

1.2.1 Continuity and Differentiability

The first property to check is the continuity and differentiability of each scalar field τ A. It can be
proved that, given a space-time with a metric two times differentiable, if the word-line of the emitter
SA is differentiable then the scalar field τ A is continuous and differentiable. except at the word-line
of the emitter itself, where it is not differentiable.

Here, we must make some remark. We will consider only the regions of the space-time sufficiently
small or with sufficiently weak gravitational field, for conserving the topology of the null cone of
Minkowski. That is, we will not consider at all the existence of conjugated points, where the same
signal reach the same event through two different paths. To include these type of caustics of the
null cone the result on the continuity and differentiability should be revisited. But this should not
suppose any restriction in any practical application around the Earth or in the Solar System.

1.2.2 Non-degeneration: domains of coordinates

Once we know that the emission parameters {τ A} are differentiable, we only need to check that they
are non degenerate. The system would be degenerate at the points where the three covectors dτ A are
linearly dependent, that is if

dτ1 ∧ dτ2 ∧ dτ3 = 0 .

When can this condition be satisfied? We know that the covectors dτ A are light-like. We also know
that the space-time metric has Lorentzian signature. Thus, at any point, any bidimensional plane
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would contain none, one or two null directions. Hence, if the covectors dτ A span only a bidimen-
sional plane, then two of them have the same direction, i.e. they are proportional.

Two covectors dτ A and dτB have the same direction where the two hypersurfaces τ A = constant
and τB = constant are tangent to each other. Therefore, the system constituted by the emission
parameters {τ A} is degenerate only where two of the null cones are tangent. This is equivalent to
asking for the coincidence of two of the light-like geodesics followed by the signals. In other words:
the emission parameters are degenerate at any of the shadows that an emitter makes to another.

To be precise, by the term of the shadow of a word-line SA to another word-line SB, we refer to the
surface formed by the union of all the null geodesics starting at some point of SA and unbounded to
the future, such that if extended to the past would cross SB at some point. We will denote it by SAB.

S2

12

S1

Figure 5: The shadow of the emitter S1 to the emitter S2 is the surface formed by the union of all these
light-like geodesics. They are geodesics which if completely extended would include one point in each
emitter word-line, with the point in S1 in the causal future of the point in S2. But they are considered
only from the point in S1 to the future. In other words, if the geodesic represents a photon, we consider
the word-line of the photon after it has crossed both emitters.

For 3 emitters there are 6 shadows: 2 for each emitter. The shadows are surfaces, hence, in three
dimensions, they can be the frontier between two regions. The two shadows of each emitter start
from the emitter itself and extend to the infinite in different directions. Thus, they separate the region
between the two shadows from the region outside the two shadows, which contain the other two
emitters. Considering this separation for each of the 3 emitters, this gives 4 disconnected regions
delimited by the shadows. However, we must take into account that, if the trajectories of the emitters
is sufficiently complex, some shadow can cross with another. This would multiply the number of
disconnected regions. We will not consider these cases here.

Inside each of these regions, the emission parameters are non-degenerate. Therefore, they con-

100



stitute actually emission coordinates in this domain. We have then, in the simplest case, 4 different
domains of emission coordinates. The union of the 4 domains occupies the whole space-time except
the shadows and the word-lines of the emitters.

1.2.3 The continuity through the shadows. Injectivity

We have seen that emission parameters define 4 domains of coordinates separated by the shadows.
Inside each domain the map from the space-time to the grid of emission parameters is evidently
injective. At the shadows the parameters are degenerate but they are still continuous. This means
that the limit of the emission coordinates when approaching to any point of a shadow from one of
the domains and from the other coincide. Thus, the two domains of emission coordinates match
continuously in the shadow which separates them.

The question now is: What kind of degeneracy is there in the shadows? The first thing that we
need to answer is if the emission parameters can form a good coordinate system for the shadow itself,
as an embedded surface. The answer is affirmative, provided that the shadow does not cross with
another shadow. To see this, let us describe more concretely the emission parameters of the shadow.

The word-line of the emitter S1 is a time-like curve that can be parametrized by its proper time
τ1. Thus, its emission parameters would be

{τ1, τ2 = f 2
1 (τ1), τ3 = f 3

1 (τ1)} (1)

The shadow S12 of S1 to S2 is characterized by having the same emission parameters τ1 and τ2 =
f 2
1 (τ1) as the word-line of S1. But the third parameter is free except for the inequality τ3 > f 3

1 (τ1),
imposed by the condition of being propagated to the future and not to the past. Thus, we can essay to
coordinate the shadow by the two parameters {τ1, τ3}, where τ1 determine the null geodesic and τ3

determine a point in each null geodesic in the shadow. They will be good coordinates if they are not
degenerate, that is if the two covectors dτ1|S12 and dτ3|S12 projected in the surface S12 are not linearly
dependent. In the surface, the direction of dτ1|S12 is given by the null geodesic τ1 = constant. If
the direction of dτ3|S12 coincides with dτ1|S12 at some point, then dτ1 and dτ3 in the space-time
will contain the same null direction. But dτ1 and dτ3 are given by the surfaces of null cones, hence
they can coincide in a null direction at some point only if they are tangent, that is, if they share the
corresponding null geodesic. Therefore, {τ1, τ3} are good coordinates for the shadow of S1 to S2
except at the geodesics which also contain the third emitter S3, that is, where the shadow cross with
another shadow.

This result has an interesting consequence. Although the domain of the emission coordinates does
not contain the shadows, the emission parameters determines uniquely our position in the shadows:
if equation τ2 = f 2

1 (τ1) and the inequality τ3 > f 3
1 (τ1) are satisfied, we know that we are in the

shadow S12, and the parameters {τ1, τ3} will determine our position in it.
The other consequence is that the shadows are not only surfaces in the space-time, they map also

to surfaces in the grid of emission parameters. In the grid of emission parameters, each of the 4
domains of coordinates are bounded by the surface image of the shadows. The image of the space
time in the grid of emission parameters is continuous. Hence, for each pair of domains of coordinates
separated by a shadow, there appear two possibilities. Either the image in the grid of each one is at
a different side of the image of the shadow, or the two images are superposed both at the same side
of the image of the shadow. We will see below that the images satisfy the second option, so that the
map from the space-time to the grid of emission parameters is not injective.
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1.3 The image of the space-time in the grid of emission parameters

The emission parameters {τ A} defines a map from the space-time to R3. This R3, image space of
the emission parameters, will be called the grid of parameters. We can then ask ourselves which is
the image of the space-time in the grid. Let us remark that to represent the grid we will utilize the
usual perspective an projections proper to the Euclidian R3. We must keep in mind that this is only
a convenient representation, which has no relation with the metric properties of the space-time.

1.3.1 Word-lines: future-oriented time-like curves

The word-line of any object or observer (considered punctual) is a time-like curve oriented to the
future, that is, a curve c(λ), whose tangent vector u = d

dλ
c(λ) is time-like and whose parameter λ is

increasing towards the future.
The word-line of each of the emitters SA, parametrized with its own proper time τ A, is future-

oriented. This implies that the null cones given by τ A = constant are ordered so that, given any two
of them, the one with greater τ A is in the causal future of the other. Hence, every word-line c(λ) will
cross the surfaces τ A = constant in increasing order. Therefore, the image of any word-line in the
grid will have the form

c(λ) 7→ (c1(λ), c2(λ), c3(λ))

where the three functions cA(λ) are all increasing monotone: d
dλ

cA(λ) > 0.
Therefore, the image in the grid of any punctual object with mass, living in time, will be a line

with increasing grid parameters. Important particular cases of this are the emitters themselves.

1.3.2 The trajectory of the emitters

As used above, the word-line of each of the emitters SA can be parametrized with its own proper
time τ A. Thus, the image of them in the grid of emission parameters will be of the form

S1 7→
(
τ1, f 2

1 (τ1), f 3
1 (τ1)

)
, S2 7→

(
f 1
2 (τ2), τ2, f 3

2 (τ2)
)

, S3 7→
(

f 1
3 (τ3), f 2

3 (τ3), τ3
)

. (2)

where all the functions f B
A(τ A) are increasing monotone:

d
dτ A f B

A(τ A) > 0 ∀ A, B .

An example of the possible trajectories of the emitters in the grid is given in figure 6.

1.3.3 The shadows and the bounds from causality

Given the trajectories of the emitters in the grid (2), the images of the shadows in the grid (1) are
given by

S12 7→ (τ1, f 2
1 (τ1), τ3) with τ3 > f 3

1 (τ1) , S13 7→ (τ1, τ2, f 3
1 (τ1)) with τ2 > f 2

1 (τ1) ,

S21 7→ ( f 1
2 (τ2), τ2, τ3) with τ3 > f 3

2 (τ2) , S23 7→ (τ1, τ2, f 3
2 (τ2)) with τ1 > f 1

2 (τ2) ,

S31 7→ ( f 1
3 (τ3), τ2, τ3) with τ2 > f 2

3 (τ3) , S32 7→ (τ1, f 2
3 (τ3), τ3) with τ1 > f 1

3 (τ3) .

The second coordinate of the shadow, for instance τ3 in S12, has the lower limit τ3 > f 3
1 (τ1). There

exists also an upper limit but we can not determine it precisely from general properties, it will depend
on the concrete case we want to study.
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We are going to see now that these surfaces of the shadows in the grid also limits the region of
the grid where any point of the space-time can be mapped. This conclusion follows by considering
causality conditions.

Let us take, for instance the emitter S1 when its clock reads τ1
0 . Its position in the grid will be

(τ1
0 , f 2

1 (τ1
0 ), f 3

1 (τ1
0 )). This says that the emitter is at that moment in the null cone τ2 = f 2

1 (τ1
0 ), emitted

by S2 when its clock reads τ2
0 = f 2

1 (τ1
0 ). This implies that S1(τ1

0 ) is in the causal future of S2(τ2
0 ). Let

us denote this as
S1(τ1

0 ) ∈ Future
[

S2(τ2
0 )

]
(3)

The condition of causality is defined as the causal partial order given by the transitivity property

A ∈ Future [B] and B ∈ Future [C] ⇒ A ∈ Future [C] .

Any point of the grid with τ1 > τ1
0 will correspond to an space-time point in the future of S1(τ1

0 ),
independently of the other grid coordinates. And any point of the grid with τ2 < τ2

0 will correspond
to an space-time point not in the future os S2(τ2):

τ1(p) > τ1
0 ⇐⇒ p ∈ Future

[
S1(τ1

0 )
]

and τ2(p) < τ2
0 ⇐⇒ p 6∈ Future

[
S2(τ2

0 )
]

But, applying the causality condition to (3) we obtain

∀p ∈ Future
[

S1(τ1
0 )

]
, p ∈ Future

[
S2(τ2

0 )
]

.

Therefore, there does not exist any point of the space-time with emission parameter τ1 > τ1
0 and

τ2 < τ2
0 = f 2

1 (τ1
0 ), which is equivalent to

6 ∃ p ∈ Space-time so that τ2(p) > f 2
1 (τ1(p)) .

Hence, any point (τ1, τ2, τ3) of the grid satisfying τ2 > f 2
1 (τ1) does not correspond to any point of

the space-time. The general result for any two emitters is the following:

6 ∃ p ∈ Space-time so that τB(p) > f B
A(τ A(p)) ,

which implies that ∀ p ∈ Space-time, its emission parameters (τ1, τ2, τ3) must be in the region de-
limited by the inequalities

τ1 ≤ min
(

f 1
2 (τ2), f 1

3 (τ3)
)

, τ2 ≤ min
(

f 2
1 (τ1), f 2

3 (τ3)
)

, τ3 ≤ min
(

f 3
1 (τ1), f 3

2 (τ2)
)

.

Observe that the equation for the shadow SAB in the grid is τB = f B
A(τ A). Therefore, the image of

the 6 shadows in the grid are the surfaces which delimit the region of the grid that must contain the
image of the whole space-time.

This result answers the question made at the end of subsection ??. Since the image of the shadows
delimit the permitted region in the grid, thus the image of two domains of emission coordinates
separated by a shadow must be at the same side of the image of this shadow. Hence, they will be
superposed.

103



S

S

S

1

21

2

3

23

12

13

31

32

S

S

S

S

S

S

Figure 6: Example of the possible trajectories that the emitters SA can follow in the grid (red lines). For
each emitter the 3 components τ A are always increasing. There is also represented the surfaces which
causality impose as bounds for the image of the space-time in the grid. These bounding surfaces are the
linear extension of the 6 shadows SAB in the grid. The whole of the space-time maps to the interior of
this hexagonal prismoid.

1.4 The metric in emission coordinates

1.4.1 The contravariant metric

Once we have seen some general properties about the global behaviour of emission coordinates, we
can study more specifically the local metrical properties.

As we have used several times above, the covectors dτ A are light-like. This means that the metric
product of each of them with itself vanishes:

dτ A ·dτ A ≡ g∗(dτ A, dτ A) = 0 .

That is, the diagonal components of the contravariant metric in emission coordinates are zeros:

(gAB) =

 0 g12 g13

g12 0 g23

g13 g23 0

 .

Note that we have taken into account the symmetry of the metric.

1.4.2 The election of the signature

In addition to the light-like nature of the covectors dτ A, we know that they are future-directed. Here
we must make an election between the two possible Lorentzian signatures, (−, +, +) or (+,−,−).
The more convenient to express the results in emission coordinates is the second one: (+,−,−). That
is, a vector u will be time-like if its metric square is positive, u·u > 0, and space-like if it is negative,

104



u·u < 0. With this signature a time-like or light-like future-directed covectorθ is metrically associated
to a future-directed vector u = g∗(θ). While with the opposite signature, the time orientation of
vectors and covectors is inverted by the metric association. A covector θ is oriented to the future if,
for any vector v oriented to the future, it satisfies θ(v) ≥ 0. Thus, the metrically associated vector
u = g∗(θ) satisfies u·v ≥ 0. If our election for the signature, (+,−,−), this implies that u is also
future-directed. In contrast, with the opposite signature, u·v ≥ 0, for v future-directed, would imply
that u is past-directed.

Once, we have chosen the signature, we can obtain the sign of the non-diagonal components of
the contravariant metric. The covectors dτ A are all oriented to the future. Thus they must satisfy

dτ A ·dτB = gAB > 0 ∀ A 6= B .

Since, they are light-like the equating gAB = 0 may also happens, but only in the degenerate case
of being both covectors parallel, dτ A ∧ dτB. Observe that this is what happens for the diagonal
components.

1.4.3 The element of volume and the degeneracy of the metric

We have just found that the contravariant metric in emission coordinates is of the form

(gAB) =

 0 g12 g13

g12 0 g23

g13 g23 0

 , with gAB > 0 ∀ A 6= B .

In order to have a good coordinate system, the metric must be non-degenerate. That is, its determi-
nant must not vanish:

det(gAB) = 2g12g13g23 6= 0 .

Hence, as we expected, the metric will be degenerate only when two of the covectors, for instance
dτ1 and dτ2, are parallel, giving g12 = 0.

Observe that the determinant is positive, det(gAB) > 0, what is in agreement with the signature
chosen.

With this result we can write the element of volume in emission coordinates:

dV =
±1√

det(gAB)
dτ1 ∧ dτ2 ∧ dτ3 =

±1√
2g12g13g23

dτ1 ∧ dτ2 ∧ dτ3 .

The sign depends on the orientation chosen for the space-time. But, in fact, it change when we pass
from one domain of coordinates to a contiguous one. If, for instance, we choose the positive sign
in the interior domain, then the sign will be negative in all the 3 exterior domains delimited by the
2 shadows of each of the 3 emitters. This fact is a consequence of the result found in subsection
1.3.3, since the ‘reflection’ of the emission parameters in the shadow implies that the orientation
(the Jacobian) of the map from the space-time to the grid is inverted in passing from one domain to
another.

1.4.4 Interpretation of the metric by an observer

A local observer is represented by a unitary time-like vector, u·u = 1. If the observer is provided with
a clock and a goniometer, when it receives several light-like signals, it will measure the frequency of
each signal, and the angles between the spatial directions of propagation of each pair of signals. By

105



the frequency of the signal we mean the rate of variation of the signal (τ A) with respect to the proper
time of the observer. It could also measure the frequency of the carrying wave, but this is irrelevant
for us.

This measurements implies the splitting, by the observer u, of the light-like covector dτ A (or the
metrically associated vector `A ≡ g∗(dτ A)) into a temporal part and a spatial part:

`A = νA(u + n̂A) .

The scalar νA = `A ·u = uµ∂µτ A is the frequency of the signal. The unitary vector n̂A is space-like,
n̂A ·n̂A = −1, and orthogonal to the observer, n̂A ·u = 0. It gives the spatial direction towards which
the signal propagates. Thus, the angle, θAB, between two of the directions, n̂A and n̂B, is given by
their scalar product: n̂A ·n̂B = − cosθAB.

Then, the components of the contravariant metric can be expressed in terms of the data measured
by the observer:

gAB = `A ·`B = νAνB(1− cosθAB) ,

where νA are the frequencies of the signals and θAB is the angle between the two directions of prop-
agation. It is also interesting to write the determinant of the metric an the volume element in terms
of these observer dependent quantities:

det(gAB) = 2(ν1ν2ν3)2(1− cosθ12)(1− cosθ13)(1− cosθ23)

⇒ dV =
±1

4ν1ν2ν3 sin θ12

2 sin θ13

2 sin θ23

2

dτ1 ∧ dτ2 ∧ dτ3 ,
(4)

where we have used the trigonometric identity 1− cosθ = 2(sin θ
2 )2.

1.4.5 The covariant metric

Given the contravariant metric gAB, the covariant metric is obtaining simply by computing its in-
verse:

(gAB) =
1

2g12g13g23

−(g23)2 g13g23 g12g23

g13g23 −(g13)2 g12g13

g12g23 g12g13 −(g12)2

 =
1
2


−g23

g12g13
1

g12
1

g13

1
g12

−g13

g12g23
1

g23

1
g13

1
g23

−g12

g13g23


Note the simplicity of the components off the diagonal,

gAB =
1

2 gAB ∀ A 6= B .

The diagonal components are negative. This means that the coordinate vectors are space-like,

∂A ·∂A = gAA < 0 ,

confirming what we have discussed in subsection 1.1.2 about the causal character of the coordinate
vectors by considering the intersections of the null cones.
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2 Learning from particular cases

In this part we will consider some particularly simple cases of emission coordinates. They will be
useful to better understand the general properties obtained above and to obtain new features. Indeed,
many of the properties presented here in general where first obtained with the study of this simple
cases.

2.1 Minkowski space-time

2.1.1 Cartesian coordinates

One characteristic property of Minkowskian (flat) space time is that it is the unique which admits
Cartesian coordinates. This coordinates are associated to some inertial observer together with some
orthonormal coordinates in its relative space. Many geometrical objects are easily described in these
coordinates. For this reason, we have begun by studying cases in Minkowski space time, and we
have started from a description of the emitters in Cartesian coordinates.

Cartesian coordinates will be denoted by {xµ} where µ = 0, 1, 2. The Minkowskian metric will
be diagonal and constant in these coordinates:

gµν = ηµν ≡

 1
−1

−1

 .

2.1.2 Null cones easily computed

A Null cone Nx of an event x is the surface formed by the points y which are united to x by a null
geodesic. In other words, that the Lorentzian length of the geodesic which unite y with x is null:

Nx = { y | d(x, y) = 0 }.

In Cartesian coordinates any geodesic is a straight line and the Lorentzian distance between two
points x and y is easily computed as

d(x, y) =
√

ηµν(yµ − xµ)(yν − xν) =
√

(y0 − x0)2 − (y1 − x1)2 − (y2 − x2)2) .

This allows to obtain easily the null cone of x:

Nx = { y | y0 = x0 ±
√

(y1 − x1)2 − (y2 − x2)2 } .

In addition, the future and past null cones are the two subsets,N+
x andN−

x , corresponding with each
of the signs of the square root. The past cone is then

N−
x = { y | y0 = x0 −

√
(y1 − x1)2 − (y2 − x2)2 } .
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2.1.3 The word-line of the emitters and their proper time

The word-line of an emitter is a time-like curve, Cµ(λ). The parameter λ of the curve can be chosen
intrinsically as the normal parameter, uµuµ = 1, where uµ = d

d λ
Cµ(λ). This parameter gives the

proper time of the emitter, τ , which is the time that will measure an ideal clock on board. But we can
also use other parameters which may be convenient for some purpose. For instance, we will use the
coordinated time t ≡ x0. The relationship between the two parameters of the curve is

d τ

d t
=

√
d

d t
Cµ(t)

d
d t

Cν(t)ηµν =

√
1−

(
d

d t
C1(t)

)2

−
(

d
d t

C2(t)
)2

Observe that the relation is differential. This means that in order to obtain proper time of an emitter
from the coordinate time it is necessary to integrate over all the trajectory from the last contrast:

τ(t) = τ0 +
∫ t

t0

√
1−

(
d

d t
C1(t)

)2

−
(

d
d t

C2(t)
)2

d t (5)

We will study here only stationary cases, where this integral is trivial.

2.1.4 The emission parameters in Cartesian coordinates: change of coordinates

The emission parameter τ A of any event x, relative to the emitter SA, is determined by the intersection
between the past null cone Nx and the story of the emitter SA(τ). This intersection is a unique point,
which determines the proper time τ A. The proper times {τ A} for A = 1, 2, 3, constitute the emission
parameters of the event x.

Hence, given the story of the emitter with normal parameter in Cartesian coordinates, S µ
A (τ), the

emission parameters are determined by the equation

S 0
A (τ) = x0 −

√(
x1 − S 1

A (τ)
)2 +

(
x2 − S 2

A (τ)
)2

If we have the story of the emitter expressed in the coordinated time S µ
A (t) = (t, S 1

A (t), S 2
A (t)), we

solve the corresponding equation

t = x0 −
√(

x1 − S 1
A (t)

)2 +
(
x2 − S 2

A (t)
)2 , (6)

and then applay equation (5) to obtain τ A.
In each domain where the emission parameters are coordinates, the expression of τ A in function

of xµ constitutes the change of coordinates from Cartessian to emission coordinates.

2.2 Static emitters in Minkowski

2.2.1 Description of the static case

Let us consider three emitters in free falling and at relative rest in Minkowski. This means that there
exists an inercial observer, with some Cartesian coordinates, for which the three emitters are at rest.
That is

S i
A(t) = S i

A ∀ t , for i = 1, 2 .
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In this case equations (5) and (6) are both trivially solved:

τ A = t = x0 −
√(

x1 − S 1
A

)2 +
(
x2 − S 2

A

)2 , (7)

where we have assumed that the emitters clocks have been initially sinchronized with the inertial
observer so that τ = 0 for t = 0. But observe that it is not easy at all to invert the coordinate
transformation in order to express the Cartesian coordinates in function of the emission coordinates.
We will not essay to obtain this inversion analytically. Instead, we will deduce some properties by
studying some limits and we will illustrate this with some graphics obtained by numerical resolution
using the program MAPLE.

2.2.2 The position of the emitters in their emission grid

In order to obtain some information on how usual Cartesian concepts are described in emission
coordinates the first step is to obtain the emission parameters of the emitters themselves. This will
be called the position of the emitters in the emission grid. We will denote the emission parameters of the
emitter SB as {τ A

(B)}.
In the static case this is easily obtained applying equation (7) to x = SB:

τ A
(B)(t) = t−

√(
S 1

B − S 1
A

)2 +
(

S 2
B − S 2

A

)2 .

Observe that the unique dependence on t is the first linear term, which, in addition, is the same term
for every emission coordinate τ A

(B) of every emitter SB. The second term is a constant which depends

symmetrically on the spatial position of the two emitters SA and SB, so that τ A
(B) = τB

(A). We recover

also the expected identity τ A
(A) = t. These conditions are ligatures that must satisfy the public data

from static emitters.

OPEN QUESTION: Does these conditions characterize the static emitters in Minkowski? In other words, does
it exists any non-static configuration of emitters in Minkowski giving the same public data?

2.2.3 The static observer and the major diagonal of the grid

In fact, for any static object, at rest with respect to the emitters, pµ(t) = (t, p1, p2), the emission
coordinates will have the same behaviour:

τ A
p = t−

√(
p1 − S 1

A

)2 +
(

p2 − S 2
A

)2 .

In order to simplify the expressions, let us use a vectorial notation for the spatial Cartesian coordi-
nates:

~p = (p1, p2) with ~p·~q ≡ −p1q1 − p2q2 and |~p| ≡
√

(p1)2 + (p2)2 .

Thus we can write τ A
p = t− |~p− ~SA| and τ A

(B) = t− |~SB − ~SA|.
Note that any static object has a trajectory in the grid which is parallel to the major diagonal,

(t, t, t). From this fact, it seems convenient to define a secondary system of coordinates in the grid,
which we will name {µ1, µ2, µ3}, such that the direction of the major diagonal coincides with one
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of them. That is, two of the coordinates, µ1, µ2, determine the image in the grid of the word-line of
an static object. The third one, µ3, will determine a point in each static word-line. We will choose
these auxiliary coordinates to be simply a linear transformation of the grid coordinates {τ1, τ2, τ3}.
Even more, will require them to be an Euclidean rotation of the τ-coordinates. Thus, the plane µ3 =
constant will be ‘perpendicular’ to the major diagonal.

2.2.4 ‘Orthonormal’ auxiliary µ-coordinates of the grid

The most simple election for defining the µ-coordinates, satisfying the required orthogonality prop-
erties, is the following:

µ1 = 1√
6
(τ1 + τ2 − 2τ3) τ1 = 1√

3
µ3 + 1√

6
µ1 − 1√

2
µ2

µ2 = 1√
2
(τ2 − τ1) τ2 = 1√

3
µ3 + 1√

6
µ1 + 1√

2
µ2

µ3 = 1√
3
(τ1 + τ2 + τ3) τ3 = 1√

3
µ3 − 2√

6
µ1

Let us remark that these coordinates are orthonormal respect to a non-physical Euclidian metric
in the grid, invented for the graphical convenience of representing the grid with the usual spatial
perspective of R3. This orthonormality can be checked for instance with

gR3(dµ1, dµ1) =
1
2

gR3(dτ2 − dτ1, dτ2 − dτ1) =
1
2
(1 + 1) = 1 .

The word-line of an static object, pµ = (t, p1, p2), written with the grid µ-coordinates, will be

µ1
p = 1√

6
(|~p− ~S1|+ |~p− ~S2| − 2|~p− ~S3|)

µ2
p = 1√

2
(|~p− ~S2| − |~p− ~S1|)

µ3
p = 1√

3
(|~p− ~S1|+ |~p− ~S2|+ |~p− ~S3|) +

√
3 t

Note that the unique µ-coordinate which depend on the parametre t of the word-line is µ3. The other
2 are constant, which for static emitters characterizes completely the static objects respect to them.
This suggests to understand µ3 as a temporal coordinate and µ1, µ2 as spatial coordinates, but this
analogy is not completely true.

2.2.5 The shadows in the grid

As we saw in subsection 1.3.3, a general property of the shadows is that each of its image in the grid
is of the form

S A
AB = τ A , S B

AB = τB
(A)(τ

A) , S C
AB = τC > τC

(A)(τ
A) , with A, B, C 6= . (8)

Then, τ A = const., which fix a unique photon, implies that S A
AB and S A

AB are both constant. Thus, it
is a straight segment in the grid, parallel to the axis of τC. The upper limit of τC is determined by the
intersection with the future null infinity, that is, with the infinite of this photon.

Since, in our static case, the position of the emitters are constant in the plane {µ1, µ2}, the pro-
jection of the shadows to this plane will be also constant. Consequently, the image of the shadows
in the grid will be a plane, whose projection to {µ1, µ2} will be also a straight segment. Moreover,
they will be parallel to the projection of the 3 axis, τ1, τ2, τ3. Thus, they always form angles of 2π/3
between them. These properties are illustrated in figure 7.

In the formula (8) the coordinate τC has a lower limit. This coordinate has also an upper limit,
which corresponds to the future infinity of the photons of the shadow.
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Figure 7: Projections to the plane {µ1, µ2} in the grid, orthogonal to the major diagonal, of the emitters
and the shadows. The shadows are straight segments parallel to the projections of the axis τ1, τ2, τ3. The
position of each pair of emitters, SA, SB, is at the same distance of the complementary axis τC (C 6= A, B).
Hence, the pair of shadows SAB, SBA are segments of two lines parallel and symmetric respect to the
reflection in the axis τC.

2.2.6 The future light-like infinite in the grid

A null geodesic in Minkowski is a curve of the form

p(λ) = p0 + λ` = (t0 + λ)e0 +~p0 + n̂ ,

where p0 = ~p0 + t0e0 is any event, λ ∈ R is the parameter of the curve, and ` = n̂ + e0 is the null
direction of the geodesic. Their emission coordinates will be then

τ A = λ + t0 − |λn̂ +~p0 −~sA|

The future infinite limit correspond to make λ → ∞. In order to obtain this limit we can expand the
expression of τ A in powers of 1/λ:

τ A = λ + t0 − λ
∣∣n̂ + 1

λ
(~p0 −~sA)

∣∣ = λ + t0 − λ
√

1 + 2
λ
(~p0 −~sA)·n̂ +O

( 1
λ2

)
= = t0 − (~p0 −~sA)·n̂ +O

( 1
λ

)
.

Therefore, the emission parameters corresponding to the future null infinity are

lim
λ→∞ τ A = t0 −~p0 ·n̂ +~sA ·n̂ .

Observe that the first two terms are the same for the three coordinates. This implies that its projection
into the orthogonal plane {µ1, µ2} only depends on the last term:

µ1 =
1√
6
(~s1 +~s2 − 2~s3)·n̂ , µ2 =

1√
2
(~s2 −~s1)·n̂
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This expression is indeed a linear transformation from the bidimensional space of the inertial ob-
server in Minkowski to the plane {µ1, µ2}. The whole of the future null infinity is obtained when
the unit vector n̂ run through all the directions of the space, that is, when n̂ take all the values of the
unit circumference. Then, the µ-coordinates in the grid are obtained as a linear mapping from this
circumference. This gives the result that the image of the future null infinity in the grid projected
to the plane {µ1, µ2} is an ellipse. The non-projected image of this infinite is an elliptic cylinder ori-
ented in the direction of the major diagonal. In addition, it can be checked that the ellipse is a circle
only if the emitters form an equilateral triangle. Figure 10 illustrates this result with three different
configurations of the emitters. We can also compare this figure with the previous figure 7, and check
the properties stated there.
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Figure 8: Three exemples of the future null infinity in the grid, projected to the plane {µ1, µ2}. The first
corresponds to 3 emitters forming an equilateral triangle, thus the null infinity is a circumference. The
second corresponds to an isoscels triangle and the third to an scalene one. There is also represented the
image of the emitters and the shadows.

Let us observe that this result is independent of the dimension of the space-time. In general the
image of the future null infinity is a linear transformation of an n− 2-sphere. Thus, in 4 dimensions
the future null infinity in the grid will be a 4-dimensional cylinder whose section is an ellipsoid.

2.2.7 The space of the static observer in the grid

We have just seen that the future null infinity is an elliptic cylinder in the grid. This implies that the
image in the grid of the space of the inertial observer (t = const.) can not reach this cylinder. In
fact, the space-like infinity is in the past of the future null infinity. This implies that the coordinate µ3

of the space-like infinity must diverge towards −∞. Figure ?? represents the image in the grid of 3
spatial hypersurfaces t = const.

2.2.8 The volume element in the grid and the Jacobian of the change of coordinates Cartesian →
Emission

The component of the volume element in emission coordinates is related to the precision which can
be obtained for the space-time position, when there is a fixed precision available for the values τ A
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Figure 9: Image in the grid of the space of the inertial observer t = const. At the center (~p = 0) the
surface is perpendicular to the major diagonal, but far from the center the surface tends asymptotically
to the cylindric image of the future null infinity, diverging to µ3 → −∞. There is represented 3 spatial
surfaces corresponding to different instants.

received. Thus, a greater volume correspond to a lower precision. In formula (4) we expressed the
volume in terms of the angles between the received signals:

dV =
±1

4ν1ν2ν3 sin θ12

2 sin θ13

2 sin θ23

2

dτ1 ∧ dτ2 ∧ dτ3 .

In the static case, we can chose the static inertial observer, for which the proper time coincides with
the proper time of the emitters, thus the frequencies are νA = 1.

In cartesian coordinates in Minkowski, the volume elements has the simple form dV = dx0 ∧
dx1 ∧ dx2. The relation between both expressions is given by the Jacobian of the transformation from
Cartesian coordinates to emission coordinates:∣∣∣∣∂τ A

∂xµ

∣∣∣∣ =
dτ1 ∧ dτ2 ∧ dτ3

dx0 ∧ dx1 ∧ dx2 = 4 sin
θ12

2
sin

θ23

2
sin

θ31

2

The three angles θ12,θ23,θ31 must sum 2π . This ligature implies that the product of the sines is
greater when the 3 angles are more similar. Thus, the Jacobian is greater at the interior of the triangle
formed by the emitters than at the exterior. Indeed the Jacobian change abruptly when we go out
of the triangle. Figure ?? shows the value of the Jacobian at each point of the space, directly in the
Cartesian coordinates and also in the grid of emission coordinates. As an interesting exemple, we
can see that the value at the center for the case of the emitters forming an equilateral triangle is

J = 4
(

sin
π

3

)3
=

3
2

√
3 ,
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which is the maximum value for the Jacobian.

Figure 10: Jacobian of the transformation from Cartesian to emission coordinates for three static emitters
in an equilateral triangle. The first figure represents the Jacobian in terms of the Cartesian coordinates
of the space of the inertial observer. The second figure represents the Jacobian in terms of the µ1, µ2

coordinates of the orthogonal plane to the major diagonal in the grid. The Jacobian is quite stable, J ' 2.5,
at the interior of the triangle of emitters, and falls down abruptly at the exterior. At the shadows the
Jacobian vanishes exactly and between two shadows of the same emitter, the Jacobian is negative.

2.3 Stationary rotating emitters in Minkowski

2.3.1 Description of the rotating stationary case

We will consider the following case for the trajectories of the three emitters originating the emission
coordinates. First, we consider a flat space-time. In this space-time there exists an inertial observer,
associated to some Galilean coordinates, for which the three emitters have a circular movement
around the origin, of radius L and with constant angular velocity ω. Besides, the angular veloc-
ity and the radius are the same for the three emitters. This means that the emitters have a rigid
movement.

We start by numbering the emitters and their space-time position will be denoted accordingly
by S1, S2, S3. The event of interest (detection of the three proper times) will be denoted by p. Since
the space-time is flat we will write the Galilean coordinates of any event with vectorial notation. In
particular, the projection of the position into the observer space (spatial part) will be denoted by an
arrow, ~SA and ~p. The event p can be expressed in the Galilean coordinates as p = rp̂ + ctpe0, where
r ≡ |~p| is the spacial distance from the origin, p̂ ≡ ~p/r is the corresponding unit vector, and tp is the
coordinated time of the event.

Let us take the initial direction of the first emitter e1 ≡ S1(0) (at t = 0 for the inertial observer)
as the origin for all the angles. The initial angle of each emitter will be denoted by θA. Obviously, by
definition θ1 = 0. The angle at any time will be denoted by φA = θA + ωt. The angle of the event p
is denoted by α. This disposition is illustrated in figure 2.3.1.

We will denote the rotation of angle ϕ around the origin in the bidimensional space by the oper-
ator Rϕ. Then, the space-time position of the emitters and the event p can be expressed by

SA(t) = LRθA+ωt e1 + cte0 and p = rRα e1 + ctpe0
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Figure 11: Angles of the three emitters and an arbitrary event p, mesured from the origin with respect to
the initial position of the first emitter. The first diagram represents the initial configuration at t = 0 and
the second one represent the configuration at any time t.

An important condition over the rotation of the emitters is that their story must be time-like. This
implies that their speed must be |ωL| < c. To express this condition, let us define the dimensionless
parameter β ≡ ωL

c , which must satisfy −1 < β < 1.
We will consider that the proper times of the emitters have been initially synchronized with the

inertial observed, in such a way that the proper time τ A of each emitter is set to zero, τ A = 0, when
its coordinated time is t = 0. Since the emitters have different velocities from the inertial observer,
the proper times will not coincide with the coordinated time in general. However, the module of the
speed of every emitter is the same: |ωL|, which provides that the emitters are always synchronized
from the point of view of the inertial observer. Indeed, the relationship is simply found with the rule
for the contraction of time:

τ A = γ−1t = t
√

1−β2

2.3.2 The emission parameters of any event: change of coordinates Cartesian → Emission

In order to obtain the three proper times received at the event p, we need to obtain which is the
moment in the story of each satellite sA which is linked with the event p by a lightlike geodesic.
Obviously, the coordinate time tA at which the received ray is emitted by the satellite is previous to
the reception, tA ≤ tp. We will denote the elapse by ∆tA, so that tA = tp − ∆tA. Thus, the space-time
displacement representing the ray is

ξA = p− sA(t− ∆tA) = rp̂− LRθA+ω(tp−∆tA)−α p̂ + c∆tAe0

where we have used e1 = R−α p̂. Imposing this vector to be lightlike and future pointing, we obtain
the condition

c∆tA =
√

r2 + L2 − 2rL cos(ω∆tA +α −θA −ωtp)
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The expression αA ≡ α −θA −ωtp is the angle between the event p and the satellite at the moment
of the reception, sA(tp), which is a known parameter. Using also the dimensionless parameters β =
ωL/c and R ≡ r/L the condition can be rearranged as

c∆tA

L
=

√
1 + R2 − 2R cos(β

c∆tA

L
+αA)

This expression sugest the change of variable ∆tA = LxA/c:

xA =
√

1 + R2 − 2R cos(βxA +αA) (9)

where xA ≡ c∆tA/L is also dimensionless.
Obviously, this equation is transcendental, so that we cannot express the variable xA = f (β, R,αA)

by means of elementary functions. However, it is supposed to have a unique solution, so that the
function f exists. We could study the behavior of this equation and the function f that solves it, but
this has not been done for the moment. However, the function can always be worked numerically
with any computational program.

Let us suppose that the solution xA = f (β, R,αA) is known, and let us continue to obtain the
emission coordinates of the event.

Now we have the coordinated times tA = tp − L f (β, R,αA)/c, at which the satellites emitted the
signals received at p. But the satellites does not send the coordinated time of the moment but their
proper time:

τ A = (tp − L f (β, R,αA)/c)
√

1−β2 (10)

This expression give the emission coordinates of the event p. Substituting the expression of the angle
αA in terms of the Galilean coordinates of the event, pµ, we will have the transformation to emission
coordinates τ A

p .

2.3.3 Null geodesics

In the inercial coordinates of Minkowski space-time a null geodesic is a curve of the form (an straight
line, indeed)

p(λ) = p0 + λ` = ~p0 + ct0e0 + λ(n̂ + e0)

where p0 is any event, λ ∈ R is the parameter of the curve, and ` is the null direction of the geodesic.
Note that the coordinated time of the event p(λ) is t = t0 + λ/c.

Let us consider the photon emitted by the satellite SA which is received at p(λ), and let us ref-
erence the time at which this photon is emitted as relative to t0: SA(t0 − ∆tA). Thus, the photon is
represented by the null vector

ξA(λ) = p(λ)− SA(t0 − ∆tA) = ~p0 + λn̂−~sA(t0 − ∆tA) + (λ + c∆tA)e0

The equation that must satisfy ∆tA for ξA to be null is

λ + c∆tA =
√
|~p0 −~sA|2 + λ2 + 2λn̂·(~p0 −~sA)

where~sA =~sA(t0 − ∆tA).
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We are interested in the remote future limit of the null geodesics, that is, in the limit λ → ∞. In
order to obtain this limit we start by dividing the equation by λ:

1 +
c∆tA

λ
=

√
1
λ2 |~p0 −~sA|2 + 1 +

2
λ

n̂·(~p0 −~sA)

Expanding the square root to the linear order in 1/λ we get

1 +
c∆tA

λ
= 1 +

1
λ

n̂·(~p0 −~sA) +O(
1
λ2 )

Observe that this expansion is meaningful only if we can assure that |~p0 −~sA|2 is not of order λ or
greater. In our case, this is guaranteed since the movement of the satellites is confined. Now, we have
the result

c∆tA = n̂·(~p0 −~sA) +O(
1
λ
)

so that the limit for λ → ∞ is
c∆tA = n̂·(~p0 −~sA(t0 − ∆tA)) (11)

To simplify this equation we can change the arbitrary time of reference t0 by

t′0 ≡ t0 − n̂·~p0/c and ∆t′A ≡ ∆tA − n̂·~p0/c

In fact, this time t′0 is the moment when the null geodesic is closest to the origin, that is, when its
radial velocity is zero. With this change equation (11) becomes

c∆t′A = −n̂·~sA(t′0 − ∆t′A)

In our case the rotating movement of the satellites is given by~sA(t) = LRθA+ωt e1. Let us call φ

the angle of the direction n̂ with e1, so that n̂ = Rφ e1. Thus, the equation for the limit of the null
geodesics is

c∆t′A = −L(Rφ e1)·(RθA+ω(t′0−∆t′A) e1) = −L cos(φ−θA −ω(t′0 − ∆t′A))

Denoting αA ≡ φ−θA −ωt′0 − π/2, and using β = ωL/c and xA ≡ c∆t′A/L, we get

xA = sin(βxA +αA)

Let us note that αA + π/2 is the angle between the direction of the geodesic, `, and the position of the
satellite at the geodesic perigee,~sA(t′0). The π/2 has been added in order to transform the cosine into
a sine, which gives a more treatable equation. This equation is studied in appendix A. The solution
is unique and we have named it as deformed sine of grade β:

xA = sindβ(αA)

Hence, the proper times received at the remote future of the geodesic are

τ A =
√

1−β2 (t′0 − L sindβ(φ−θA −ωt′0 − π/2)/c) (12)

where t′0 = t0 − n̂·~p0/c.
With this last expression we have found the emission coordinates of the future null infinity. Figure

12 give the form of the null infinity in the grid (using µ-coordinates introduced above) for different
velocities β of the emitters. The difference respect to the null infinity obtained in the static case is that
the circumference or ellipse obtained there is now deformed towards a more triangular form. For
emitters in an equilateral disposition, the image in the grid is like a rounded equilateral triangle. For
non-equilateral dispositions, the image can be much more complex.
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Figure 12: Image in the emission grid, corresponding to stationary rotating emitters, of emitters them-
selves, their shadows and the future null infinity. There are represented the grid coordinates µ1 and µ2.
The figure is constantly extended for any value of the non-represented third coordinate µ3. The upper
two figures correspond to the equilateral case, the first with no rotation (β = 0) and the second with a
radial velocity of the 20% of the speed of light (β = 0.2). The lower figure corresponds to non-equilateral
configuration of emitters with rapid rotation (β = 0.8).

2.3.4 The position of the emitters in the grid

The position of the emitters in the grid can be obtained by particularizing the formula (9) obtained
for any event p. For the emitter SB, we get the values R = r/L = 1 and αA = θB − θA. Thus the
formula is simplifyied, by using trigonometric identities, to

xA =
√

2− 2 cos (βxA +θB −θA) = 2
∣∣∣∣sin

(
βxA +θB −θA

2

)∣∣∣∣ .

This equation allows us to express the solution in terms of the deformed sine. Using that xA ≥ 0 and
−π ≤ βxA+θB−θA

2 ≤ π , we can deal with the absolute value and obtain the solution, but depending
on the sign of θB −θA:

xA =

 2 sindβ

(
θB−θA

2

)
if θB > θA

2 sindβ

(
θB−θA

2 + π
)

if θB < θA .
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Once we have xA, the emission coordinates of the emitter SB are simply given by (10)

τ A
(B)(t) = (t− LxA/c)

√
1−β2 .

If the emitters are ordered with the angle θA, the emission coordinates of the 3 emitters, expressed in
their own proper time τ A

(B)(τ
B), are

τ A
(1)(τ

1) =
(

τ1 , τ1 − 2Lγ
c sindβ

(
θ2−θ1

2

)
,τ1 − 2Lγ

c sindβ

(
θ3−θ1

2

))
τ A

(2)(τ
2) =

(
τ2 − 2Lγ

c sindβ

(
θ1−θ2

2 + π
)

, τ2 ,τ2 − 2Lγ
c sindβ

(
θ3−θ2

2

))
τ A

(3)(τ
3) =

(
τ3 − 2Lγ

c sindβ

(
θ1−θ3

2 + π
)

,τ3 − 2Lγ
c sindβ

(
θ2−θ3

2 + π
)

, τ3
)

where γ =
√

1−β2.
Observe that the three trajectories in the grid are parallel to the major diagonal. Thus, projected to

the orthogonal plane, given by {µ1, µ2}, the ‘position’ of the emitters is constant. However, there is a
difference with the static case. The separation in the orthogonal plane to the diagonal is not symetric:

sindβ

(
θB −θA

2

)
6= sindβ

(
θA −θB

2
+ π

)
except if β = 0, which is the static case. Therefore, the two types of movements for the emitters
are distinguishable with the public data in the grid. The trajectory of the emitters in the grid is
represented for some cases in figure 12, using the µ-coordinates.

2.3.5 The position of the shadows in the grid

All the initial discussion made for the shadows in the static case (subsection ??) applies also for the
stationary case. The image of each photon in the shadow is a straight segment in the grid and the
shadow is a plane. Thus, the projection to the plane {µ1, µ2} be a constant straight segment, also to
the projection of the 3 axis, τ1, τ2, τ3.

The emission coordinates of the future null infinity for the photons of the shadows SAB are ob-
tained from equation (12) by particularizing for the angle φ of the direction of these photons:

φ =
{

(θA +θB − π)/2 + ωt′0 , if θA > θB
(θA +θB + π)/2 + ωt′0 , if θB > θA

This gives, for example, the result

S12 7→ γ
(

t′0 − L
c sindβ(θ2−θ1

2 ) , t′0 − L
c sindβ(θ1−θ2

2 ) , t′0 − L
c sindβ(θ1+θ2

2 −θ3)
)

S21 7→ γ
(

t′0 − L
c sindβ(θ2−θ1

2 − π) , t′0 − L
c sindβ(θ1−θ2

2 − π) , t′0 − L
c sindβ(θ1+θ2

2 −θ3 − π)
)

Substituting in terms of τ1 and τ2 respectively, making this expression correspond with (8) we obtain
the grid coordinates for the shadows:

S 1
12 = τ1 , S 2

12 = τ2
(1)(τ

1) = τ1 − 2Lγ
c sindβ(θ1−θ2

2 ) , S 3
12 = τ3 ,

with the limits

τ1 − 2Lγ
c sindβ(θ3−θ1

2 ) < τ3 < τ1 + Lγ
c sindβ(θ1−θ2

2 )− Lγ
c sindβ(θ1+θ2

2 −θ3)

Figure 12 also includes the projection of the shadows in the plane {µ1, µ2} of the grid.
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A Deformed sine (sind) and cosine (cosd).

In the process to obtain the emission coordinates for rotating emitters it has appeared repeatedly the
equation2

x = sin(βx +α) with − 1 ≤ β ≤ 1 and α ∈ R (13)

for the unknown x. For the allowed values of β, this equation has a unique solution. Hence, it defines
implicitly a function of two variables, β and α, which we will denote by

x = sindβ α

Here β is considered a parameter which selects a member sindβ from a family of functions, and α is
properly the variable of it. It will be named the deformed sine of grade β.

Result A.1 The solution of equation (13), for any values of α ∈ R and |β| ≤ 1, exists and is unique.

Proof It is easy to check that the function f (x) ≡ x − sin(βx + α) is strictly increasing, which
proves that if f (x) = 0 for some x, that one is the unique solution. Take the derivative f ′(x) =
1− β cos(βx +α). Clearly, if |β| < 1 then f ′(x) > 0. For β = ±1 then f ′(x) ≥ 0, being f ′(x) = 0
when cos(βx +α) = β. But in this case, the second derivative vanishes, f ′′(x) = β2 sin(βx +α) = 0,
and the third one is positive f ′′′(x) = β3 cos(βx +α) = 1 > 0. This shows that f (x) is strictly in-
creasing. To prove that the solution for f (x) = 0 exists it is enought to see that f (x) is continuous
and its limits are divergent: lim±∞ f (x) = ±∞.

Observe that the deformed sine of grade zero is simply the sine:

sind0 α = sinα

It is easy to see that sindβ is an odd function:

x = sin(βx +α) ⇒ −x = sin(β(−x)−α) ⇒ sindβ(−α) = − sindβ α

and that it is cyclic:

x = sin(βx +α) = sin(βx + (α + 2π)) ⇒ sindβ(α + 2π) = sindβ α

Indeed, we can imaging the function sindβ from its inverse:

sind −1
β (x) = arcsin x−βx

But we must take into account that the inverse of the sine takes only a piece of the domain of the sine,
thus the same will happen with the inverse of the deformed sine. We can consider a different inverse,
λπ − π/2 ≤ arcsinλ y ≤ λπ + π/2 around each zero of sin x at x = λπ . If we collect the different
branches which can be chosen for arcsinλ we can recover the complete picture of the sind −1

β . In
fact we only need two of them: one increasing branch, arcsin0, and one decreasing branch, arcsin1
(figure 13), because the rest are obtained by the cyclic property arcsinλ+2(y) = arcsinλ(y) + 2π . This
guarantees that the function sindβ α is continuous inside each branch,

α ∈ (−π

2
+ β,

π

2
−β) ∪ (

π

2
−β,

3π

2
+ β) ∪ (

3π

2
+ β,

5π

2
−β) ∪ · · ·
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Figure 13: Graphic of two branches of sind −1
β (x) = arcsin x−βx for β = 0.6

–1

–0.5

0.5

1

–2 2 4 6

Figure 14: Graphic of the deformed sine sindβ for different grades β = 0, 0.4, 0.8, 1.

Now we only need to check the continuity at the joints and we will have proved that sindβ is a
continuous function. Figure 14 displays the deformed sine sindβ for different grades β. Observe that
for β = 1 the curve is vertical at the origin, thus the derivative is discontinuous.

Let us now introduce the deformed cosine. Its definition is not the obvious extrapolation from
the definition of the deformed sine. Instead, it is defined in terms of sind by

cosdβ α ≡ cos(β sindβ α +α)

Note that by definition sindβ α = sin(β sindβ α +α), hence they satisfy the relationship

(cosdβ α)2 + (sindβ α)2 = 1

The deformed cosine is a continuous even function, cosdβ(−α) = cosdβ α, and it is also cyclic,
cosdβ(α + 2π) = cosdβ α. Figure 15 displays it for different grades β. Observe that for β = 1 the
curve has a vertical vertex at the origin, being its derivative discontinuous.

2The limit case β = ±1 corresponds to mass-less satellites, thus it is not realistic. However, for the definition of the
functions sind and cosd we can relax the condition over β for including the extremes of the interval.
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Figure 15: Graphic of the deformed cosine cosdβ for different grades β = 0, 0.4, 0.8, 1.

It is interesting to consider the derivatives of this two complementary functions. The first and
second derivatives of them are the following:

sind′β(α) =
cosdβ α

1−β cosdβ α
sind′′β(α) =

− sindβ α

(1−β cosdβ α)3

cosd′β(α) =
− sindβ α

1−β cosdβ α
cosd′′β(α) =

β− cosdβ α

(1−β cosdβ α)3

which preserves quite a bit of symmetry.
Another interesting property concerns the derivative respect to the parameter β:

∂ sindβ α

∂β
=

sindβ α cosdβ α

1−β cosdβ α
= sindβ α

∂ sindβ α

∂α
∂ cosdβ α

∂β
=

−(sindβ α)2

1−β cosdβ α
= sindβ α

∂ cosdβ α

∂α

We can use this result recursively to obtain the subsequent derivatives on β. This can be then spe-
cialized for β = 0 and used to expand the functions in powers of β for β � 1:

sindβ α = (1− 1
8β

2) sinα + 1
2β sin(2α) + 3

8β
2 sin(3α) +O(β3)

cosdβ α = − 1
2β + (1− 3

8β
2) cosα + 1

2β cos(2α) + 3
8β

2 cos(3α) +O(β3)

which also provides an approximate Fourier series.
The derivative on β also allows to see the sind as the solution y(β,α) of the non-linear differential

equation ∂βy = y ∂α y with the initial condition y(0,α) = sinα.
Indeed, the deformed cosine is a well known function: it is the curtate cycloid (the cycloid for

β = 1), also knows as trochoid. A trochoid has parametrized Cartesian coordinates

x = Rωt− L sin(ωt) = R(α −β sinα)

y = R− L cos(ωt) = R(1−β cosα)

where α ≡ωt and β ≡ L/R. If we rescale the curve, x̂ = x/R and ŷ = y/R, we get

x̂ = α −β sinα and ŷ = 1−β cosα
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In order to express ŷ in terms of x̂ we need to invert the first equation:

x̂ = α −β sinα ⇒ sinα =
α − x̂

β
⇒ α − x̂

β
= sin

(
α − x̂

β
+ x̂

)
⇒ α − x̂

β
= sindβ x̂ ⇒ α = β sindβ x̂ + x̂

Finally we obtain the Cartesian form of a trochoid:

ŷ = 1−β cos(β sindβ x̂ + x̂) = 1−β cosdβ x̂ ⇒ y = R− L cosdL/R(x/R)

We can obtain also the integrals of the deformed functions:∫
sindβ α dα = − cosdβ α (1− 1

2β cosdβ α)∫
cosdβ α dα = sindβ α (1− 1

2β cosdβ α)− 1
2β(β sindβ α +α)

There is also the interesting expression for the sine:
∫

sindβ α dα = 1
2β

(1−β cosdβ α′)2. The expres-
sion for the deformed cosine is already the defined integral from α = 0. For the sine, the defined
integral is ∫ α

0
sindβ α′ dα′ = 1− cosdβ α − 1

2β(sindβ α)2∫ α

0
cosdβ α′ dα′ = − 1

2βα + (1− 1
2β

2) sindβ α − 1
2β sindβ α cosdβ α

= sindβ α − 1
2β(sindβ α cosdβ α + β sindβ α +α)

With this result we can obtain the area under a cycle of the trochoid:∫ 2π

0
(1−β cosdβ α) dα = (2 + β2)π

which for the case of the cycloid (β = 1) gives the known result 3π .
Consistently with the derivatives of sind and cosd we have

∫ α

0

dα′

1−β cosdβ α′
= β sindβ α +α∫ α

0

(sindβα
′)2

1−β cosdβ α′
dα′ = − 1

2β sindβ α cosdβ α + 1
2β

2 sindβ α + 1
2βα

and also ∫ α

0
(1−β cosdβ α′)2 dα′ = (1 + 3

2β
2)α + (−2β + 1

2β
3) sindβ α

+ 3
2β

2 sindβ α cosdβ α + 1
3β

3(sindβ α)3

The last result gives the volume of the trochoid of revolution:∫ 2π

0
π(1−β cosdβ α)2 dα = (2 + 3β2)π2
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Abstract

In this note we introduce some algebraic properties of the metric and the natural basis in emis-
sion coordinates. These properties are used later to study the features of emission coordinates
which are new in 4 dimensions respect to 3 dimensions. We make special attention to the surfaces
of degeneracy of the emission parameters and the domain of coordinates that they separate.
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1 The contravariant metric

As we have seen the covariant natural bases {dτ A} of the emission coordinates {τ A} are light-like
and future directed. This implies that the contravariant metric in emission coordinates has the form

(gAB) =


0 g12 g13 g14

g12 0 g23 g24

g13 g23 0 g34

g14 g24 g34 0


where gAB > 0 for A 6= B. In contrast with the tridimensional case, this inequality does not suffice
to guarantee the linear independence of the cobasis {dτ A}. This difference can be expressed with the
following two facts:

• Three null vectors are linearly dependent if and only if two of the vectors are proportional. That
is, three different null directions always span a tridimensional space-time.

• Four null vectors can be linearly dependent although none of them is proportional to another.
That is, four different null directions do not necessarily span a 4-dimensional space-time.

This is easy to see since there are infinite null directions in a tridimensional space-time.
The linear dependence of the four covectors {dτ A} is reflected in the vanishing of the determinant

of the metric: |gAB| = 0. Hence, the condition |gAB| 6= 0 implies that the covectors are linearly inde-
pendent. However this condition does not ensure that the metric is of Lorentzian signature, which
is required by the space-time properties. This requirement introduce another qualitative difference
between the tridimensional and the 4-dimensional case.

• The existence of null vectors forbids the Euclidean signatures in both dimensions: (+ + +),
(−−−), (+ + ++) and (−−−−).

• The Lorentzian signatures (−+ +) and (−+ ++), in 3 and 4 dimensions respectively, are for-
bidden by the condition `A · `B > 0, since, in this case, it implies that `A has opposite time
orientation to `B, being impossible to have 3 vectors, `1, `2, `3, with mutually opposite orienta-
tion.

Therefore:

• Three null vectors, {`A}, with positive scalar product for each pair, `A · `B > 0 (A 6= B), span a
tridimensional space of Lorentzian signature (+−−).

• Four linearly independent null vectors, {`A}, with positive scalar product for each pair, `A ·
`B > 0 (A 6= B), span a 4-dimensional space of either Lorentzian signature (+−−−) or null
signature (+ +−−).

This means that, in 3 dimensions, the Lorentzian signature (+−−) of gAB is automatically satisfied.
This can be checked by observing that the determinant of the metric is positive:

det(gAB) =

∣∣∣∣∣∣
0 g12 g13

g12 0 g23

g13 g23 0

∣∣∣∣∣∣ = 2g12g13g23 > 0 .
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However, in 4 dimensions, in order to select only the Lorentzian signature, (+−−−), we need to
impose the additional condition det(gAB) < 0. Then, let us compute the determinant of the metric.
After some manipulation it can be obtained a very interesting factorization of the determinant:

det(gAB) =

∣∣∣∣∣∣∣∣
0 g12 g13 g14

g12 0 g23 g24

g13 g23 0 g34

g14 g24 g34 0

∣∣∣∣∣∣∣∣ = A4 + B4 + C4 − 2A2B2 − 2A2C2 − 2B2C2

= −(A + B + C)(A + B− C)(A− B + C)(−A + B + C) ,

where
A ≡

√
g12g34 , B ≡

√
g13g24 , C ≡

√
g14g23 . (1)

Thus, these three positive parameters, A, B, C > 0, are the appropriate ones to express the conditions
for the metric to have non-degenerate Lorentzian signature:

det(gAB) < 0 ⇐⇒ (A + B− C)(A− B + C)(−A + B + C) > 0

⇐⇒ A < B + C , B < A + C and C < A + C .

That is, the metric is Lorentzian iff A, B, C can be the lengths of the sides of a triangle. This image
is more evident if we recall that H(A, B, C) = (A + B + C)(A + B − C)(A − B + C)(−A + B + C)
is the Heron polynomial, which is the square of four times the area of the triangle, H(A, B, C) =
(4 Area ÂBC)2 = − det(gAB).

2 Splitting of the contravariant metric: Convenient parameters

The parameters A, B, C found above, suggest the possibility of obtaining some more convenient pa-
rameters to write the metric in emission coordinates than the components themselves. It turns out
that a very interesting splitting of the metric exists, which neatly separates two parameters depend-
ing only on the direction of the covectors dτ A from other four parameters depending on the ‘length’
of the covectors. Let us obtain first a provisional splitting using the parameters A, B, C, and modify
it later.

The goal of separating the degrees of freedom depending on the scale of the covectors leads us to
try the form

(gAB) =


µ 0 0 0
0 ν 0 0
0 0 ρ 0
0 0 0 σ




0 A B C
A 0 C B
B C 0 A
C B A 0




µ 0 0 0
0 ν 0 0
0 0 ρ 0
0 0 0 σ

 , (2)

where the 4 scaling factors are positive, µ, ν, ρ,σ > 0. Substituting the definition of A, B, C (1) and
computing the product, this gives the system of equations

µν =
√

g12

g34 , µρ =
√

g13

g24 , µσ =
√

g14

g23 ,

ρσ =
√

g34

g12 , νσ =
√

g24

g13 , νρ =
√

g23

g14 .

127



There are 6 equations for 4 unknowns, but two of the equations are redundant, as can be seen by
multiplying the 3 different pairs, which gives the same result

µνρσ = 1 .

Then it remains 3 independent equations:

µν =

√
g12

g34 , µρ =

√
g13

g24 , µσ =

√
g14

g23 ,

which give the solution

µ = 4

√
g12g13g14

g34g24g23 , ν = 4

√
g12g23g24

g34g14g13 , ρ = 4

√
g13g23g34

g24g14g12 , µ = 4

√
g14g24g34

g23g13g12 .

Hence, we have proved that the splitting (2) exists, and we have obtained its explicit expression.
Observe that in this splitting the scaling matrix preserve the volume element, that is, it does not

contribute to the determinant:∣∣∣∣∣∣∣∣
µ 0 0 0
0 ν 0 0
0 0 ρ 0
0 0 0 σ

∣∣∣∣∣∣∣∣ = 1 and det(gAB) =

∣∣∣∣∣∣∣∣
0 A B C
A 0 C B
B C 0 A
C B A 0

∣∣∣∣∣∣∣∣ .

Here, we have two groups of parameters: A set of 4 parameters, µ, ν, ρ,σ , with the ligature
µνρσ = 1, and a set of 3 independent parameters, A, B, C, which are not completely invariant with
the scale of the covectors. We can obtain an improved splitting by normalizing A, B, C. The most
meaningful normalization is the following:

Â ≡ 4A
A + B + C

, B̂ ≡ 4B
A + B + C

and Ĉ ≡ 4C
A + B + C

.

Then, condition (1) becomes simply 0 < Â, B̂, Ĉ < 2. Modifying consequently the other parameters,

µ1 ≡ 1
2µ
√

A + B + C , µ2 ≡ 1
2ν
√

A + B + C ,

µ3 ≡ 1
2ρ
√

A + B + C , µ4 ≡ 1
2σ
√

A + B + C ,

we obtain the aimed splitting
gAB = SA

C ĝCD SB
D

where

(SA
B) =


µ1 0 0 0
0 µ2 0 0
0 0 µ3 0
0 0 0 µ4

 and (ĝAB) =


0 Â B̂ Ĉ
Â 0 Ĉ B̂
B̂ Ĉ 0 Â
Ĉ B̂ Â 0


The 4 parameters {µA} are independent and the other 3, Â, B̂, Ĉ, are scale invariant but have the
ligature Â + B̂ + Ĉ = 4. The reason for this particular normalization will be understood later in
section 7.2. The scale invariance of the three parameters is evident from their expression, for instance:

Â =
4
√

g12g34√
g12g34 +

√
g13g24 +

√
g14g23

.
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This means that they are characterized only by the four light-like directions.
With this splitting, the determinant of the metric is also split into

det(SA
B) =

1
16

(A + B + C)2 and det(ĝAB) = −32(2− Â)(2− B̂)(2− Ĉ) .

Now, we can define the normalized emission tetrad as

ˆ̀A ≡ (S−1)A
B`B = `A/µA (no summation of A),

which will have the frame-metric

ˆ̀A · ˆ̀B = ĝAB so that ˆ̀A · ˆ̀B = ˆ̀C · ˆ̀D ∀ A, B, C, D 6= .

3 The covariant metric

Once we have obtained the above splitting for the contravariant metric, the computation of the co-
variant metric is greatly simplified. Besides, it is also obtained already split:

(gAB) =
1

det(gAB)


1/µ 0 0 0

0 1/ν 0 0
0 0 1/ρ 0
0 0 0 1/σ




δ α β γ

α δ γ β

β γ δ α

γ β α δ




1/µ 0 0 0
0 1/ν 0 0
0 0 1/ρ 0
0 0 0 1/σ


where

α ≡ A(A2 − B2 − C2) , β ≡ B(B2 − A2 − C2) , γ ≡ C(C2 − A2 − B2) and δ ≡ 2ABC .

Similarly, we can compute it from the normalized splitting:

gAB = (S−1)C
A ĝCD (S−1)D

B

with

((S−1)A
B) =


1/µ1 0 0 0

0 1/µ2 0 0
0 0 1/µ3 0
0 0 0 1/µ4

 and (ĝAB) =
1
D̂


δ̂ α̂ β̂ γ̂

α̂ δ̂ γ̂ β̂

β̂ γ̂ δ̂ α̂

γ̂ β̂ α̂ δ̂


where, using the ligature Â + B̂ + Ĉ = 4,

D̂ ≡ det(gAB) = −32(2− Â)(2− B̂)(2− Ĉ) and

δ̂ ≡ 2ÂB̂Ĉ , α̂ ≡ δ̂− 8Â(2− Â) , β̂ ≡ δ̂− 8B̂(2− B̂) , γ̂ ≡ δ̂− 8Ĉ(2− Ĉ) .

It can be checked that they satisfy

α̂ + β̂ + γ̂ + δ̂

D̂
=

1
4

, so that ∑
B

ĝAB =
1
4
∀ A and ∑

A,B
ĝAB = 1 . (3)
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The components of the covariant metric gives the scalar products between the natural basis of
vectors in emission coordinates, gAB = ∂A · ∂B, where {∂A} is the dual basis of {dτ A}. We can
observe that the four vectors are space-like:

∂A · ∂A = gAA =
δ̂

D̂

(
1

µA

)2

< 0 ∀ A = 1, 2, 3, 4.

We can also obtain the cosine of the angle between each pair of vectors:

cosαAB ≡
−gAB√−gAA
√−gBB

⇒


cosα12 = cosα34 = α̂

δ̂
= 1− 4(2−Â)

B̂Ĉ

cosα13 = cosα24 = β̂

δ̂
= 1− 4(2−B̂)

ÂĈ

cosα14 = cosα23 = γ̂

δ̂
= 1− 4(2−Ĉ)

ÂB̂

which is obviously scale invariant and can be checked to satisfy

−1 < cosαAB < 1.

This inequality implies that each of the 6 bidimensional spaces spanned by each pair of vectors, ∂A
and ∂B, is indeed space-like. This should be obvious since the 6 dual bidimensional spaces deter-
mined by dτ A ∧ dτB are all time-like.

We can also define the dual normalized emission tetrad as

ŝA ≡ SB
A∂B = µA∂A (no summation of A),

which have the frame-metric

ŝA ·ŝB = ĝAB , so that ŝA ·ŝA = δ̂/D̂ ∀ A and ŝA ·ŝB = ŝC ·ŝD ∀ A, B, C, D 6= .

4 The splitting of the metric in 3 dimensions

Analogously to the splitting found above for the emission metric in 4 dimensions, we can obtain a
similar normalized splitting for the tridimensional case:

gAB = SA
C ĝCD SB

D (4)

with

(SA
B) =

µ1 0 0
0 µ2 0
0 0 µ3

 and (ĝAB) =
3
2

 0 1 1
1 0 1
1 1 0

 ,

where

µ1 ≡

√
2g12g13

3g23 , µ2 ≡

√
2g12g23

3g13 , µ3 ≡

√
2g13g23

3g12 .

Thus, the covariant metric is
gAB = (S−1)C

A ĝCD (S−1)D
B

with

((S−1)A
B) =

 1/µ1 0 0
0 1/µ2 0
0 0 1/µ3

 and (ĝAB) =
1
3

−1 1 1
1 −1 1
1 1 −1

 .
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Observe that now there are only 3 scaling parameters {µA}. In contrast with the 4-dimensional case,
there are not scale invariant parameters: 3 light-like directions does not determine any scalar.

Let us note that with the chosen normalization we have the property ∑B gAB = 1
3 ∀A and ∑A,B gAB =

1.
We define also the normalized emission triad

ˆ̀A ≡ (S−1)A
BdτB = dτ A/µA

and its dual
ŝA ≡ SB

A∂B = µA∂A (no summation of A).

5 Space and time splitting of light-like vectors relative to an observer.

Let us consider from now on, vectors and forms as identified by the metric. Thus we can see the
cobasis {`A ≡ dτ A} as a set of vectors: (`A)µ = gµν(dτ A)ν. In emission coordinates themselves, this
gives (`A)B = gAB. The vector `A determines the space-time direction of the null geodesic followed
by the signal from satellite A.

A field of unitary time-like vectors, u · u = 1, will be called an observer. Given an observer u a
light-like vector `A is split into

`A = νA(u + n̂A), (5)

where νA is a positive scalar representing the frequency of the signal seen by the observer, and n̂A is
a space-like unitary vector, n̂A · n̂A = −1, representing the direction toward which the observer sees
the propagation of the signal in its orthogonal space. Let us remark that, for `A ≡ dτ A, the frequency
νA is not the one of the carrier wave, but the rhythm of increment of the parameter τ A (signal carried
by the wave) with respect to the proper time of the observer:

νA = dτ A(u) = u(τ A) = uµ∂µτ A .

Indeed νA = uA are also the components of u = uA∂A in emission coordinates.
The angle θAB between the directions n̂A and n̂B of two different signals can be obtained with

cAB ≡ cosθAB = −n̂A · n̂B .

This allows to express the metric in emission coordinates in terms of the frequencies νA and the
cosines cAB measured by any observer u:

gAB = `A · `B = νAνB(1− cAB) .

This expression constitutes in fact a different splitting for the metric,

(gAB) =


ν1 0 0 0
0 ν2 0 0
0 0 ν3 0
0 0 0 ν4




0 1− c12 1− c13 1− c14

1− c12 0 1− c23 1− c24

1− c13 1− c23 0 1− c34

1− c14 1− c24 1− c34 0




ν1 0 0 0
0 ν2 0 0
0 0 ν3 0
0 0 0 ν4

 ,

but which is observer-dependent.
Let us remark that the 6 angles θAB are not independent, since they are the angles between 4

vectors in a tridimensional space. This means that the vectors are linearly dependent:

∃a, b, c, d ∈ R∗ such that an̂1 + bn̂2 + cn̂3 + dn̂4 = 0 .
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Taking the scalar product of this equation with each one of the vectors n̂A, we obtain a system of 4
homogeneous linear equations for the 4 unknowns a, b, c, d, which must be under-determined. This
gives the ligature which must satisfy the angles:∣∣∣∣∣∣∣∣

1 c12 c13 c14

c12 1 c23 c24

c13 c23 1 c34

c14 c24 c34 1

∣∣∣∣∣∣∣∣ = 0 .

6 The condition for the linear dependence of four light-like vectors as
seen by any observer

6.1 Characterization of a cone in a 3-dimensional space

A cone with the vertex at the origin is characterized by an axis, which can be represented by a unitary
vector Ĉ, and an angle ϕ. Any vector, ~n, belongs to the cone iff the angle formed between this one
and the axis is ϕ:

Ĉ·~n = |~n| cosϕ

The angle can be incorporated into the axis, ~C ≡ Ĉ/ cosϕ, so that its norm gives us the angle |~C| =
1/ cosϕ. Then, the condition for belonging to the cone becomes

~C·~n = |~n| (6)

being the cone characterized by just one vector.
The quadratic equation for the cone can then be written as:

|~n|2 − (~C·~n)2 = 0 ⇒ (gi j − CiC j)nin j = 0. (7)

But observe that the quadratic equation does not differentiate between the two branches of the cone,
while (6) does. In fact, (7) is equivalent to ~C·~n = ±|~n|. Thus, (6) determines an oriented cone.

One degenerated case of the cone happens when ϕ = 90o, which corresponds to a plane orthog-
onal to the axis Ĉ. In this case cosϕ = 0 and ~C is not well-defined. The other degeneration happens
when ϕ = 0, which corresponds to a semi-line coinciding with the axis. In this case, cosϕ = 1 and
~C=Ĉ.

6.2 Linear independence of the 4 null vectors

In a space-time of Lorentzian signature three null vectors pointing in different directions are always
linearly independent. However, the same statement is not true for four null vectors. The set of null
vectors {`A} will be linearly dependent iff

`4 = α`1 + β`2 + γ`3 for some α, β, γ ∈ R

Given the space and time splitting (5), this condition is equivalent to

u + n̂4 = (α + β + γ)u +αn̂1 + βn̂2 + γn̂3 ⇒
{

α + β + γ = 1 (8a)

αn̂1 + βn̂2 + γn̂3 = n̂4 (8b)

where n̂4 must be unitary.
We have two cases:
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1. If {n̂1, n̂2, n̂3} are linearly dependent, then condition (8b) can hold only if the four vectors
{n̂1, n̂2, n̂3, n̂4} lie in a plane. This is considered the degeneration of a cone when its angle
is 90o. The implication in the opposite sense is also simple. If four vectors lie in a plane then
any three of them will be linearly dependent. Thus, (8b) holds, and the freedom in the election
of α, β, γ enables to make them satisfy (8a):

µn̂1 +νn̂2 +ρn̂3 = 0 for some µ, ν, ρ ∈ R∗ ⇒ α +β+γ +σ(µ +ν +ρ) = 1 for some σ ∈ R.

The unique exception appears if µ + ν + ρ = 0. But, from the normalization of the vectors, this
can happen only if the three vectors are equal, n̂1 = n̂2 = n̂3.

2. If {n̂1, n̂2, n̂3} are linearly independent, then they constitute a basis, so that condition (8b) is
always true and determines uniquely the three reals α, β, γ. Thus, it is only necessary to impose
condition (8a). The three linear independent vectors determine a unique cone. If ~C is the axis-
vector characteristic of this cone, then they will satisfy:

~C·n̂1 = ~C·n̂2 = ~C·n̂3 = 1

since they are unitary vectors. The fourth unitary vector, n̂4 = αn̂1 + βn̂2 + γn̂3, will be in the
same cone iff

1 = Ĉ·n̂4 = Ĉ·(αn̂1 + βn̂2 + γn̂3) = α + β + γ ,

which is condition (8a).

Therefore, we have proved that four space-time null vectors are linearly dependent if and only if
the four spatial vectors seen by any observer as the direction of the tridimensional spatial propagation
of the signal, lie in a cone or a plane (degenerated cone).

A direct consequence of this result is that the 4 emission parameters are not good coordinates at
the points where the 4 satellites are observed aligned in a circle in the celestial sphere.

7 Special observers

Given the four null vectors {`A} at a point, we can try to determine an observer which see them with
some special condition. One of the observers which can be interesting is obtained by imposing some
condition over the frequencies observed.

7.1 Equi-frequency observer

Definition 7.1 Given n null vectors {`A} in an n-dimensional space-time, an observer is called equi-frequency
if he receives the same frequency for the n signals.

Result 7.1 Given n linearly independent null vectors {`A}, if an equi-frequency observer exists, it is unique.

Proof Since {`A} are linearly independent, they constitute a basis. Let us consider its dual basis
{sA}. If the equi-frequency observer exists, it can be expressed in this basis: u = uAsA. The condition
of being equi-frequency means that `A ·u = uA = ν is the same for all A. This implies that

u = ν(s1 + s2 + · · ·+ sn) (9)

The frequency ν is fixed by the normalization of the observer, u·u = 1, and the condition of its being
future-directed, λA ·u = ν > 0.
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Apparently, we have also proved that the equi-frequency observer exists, since we have found its
expression (9). However, in order to prove its existence we need to demonstrate that u is actually an
observer, namely, that u is time-like.

Result 7.2 Given four linearly independent null vectors {`A} in a 4-dimensional space–time, the equi-frequency
observer do not always exists. Neither for three vectors in a 3-dimensional space–time.

Proof It exists if and only if v·v > 0, for v = s1 + s2 + s3 + s4, which is equivalent to

gABvAvB = ∑
A,B

gAB > 0 .

An explicit computation using the splitting of gAB provides the expression:

∑
A,B

gAB =
δ̂

D̂

((
1
µ1

)2

+
(

1
µ2

)2

+
(

1
µ3

)2

+
(

1
µ4

)2
)

+2
α̂

D̂

(
1
µ1

1
µ2 +

1
µ3

1
µ4

)
+ 2

β̂

D̂

(
1
µ1

1
µ3 +

1
µ2

1
µ4

)
+ 2

γ̂

D̂

(
1
µ1

1
µ4 +

1
µ2

1
µ3

)
This quantity is not always negative. This can be checked by means of a simple example. Let us take
Â = B̂ = Ĉ = 4

3 , which implies

δ̂

D̂
= −1

2
and

α̂

D̂
=

β̂

D̂
=

γ̂

D̂
=

1
4

,

and also take µ1 = µ2 = µ3. For this case we get:

v·v =
3
2

1
µ1

1
µ4 −

1
2

(
1
µ4

)2

=
1

2µ4

(
3

1
µ1 −

1
µ4

)
,

which can be positive, negative or zero depending on the sign of 3µ4 − µ1. Thus, only if µ1 < 3µ4

the equi-frequency observer will exists. If µ1 = 3µ4 the vector u will be null, and if µ1 < 3µ4, it will
be space-like.

For the 3-dimensional case, the condition for the candidate for equi-frequency observer u to be a
time-like vector is

0 < 3 ∑
A,B

gAB = −
(

1
µ1

)2

−
(

1
µ2

)2

−
(

1
µ3

)2

+
2

µ1µ2 +
2

µ1µ3 +
2

µ2µ3

=
(

1√
µ1

+ 1√
µ2

+ 1√
µ3

)(
− 1√

µ1
+ 1√

µ2
+ 1√

µ3

)(
1√
µ1
− 1√

µ2
+ 1√

µ3

)(
1√
µ1

+ 1√
µ2
− 1√

µ3

)
which is positive if and only if 1√

µ1
, 1√

µ2
, 1√

µ3
form a triangle, which is equivalent to the lengths

√
g12,

√
g13,

√
g23 forming a triangle.
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7.2 Central observer

Let us consider four linearly independent null directions. Each of them is represented by a null
vector `A but whose length is disregarded. This means that any multiple, λ`A for any λ ∈ R∗ is
another representative of the same direction. Seen by an observer, this means that we only consider
the spatial direction of propagation n̂A, but the frequency νA is ignored. Consequently, we can take
the normalized basis { ˆ̀A} as the representative of the four null directions. The same election can be
done in 3 dimensions.

Then, we can look for an observer which see the four directions of the rays with some special
condition. Let us start by the tridimensional case.

Definition 7.2 Given 3 linearly independent null directions in a tridimensional space-time, an observer is
called central if he sees the three angles formed between each pair of directions equal: θ12 = θ13 = θ23 = 2π

3 .

ο

120ο

120ο

120

Figure 1: The directions of three rays seen from their central observer.

Result 7.3 Given any three linearly independent null directions in a tridimensional space-time the central
observer exists and is unique.

Proof Let us consider the basis formed by the 3 null vectors {`A} representative of the null di-
rections. Let us also consider the reciprocal basis {sA} and the frame-metrics gAB = `A ·`B and
gAB = sA ·sB. Then we can write the candidate central observer in both basis: u = uA`A = uAsA,
where uA = gABuB. The observer u will see each null vector with frequency νA = `A ·u = uA > 0,
and spatial direction n̂A = 1

uA `A − u, so that `A = νA(u + n̂A). Thus, the metric can be written as
gAB = uAuB(1− cAB), where cAB ≡ cosθAB = −n̂A ·n̂B is the cosine of the angle formed between the
two spatial directions. The condition of the three angles being equal can then be written as:

1− cAB =
gAB

uAuB ⇒ g12

u1u2 =
g13

u1u3 =
g23

u2u3

The tridimensional splitting of emission metrics (4) gives gAB = µAµB for A 6= B. Thus, it is easy to
obtain the solution

µ1µ2

u1u2 =
µ1µ3

u1u3 =
µ2µ3

u2u3 ⇒ µ1

u1 =
µ2

u2 =
µ3

u3 ⇒ uA = λµA for some λ ∈ R+
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Now, we only need to check that u = λµAsA is time-like and to use the normalization u·u = 1 to fix
λ:

1 = λ2µAµBgAB = λ2 ∑
A,B

ĝAB = λ2 ⇒ λ = 1

Therefore, the unique central observer is

u = µAsA = ŝ1 + ŝ2 + ŝ3 .

Or with contravariant components:

uA = gABµB =
1

3µA ⇒ u =
1
3
( ˆ̀1 + ˆ̀2 + ˆ̀3) .

Therefore we have found the unique solution for the central observer, which always exists and is
time-like. Note that the solution is indeed independent of the representatives {`A} chosen, namely,
it only depends on the null directions.

We can now observe that the normalized splitting of the metric (4) was chosen to coincide with
the splitting induced by the central observer: gAB = νAνB(1 − cAB) for A 6= B, since νA = µA and
cAB = − 1

2 .
Now we can obtain also the spatial directions seen by the observer:

n̂A =
`A

uA − u = 3uA`A − u = 2uA`A − uB`B − uC`C

without summation and with A, B, C 6=. It is easy then to obtain the relation n̂1 + n̂2 + n̂3 = 0, which
in fact is equivalent to ask for the 3 angles to coincide.

4 dimensions.
There are different ways of generalizing the concept of central observer to four null directions in

four dimensions. The most obvious seems to be to ask for all the angles between each pair of the
four directions to be equal. There are 6 such angles, which implies a total of 5 equations, and there
are only 3 degrees of freedom for the observers. Hence, the condition appears to be too restrictive.
Indeed, this observer is possible only for a very special class of emission tetrads, the ones whose metric
satisfies A = B = C.

An alternative generalization consist in considering that the tridimensional analogous of the bidi-
mensional angle between 2 directions, is the trihedral between 3 directions. Then, the generalization
will be to ask for the 4 trihedrals formed by each triad of directions to be equal. In other words,
we look for the observer who sees the four triangular constellations formed by each triad with the
same shape and size (congruent). This condition can be think to be also too restrictive. However,
in 4 dimensions it coincides with asking only that the 4 triangular constellations in the unit celestial
sphere to have the same area. It is a conjecture, by the moment, that this condition coincides with
asking for the 4 trihedrals to delimit the same solid angle. This means that we need to impose 3 scalar
equations, what coincides with the degrees of freedom of the observer. Thus, in principle, it should
exists a solution.

There are many equivalent conditions to this one. Let us remember that a trihedral is character-
ized by three planar angles (fig 2). Thus, the four trihedrals observed by the central observer must
by formed by the same three planar angles. If we observe the disposition of the trihedrals formed by
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4 directions, we realize that the condition is equivalent to ask for the angles formed between com-
plementary pairs to be equal, that is, θ12 = θ34, θ13 = θ24, θ23 = θ14 (see figure 3). Nevertheless, this
condition is not generalizable to higher dimensions, and is not directly related to the tridimensional
case, although we will use this property to proof the existence of the 4-dimensional central observer.

θ
n1

n3

n2

θ

θ31

23

12

θ23

n

n

1

3

n 2

θ31

θ12

Figure 2: A trihedral is characterized by three planar anglesθ12,θ23,θ31. The trihedral satisfies always
θ12 +θ23 +θ31 ≤ 2π , being in a plane if θ12 +θ23 +θ31 = 2π .

An equivalent condition which is generalizable is to ask for the 4 spatial directions to satisfy
n̂1 + n̂2 + n̂3 + n̂4 = 0.

Result 7.4 Given 4 unit space-like vectors, {n̂A}, in a tridimensional space, which are not in a unique ori-
ented cone (the corresponding light-like directions are not linearly dependent), the following two conditions are
equivalent:

(i) They satisfy n̂1 + n̂2 + n̂3 + n̂4 = 0.

(ii) The angle, θAB, between each pair of unit vectors is equal to the angle of its complementary pair, that is,
θ12 = θ34, θ13 = θ24 and θ14 = θ23.

Proof The implication (i) ⇒ (ii) is easy to prove. First, transform condition (i) by passing two vector
to the right-hand side:

n̂1 + n̂2 + n̂3 + n̂4 = 0 ⇒ n̂A + n̂B = −(n̂C + n̂D) with A, B, C, D 6=

Second, take the scalar product of the equation by itself:

−2− cosθAB = −2− cosθCD ⇒ θAB = θCD .

The implication (ii) ⇒ (i) is a bit more complex to show. We have 4 vectors in a tridimensional
space, hence they are linearly dependent:

λ1n̂1 + λ2n̂2 + λ3n̂3 + λ4n̂4 = 0
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Figure 3: For the central observer the four trihedrals are equal, which is equivalent to the coincidence
of the two angles of each of the three complementary pair of angles: θ23 = θ14, θ31 = θ24, θ12 = θ34.

for some λA ∈ R non vanishing simultaneously. Taking the scalar product of this equation by each
of the unit vectors, and using condition (ii), we obtain the system of equations

1 c12 c13 c14

c12 1 c14 c13

c13 c14 1 c12

c14 c13 c12 1




λ1
λ2
λ3
λ4

 =


0
0
0
0


In order to have a non trivial solution we need∣∣∣∣∣∣∣∣

1 c12 c13 c14

c12 1 c14 c13

c13 c14 1 c12

c14 c13 c12 1

∣∣∣∣∣∣∣∣ = (1 + c12 + c13 + c14)(1 + c12 − c13 − c14)(1− c12 + c13 − c14)(1− c12 − c13 + c14) = 0 .

This factorization gives 4 possibilities, but the condition of the corresponding light-like vectors being
linearly independent forbids 3 of them:∣∣∣∣∣∣∣∣

0 1− c12 1− c13 1− c14

1− c12 0 1− c14 1− c13

1− c13 1− c14 0 1− c12

1− c14 1− c13 1− c12 0

∣∣∣∣∣∣∣∣ =

= (3− c12 − c13 − c14)(1 + c12 − c13 − c14)(1− c12 + c13 − c14)(1− c12 − c13 + c14) 6= 0 .

Therefore, the unique possibility is 1 + c12 + c13 + c14 = 0. This implies that

(n̂1 + n̂2 + n̂3 + n̂4)·n̂A = 0 ∀ A .

138



Since the tridimensional space is not degenerate, this gives the unique solution

n̂1 + n̂2 + n̂3 + n̂4 = 0 ,

which is condition (i).

We could choose now different definitions for the central observer in 4 dimensions, but the more
obviously generalizable is the following.

Definition 7.3 Given d linearly independent null directions in a d-dimensional space-time, an observer is
called central if the spatial directions n̂A seen by this observer satisfy ∑A n̂A = 0.

We can not show the existence of the central observer in general dimensions. However, we can
obtain the equations which it must satisfy.

Result 7.5 Given d linearly independent null directions {`A} in a d-dimensional space-time, an observer u is
a central observer if and only if its components in the basis {`A} and its dual {sA} are related by uA = 1

duA .
That is, the central observers are characterized by the equation

∑
B

uAuBgAB =
1
d
∀A or, equivalently, ∑

B

gAB

uAuB
= d ∀A .

Proof Since `A = uA(u + n̂A) we have n̂A = `A/uA − u. Hence,

∑
A

n̂A = 0 ⇐⇒ ∑
A

`A

uA = du ⇐⇒ u = ∑
A

1
duA `A ⇐⇒ uA =

1
duA .

Nevertheless, to show the existence of the central observer in 4 dimensions we will use the equiv-
alent condition on the angles.

Result 7.6 Given any 4 linearly independent null directions in a 4-dimensional space-time the central observer
exists and is unique.

Proof Consider the candidate for central observer u = uA`A = uAsA written in the basis formed by
the four null vectors {`A} representative of the null directions, and the reciprocal basis {sA}. The
observer u sees each ray `A = uA(u + n̂A) with a frequency νA = uA and forward the spatial direction
n̂A. Then, the frame-metric is given by gAB = uAuB(1− cAB), where cAB = −n̂A ·n̂B.

The condition is then c12 = c34, c13 = c24, c23 = c14, which can be written compactly with the
notation: cAB = cCD where A, B, C, D are pair-wise different. This condition is equivalent to

uAuB

gAB =
uCuD

gCD for A, B, C, D 6= .

Using the normalized splitting of the metric we get

uAuB

µ̂Aµ̂B ĝAB =
uCuD

µ̂Cµ̂D ĝCD for A, B, C, D 6= .
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It is easy to see now the intimate relationship of the splitting with the central observer. Indeed, the
existence of the splitting was suggested by the investigation of the central observer. Since ĝAB = ĝCD

for A, B, C, D 6=, we get the equations:

u1u2

µ̂1µ̂2 =
u3u4

µ̂3µ̂4 ,
u1u3

µ̂1µ̂3 =
u2u4

µ̂2µ̂4 ,
u1u4

µ̂1µ̂4 =
u2u3

µ̂2µ̂3 .

Considering the future orientation of u, the unique solution is

uA = λµA ∀ A ⇒ u = λµAsA = λ(ŝ1 + ŝ2 + ŝ3 + ŝ4) with λ > 0 .

The value of λ is found with the normalization of u:

1 = u·u = λ2 ∑
A,B

ĝAB = λ2 ⇒ λ = 1 ,

where we have used the property ∑A,B ĝAB = 1 (3). Therefore the central observer exists and is
unique:

uA = µA , u = ŝ1 + ŝ2 + ŝ3 + ŝ4 .

From result 7.5, we know also the covariant components:

uA =
1

4µA , u =
1

4µA `A =
1
4
( ˆ̀1 + ˆ̀2 + ˆ̀3 + ˆ̀4) .

It is also interesting to obtain the expression of the spatial directions:

n̂A =
`A

uA − u =
1
4
(3ˆ̀A − ˆ̀B − ˆ̀C − ˆ̀D) , with A, B, C, D 6= ,

and the cosines between them:

cAB = 1− gAB

uAuB = 1− ĝAB ⇒ c12 = c34 = 1− Â , c13 = c24 = 1− B̂ , c14 = c23 = 1− Ĉ ,

which clearly satisfy −1 < cAB < 1 and c12 + c13 + c14 = −1.

7.3 The 4-dimensional central orthonormal tetrad

In the 4-dimensional case, 4 light-like directions do not only determine its central observer, but also
3 orthogonal spatial directions. These directions are given by the bisecting axes,

NAB ≡ n̂A + n̂B = 2( ˆ̀A + ˆ̀B − ˆ̀C − ˆ̀D) , with A, B, C, D 6= .

The relation c12 + c13 + c23 = −1 implies the orthogonality of the axes N12, N23, N13,

NAB ·NAC = (n̂A + n̂B)·(n̂A + n̂C) = 1 + cAC + cBA + cBC = 0

This means that, up to 3 signs, 4 light-like directions determine a central orthonormal tetrad.
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Hamiltonian formulation
of the Finsler and Riemann geometries

Luděk Klimeš∗
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Abstract

Because light never propagates in perfect vacuum, one must introduce a propagation metric
different from the gravitational metric. In anisotropic media, the propagation metric is rather
Finslerian than Riemannian. The Hamiltonian formulation makes the Finsler geometry no more
difficult to handle than the Riemann geometry.
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1 Introduction

In the Riemann geometry, the metric tensor depends on coordinates. In the Finsler geometry, which is
a generalization of the Riemann geometry, the metric tensor depends also on the direction of propa-
gation. Light rays are the zero-length geodesics in Finsler space, determined by the light-propagation
metric tensor.

We would like to demonstrate that the Hamiltonian formulation simplifies the equations of the
Riemann geometry, and makes the Finsler geometry no more difficult than the Riemann geometry.

We shall refer to the case of a metric space, in which the length of all geodesics is positive, as the
spatial case, and to the corresponding geodesics as spatial geodesics. We shall refer to the opposite
case as the space-time case, and to the corresponding geodesics as space-time geodesics. In the space-
time case, we shall distinguish between zero-length and time-like geodesics. In the spatial case, the
Riemannian metric tensor is always positive-definite, but the Finslerian metric tensor may also be
indefinite. In the space-time case, the metric tensor is always indefinite.

Sections 2 and 3 are the introductory sections only. In Section 2, we briefly explain why we
should strictly distinguish the light-propagation metric tensor from the gravitational metric tensor
of general relativity. Section 3 is devoted to a brief outline of the physical background behind the
light-propagation Hamiltonian. Then we shall start to speak about geodesics and proper time in the
Finsler geometry.

2 Gravitation

Gravitational field is described in terms of the components

Gαβ = Gαβ(xκ) (1)

of the Riemannian gravitational metric tensor, which depends on coordinates xκ. The gravitational
metric tensor determines the gravitational Christoffel symbols

Γ
γ
αβ = Γ

γ
αβ(xκ) , (2)

and the gravitational Riemann curvature tensor

Rαβγδ = Rαβγδ(xκ) . (3)

The corresponding Ricci curvature tensor

Rαγ = RαβγδGβδ (4)

satisfies the Einstein equation for gravitational field.
In vacuum, without other interactions than gravitational, both light and matter would propagate

along geodesics determined by the gravitational metric tensor.
In reality, both light and satellites interact with surrounding matter and radiation, and propagate

differently. Propagation of light may be approximated by the light-propagation metric tensor, which
differs from the gravitational metric tensor and is rather Finslerian than Riemannian. The motion of
satellites could also be approximately described by satellite metric tensors, but each satellite would
have its own metric depending on the shape and other characteristics of the satellite. Fortunately, a
satellite may be equipped with an accelerometer, which enables us to discriminate between the satel-
lite and gravitational metric tensors.We thus do not need to introduce the satellite metric tensors. On
the other hand, we cannot equip the light with an accelerometer. We thus have to strictly distinguish
the light-propagation metric tensor from the gravitational metric tensor.
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3 Maxwell equations and ray theory (geometrical optics)

The propagation of light is determined by the Maxwell equations and by the material relations, which
describe the mutual dependence between electric field intensity Ei, magnetic flux density Bi, electric
flux density Di and magnetic field intensity Hi. These material relations approximately describe the
effective properties of the medium in which the light propagates. For infinitesimally weak electro-
magnetic field and a given frequency range, the material relations can be approximated by a linear
dependence of Di and Hi on Ei and Bi.

Electric field strength Ei and magnetic induction Bi can conveniently be expressed in terms of
electromagnetic vector potential Aα = Aα(xκ). The propagation of light is then approximately deter-
mined by the covariant equation

[Cαβγδ Aγ;δ];β = −Jα (5)

for the electromagnetic vector potential. Equation (5) follows from the Maxwell equations and from
the approximate linearized material relations. The covariant derivatives in equation (5) are defined
with respect to the gravitational metric tensor Gαβ.

Tensor
Cαβγδ = Cαβγδ(xκ) , (6)

describes both the linearized material relations and the gravitational interaction. It is skew both with
respect to the first pair of indices and with respect to the second pair of indices,

Cαβγδ = −Cβαγδ = −Cαβδγ . (7)

Due to this property, covariant equation (5) may also be expressed in terms of partial derivatives,

[− det(Gκλ)]
1
2 {[− det(Gκλ)]−

1
2 Cαβγδ Aγ,δ},β = −Jα . (8)

This equation has the form of the Lagrange equations for the electromagnetic field.
For example, in vacuum, where there are no interactions other than gravitational, we have

Cαβγδ =
1

µ0 c4 (GαγGβδ − GαδGβγ) , (9)

where µ0 is the magnetic permeability of vacuum and c is the light speed in vacuum. Otherwise, ten-
sor Cαβγδ depends not only on the properties of the surrounding medium, but also on its movement
with respect to the coordinate system, and expressions for Cαβγδ are not simple.

We now express the time-harmonic electromagnetic vector potential of circular frequency ω in
terms of vectorial amplitude aα = aα(xκ) and proper time (phase function) τ = τ(xλ),

Aα(xκ) = aα(xκ) exp[iωτ(xλ)] . (10)

In the high-frequency approximation for ω → +∞ and with vanishing electric current density Jα,
equation (8) yields approximately the Christoffel equation

Γγ
α (xκ , τ,λ) aγ(xκ) = 0 , (11)

where
Γγ
α (xκ , τ,λ) = fασ (xµ) Cσβγδ(xκ) τ,βτ,δ (12)

is the Christoffel matrix. Here fαβ(xµ) is an arbitrary regular scaling matrix.
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This light-propagation Christoffel matrix has one eigenvalue (solution of the characteristic equa-
tion) identical to zero. This identically zero eigenvalue is due to the skew property of matrix Cαβγδ,
the corresponding eigenvector is parallel with τ,α, and the corresponding electric and magnetic field
intensities and flux densities vanish.

Christoffel equation (11) has a non-trivial solution if another eigenvalue G of the Christoffel ma-
trix is set to zero, i.e., if the eigenvalue satisfies the eikonal equation

G(xκ , τ,λ) = 0 . (13)

The vectors from the null space of Christoffel matrix (12) then generate the light polarization vectors
corresponding to the selected eigenvalue G.

Eikonal equation (13) has the form of the stationary Hamilton-Jacobi equation, and can be solved
using the Hamilton equations. Note that the eigenvalues G(xκ , τ,λ) are homogeneous functions of
the second degree with respect to τ,α.

4 Hamiltonian formulation of the Finsler geometry

The Finsler space is a generalization of the Riemann space. This generalization is appropriate for
the description of the propagation of light and of many other waves. Geodesics and proper time in
Finsler spaces can efficiently be calculated by Hamilton’s method. All equations applicable to the
Finsler space are equally applicable to the Riemann space.

4.1 Hamilton equations

Proper time τ satisfies the stationary Hamilton-Jacobi equation

H(xκ , τ,µ) = C , (14)

where H(xκ , pµ) is the Hamiltonian, and C is a constant. For the propagation of light (zero-length
geodesics), the constant is usually zero, C = 0. For spatial geodesics and time-like space-time
geodesics of particles, the constant is often non-zero, C 6= 0.

The Hamiltonian H(xκ , pµ) should be many times differentiable function of phase-space coordi-
nates, which are composed of coordinates xα and slowness-vector components pβ. In particular, this
smoothness requirement considerably restricts a possible form of the Hamiltonian for zero-length
space-time geodesics.

The geodesics corresponding to stationary Hamilton-Jacobi equation (14) are described by the
Hamilton equations

dxα

dλ
=

∂H
∂pα

, (15)

dpα

dλ
= − ∂H

∂xα
, (16)

with initial conditions
xα(λ0) = xα

0 , pα(λ0) = τ,α(xµ
0 ) . (17)

The initial conditions should satisfy Hamilton-Jacobi equation (14).Then

τ,α[xµ(λ)] = pα(λ) (18)
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along the geodesics. Parameter λ along a geodesic is determined by the form of the Hamiltonian and
by initial conditions (17) for the geodesic. Proper time τ along the geodesic is given by

τ(λ) = τ(λ0) +
∫ λ

λ0

dλ pα
∂H
∂pα

, (19)

which follows from (15) and (18). This proper time satisfies Hamilton-Jacobi equation (14).
Note that equal geodesics and equal proper time may be generated by various Hamiltonians. For

example, Hamiltonian H̃(xκ , pµ) = F[H(xκ , pµ)] with C̃ = F(C), where F(x) is an arbitrary function
with a non-vanishing finite derivative at x = C, yields equal geodesics as Hamiltonian H(xκ , pµ).
Transform H̃(xκ , pµ) = H(xκ , pµ) − C results in the Hamilton-Jacobi equation with C̃ = 0. If C =
0, the Hamiltonian may be multiplied by any non-zero smooth function f = f (xκ , pλ) of phase-
space coordinates, H̃(xκ , pµ) = f (xκ , pλ)H(xµ , pν). All these transformations do influence neither
geodesics nor proper time, but may result in different parameters λ along geodesics, in different
Finslerian metric tensors, and in different perturbation expansions of different accuracy.

The Hamiltonian is often chosen as a homogeneous function of degree N in pα. For a homoge-
neous Hamiltonian of degree N, parameter λ along a geodesic is proportional to proper time,

dτ = NC dλ . (20)

Degree N may be arbitrary for spatial or time-like geodesics. In this case, the constant in Hamilton-
Jacobi equation (14) is usually chosen as

C =
1
N

. (21)

Especially, homogeneous Hamiltonians of degrees N = 2, N = 1 or N = −1 are frequently used for
spatial and time-like space-time geodesics.

For zero-length geodesics, a homogeneous Hamiltonian of degree N = 2 is usually chosen in
order to satisfy the smoothness condition and to keep the right-hand sides of Hamilton equations
(15) and (16) finite and non-vanishing.

4.2 Finslerian metric tensor

If the Hamiltonian is chosen as a homogeneous function of the second degree in pα, and is properly nor-
malized, then the contravariant Finslerian metric tensor is defined by equation

gαβ(xκ , pµ) =
∂2H

∂pα∂pβ

(xκ , pµ) (22)

(Rund, 1959, eq. 1.5.4). If metric tensor (22) is independent of pµ,

gαβ(xκ , pµ) = gαβ(xκ) , (23)

i.e., if the Cartan torsion tensor

Cαβγ(xκ , pµ) =
∂3H

∂pα∂pβ∂pγ
(xκ , pµ) (24)

is identical to zero, the Finsler space reduces to the Riemann space.
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On the other hand, if we know the contravariant metric tensor gαβ(xκ , pµ), we may construct a
homogeneous Hamiltonian of the second degree in pα as

H(xκ , pµ) =
1
2

pα gαβ(xκ , pµ) pβ . (25)

In this section, we shall consider homogeneous Hamiltonian (25) of the second degree.
For zero-length geodesics we choose the constant in Hamilton-Jacobi equation (22) C = 0, for

spatial and time-like space-time geodesics C = 1
2 . For homogeneous Hamiltonian (25), equation

(19) reads
τ(λ) = τ(λ0) + 2C (λ− λ0) . (26)

The contravariant velocity vector pα = pα(xκ , pλ) is defined by equation (15),

pα =
dxα

dλ
=

∂H
∂pα

. (27)

Euler’s theorem on homogeneous functions then yields pα pα = 2H and

pα = gαβ pβ . (28)

Relation pα pα = 2H reads
pα pα = 2C (29)

on all geometrical objects which satisfy equation (14).
The covariant metric tensor gαβ is the inverse matrix to the contravariant metric tensor,

gαβ gβγ = δγ
α (30)

(Rund, 1959, eq. 1.5.9). Equation (28) then yields

pα = gαβ pβ . (31)

The Finslerian Christoffel symbols
γ

γ
αβ = γ

γ
αβ(xκ , pλ) (32)

are defined by the same rule as in the Riemannian case (Rund, 1959, eq. 2.2.3). Hamilton equations
(15) and (16) are then equivalent to the equations of geodesics

dxα

dλ
= pα , (33)

dpα

dλ
= −γα

βγ pβpγ . (34)

In Finsler geometry, the metric tensor, especially the covariant metric tensor, is often expressed as
the function of contravariant velocity vector pα, instead of slowness vector pα. Since mapping pα =
pα(xκ, pλ) defined by equation (27) may not be uniquely invertible with respect to pα, metric tensor
gαβ may be, in general, a multivalued function of pα. We shall thus stick to the metric tensor gαβ =
gαβ(xκ , pλ), which is a unique function of pλ for a selected polarization.
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4.3 Geodesic deviation and second-order derivatives of proper time

We shall refer to the system of geodesics corresponding to distribution τ = τ(xα) of proper time as
the orthonomic system of geodesics. Initial conditions (17) for the orthonomic system of geodesics can
be parametrized by 3 geodesic parameters γi, i = 1, 2, 3 in 4-D space-time.

We define the matrices of the partial derivatives of coordinates xα and of the slowness-vector
components pα = τ,α with respect to 4 geodesic coordinates: 3 parameters γi describing the initial
conditions for the system of geodesics, and independent parameter γ4 = λ along geodesics,

Qα
κ =

∂xα

∂γκ
, Pακ =

∂τ,α

∂γκ
. (35)

Matrices Qα
κ and Pακ describe, by definition, the properties of the orthonomic system of geodesics

corresponding to the proper time under consideration. Let us emphasize that the definition of matri-
ces Qα

κ and Pακ depends on the kind of parameter λ along geodesics, which is in turn determined by
the form of the Hamiltonian. The use of matrices Qα

κ and Pακ, defined for a particular kind of λ, in the
equations for the perturbations and partial derivatives of proper time, derived from the Hamiltonian
corresponding to different λ, has to be avoided.

Equation
Pακ = τ,αβ Qβ

κ (36)

is a direct consequence of definitions (35).
The “dynamic ray tracing system”

d
dλ

Qα
κ = H,α

,β Qβ
κ + H,αβ Pβκ ,

d
dλ

Pακ = −H,αβ Qβ
κ − H,β

,α Pβκ

(37)

can be obtained by differentiating the Hamilton equations (15) and (16) with respect to γκ (Červený,
1972). Here

H,αβ =
∂2H

∂pα∂pβ

= gαβ

H,α
,β =

∂2H
∂pα∂xβ

= gασ
,β pσ

H,αβ =
∂2H

∂xα∂xβ
=

1
2

gσρ
,αβ pσ pρ .

(38)

Note that the right-hand sides of equations (38) are much simpler than the expression of the
Riemann curvature tensor in terms of the Riemannian metric tensor.

Once we have solved equations (37), we may calculate the second-order derivatives of proper
time using equation

τ,αβ = Pακ Q−1
κβ , (39)

where Q−1
κβ denotes the components of matrix inverse to Qβ

κ ,

Q−1
κβ Qβ

λ = δκλ . (40)
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Equations (37) are equivalent to the equations

d
dλ

Qα
κ + γα

σβ pσ Qβ
κ = gαβP̃βκ ,

d
dλ

P̃ακ −γβ
σα pσ P̃βκ = rασρβ pσ pρ Qβ

κ

(41)

of geodesic deviation. Here
P̃ακ = Pακ −γσ

αβ pσ Qβ
κ (42)

is the covariant version of matrix Pακ defined by (35). The expressions at the left-hand side of equa-
tions (41) are the covariant derivatives with respect to λ. Note that the definition and calculation of
the curvature tensor

rαβγδ (43)

in the Finsler geometry is more involved than the definition and calculation of the Riemann curvature
tensor.

In the Hamiltonian formulation, the Finsler geometry is no more complex than the Riemann ge-
ometry. Moreover, equations (37) are much simpler than equations (41) of geodesic deviation even
in the Riemann geometry.

4.4 Third-order and higher-order derivatives of proper time

The third-order and higher-order partial derivatives of proper time can be calculated by simple nu-
merical quadratures along geodesics (Babich, Buldyrev & Molotkov, 1985; Klimeš, 2002).

5 Perturbations

5.1 Model parameters

We assume that the Hamiltonian is a function of phase-space coordinates, composed of coordi-
nates xα and slowness-vector components pβ, and of any number of model parameters f k,

H = H(xα , pβ, f k) . (44)

Then the proper time and other quantities calculated in the model using this Hamiltonian are func-
tions of coordinates xα and of model parameters f k,

τ = τ(xα , f k) . (45)

In this section, we index the model parameters by lower-case Roman subscripts. Model parameters
are the parameters to be perturbed. They may have various meaning. For example, model parame-
ters f k may parametrize the model. However, the applicability of model parameters is more general.
For example, there are two light waves with the two respective Hamiltonians in anisotropic media.
Instead of selecting one of these two Hamiltonians, we may consider a one-parametric set of Hamil-
tonians, parametrized by a parameter f 1, such that we obtain the Hamiltonian corresponding to one
light wave for f 1 = −1, the Hamiltonian corresponding to the other light wave for f 1 = +1, and the
averaged Hamiltonian of both light waves corresponding to the anisotropic common ray tracing for
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f 1 = 0. Another example: Instead of using Hamiltonian H = H(xα , pβ, f k) and perturbation expan-
sion from f k = f k

1 , to f k = f k
2 , we may define new one-parametric Hamiltonian H̃ = H̃(xα , pβ, f ),

H̃(xα , pβ, f ) = H(xα , pβ, f k
1 ) + [H(xα , pβ, f k

2 )− H(xα , pβ, f k
1 )] f (46)

and apply more accurate perturbation expansion from f = 0 to f = 1.
We shall refer to the partial derivatives with respect to model parameters f k as the perturbation

derivatives in order to distinguish them from partial derivatives with respect to coordinates xα.
We denote the partial derivatives with respect to coordinates xα by lower-case Greek subscripts

following a comma, and the perturbation derivatives by lower-case Roman subscripts following a comma.
In the phase space, we denote the partial derivatives with respect to components pβ of the slowness
vector by lower-case Greek superscripts following a comma. For instance,

H,κλ...µ
,αβ...νi...n =

∂
∂ f i · · ·

∂
∂ f n

∂
∂xα

∂
∂xβ

· · · ∂
∂xν

∂
∂pκ

∂
∂pλ

· · · ∂
∂pµ

H (47)

denotes the perturbation derivatives of the partial phase-space derivatives of the Hamiltonian. The
perturbation derivatives are taken at fixed phase-space coordinates xα, pβ, and the partial phase-
space derivatives are calculated at fixed model parameters f k. Similarly,

τ,αβ...νi...n =
∂

∂ f i · · ·
∂

∂ f n
∂

∂xα

∂
∂xβ

· · · ∂
∂xν

τ (48)

denotes the perturbation derivatives of the partial derivatives of proper time τ . The perturbation
derivatives are taken at fixed coordinates xα, and the partial derivatives are calculated at fixed model
parameters f k.

5.2 Perturbations of proper time

Perturbation derivatives of proper time of all orders can be calculated by simple numerical quadra-
tures along the unperturbed geodesic. The perturbation derivatives of the partial derivatives of
proper time can also be calculated by analogous numerical quadratures along the unperturbed geodesic.
For the general equations for the perturbation derivatives of all orders refer to Klimeš (2002). Here
we only present the equations for the first-order and second-order perturbation derivatives of proper
time, expressed in terms of a general Hamiltonian.

Individual perturbation derivatives of proper time depend on the form of the Hamiltonian. For
different Hamiltonians, we obtain different perturbation expansions of proper time.Some of these
perturbation expansions may be more accurate for some applications than other perturbation expan-
sions.

5.3 First-order perturbation derivatives of proper time

Equation

τ,i(λ) = τ,i(λ0) +
∫ λ

λ0

dλ (−H,i) (49)

for the first-order perturbation derivatives of proper time is well-known. The integration variable λ

along the geodesic is determined by the form of the Hamiltonian.
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5.4 First-order perturbation derivatives of proper-time gradient

The first-order perturbation derivatives of proper-time gradient may be calculated using equation

τ,αi = Tκi Q−1
κα , (50)

where Q−1
κα are the elements of the matrix inverse to matrix Qα

κ of geometrical spreading, see (40).
The perturbation derivatives of the partial derivatives Tκi, covariantly transformed to geodesic coor-
dinates, can be obtained by quadrature

Tκi(λ) = Tκi(λ0) +
∫ λ

λ0

dλ (−H,αi Qα
κ − H,α

,i Pακ) . (51)

The matrix Pακ of the transformation from geodesic coordinates to the components of the slowness
vector is calculated, together with the matrix Qα

κ of geometrical spreading, by dynamic ray tracing
(37).

5.5 Second-order perturbation derivatives of proper time

The second-order perturbation derivatives of proper time can be calculated by quadrature

τ,i j(λ) = τ,i j(λ0) +
∫ λ

λ0

dλ Ki j , (52)

where the integration kernel is given by

Ki j = −H,i j − Tκi Q−1
κρ H,ρ

, j − Tκ j Q−1
κρ H,ρ

,i − Tκi Q−1
κρ Tλ j Q−1

λσ H,ρσ . (53)
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Positioning: Constructions in 2D∗

Joan Ferrando and Juan Antonio Morales

School on Relativistic coordinates, Reference and Positioning systems
Salamanca, January 2005

Abstract
The analysis of the relativistic positioning system in two dimensions (one space dimension and

one time dimension) not only has an academic interest: it allows to obtain exact results on which
the real 4D algorithms may be tested.
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1 2D-Positioning: a qualitative description

We will begin this lesson by presenting a qualitative description of the Coll positioning systems for
the two-dimensional case. The interest, characteristics and good qualities of these systems have
be explained in the preliminary positioning talk for the generic four-dimensional case. The 2D-
constructions should help us understand better how these systems work and the richness of the
elements this positioning approach has.

Indeed, the simplicity of the 2-dimensional case allows us to use precise and explicit diagrams
which improve the qualitative comprehension of the positioning systems. Moreover, 2D-constructions
admit simple and explicit analytic results.

Nevertheless, it is worth remarking that the 2-dimensional case has particularities and results
that are not generalizable for the 4-dimensional generic case. Consequently, the 2D-constructions
are suitable for learning things about positioning systems, but they do not allow us to study some
positioning subjects that need a 3D or a 4-dimensional approach. Throughout this talk we will try to
pointing out the particularities of the 2D case compared to the 4D generic one.

In a four dimensional space-time our positioning system is determined by four clocks broadcast-
ing their proper time (principal emitters). In 2D we have two emitters γ1(τ1) and γ2(τ2) (fig. 1a).

Every emitter γi broadcasts his proper time τ i. The future light cones (dark and light red lines,
respectively, in fig. 1a) cut in the region between both emitters and they coincide outside.

γ (τ  )
 2 

 2 γ (τ  )
 1 

 1 γ (τ  )
 2 

 2 γ (τ  )
 1 

 1 

τ 1τ 2

(τ  ,  1 τ  ) 2

Figure 1:
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The internal region and the emitters world lines define a coordinate domain (fig. 1b). Indeed,
every event on this domain can be distinguished by the times (τ1, τ2) received from the emitter
clocks. In other words, the past light cone of every event on this domain cut the emitter world lines
at γ1(τ1) and γ2(τ2) respectively. Then {τ1, τ2} are the emitter null coordinates of this event. On
the contrary, an observer outside this area receives the same times (τ1, τ2) that the next principal
observer at the emission event. Thus, these proper times do not distinguish different events on a null
geodesic outside the emitter coordinate domain.

Let γ be an observer travelling throughout the emitter coordinate domain and equipped with a
receiver which allows the reception of the proper times (τ1, τ2) at each point of his trajectory,. Then,
this observer knows his trajectory in these emitter coordinates. We said then that this observer is
a user of this positioning system. It is worth pointing out that a user could, eventually (but not
necessary), carry a clock which measure his proper time τ (fig. 2a).

Finally, let us remember that a emitter positioning system could be performed with another qual-
ity (and then we say that it is autonomous): the principal emitters are transmitters, so that, users
which receive the signals and broadcast them together with their proper time (fig. 2b).

After this qualitative description we deal with the analytic construction of emitter coordinates and
the formal definition of the elements of a Coll positioning system. Before, we begin by studying null
coordinates in a 2D space-time in order to apply the results to the emitter null coordinates defined
by our positioning system.
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Figure 2:

2 Two-dimensional relativity in null coordinates

2.1 Inertial null coordinates
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In a flat 2-dimensional space-time we can associate the inertial null coordinates {u, v} with every
inertial coordinate system {t, x} (fig. 3a):

u = t + x t = 1
2 (u+ v)

v = t− x x = 1
2 (u− v)

In inertial null coordinates, the metric tensor takes the form:

ds2 = dt2 − dx2 = du dv , g =
1
2

du⊗̃dv

So, its covariant and contravariant components are, respectively:

(gi j) =
1
2

(
0 1
1 0

)
, (gi j) =

(
0 2
2 0

)
It is well known that a boost between two inertial systems {t, x}, {t̄, x̄} with a relative velocity

β = tanhψ is given by
t̄ = coshψ t + sinhψ x
x̄ = sinhψ t + coshψ x

But it is not so known that, in inertial null coordinates a boost takes the simple expression (fig. 3b):

t

x

uv

t

x

u , uv , v

t

x

ψ

Figure 3:

ū = eψu
v̄ = e−ψv (1)

Let us note that the factor

s = eψ =

√
1 +β
1−β = 1 + z

is the shift parameter between both inertial systems.
The boost (1) gives the internal transformation between inertial null coordinates. In inertial null

coordinates the invariance of the Minkowskian interval states

ūv̄ = uv
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2.2 2D-metrics: null coordinates

Now we will summarize several simple and general results about 2-dimensional metrics and we will
develop some usual relativistic subjects by using, in a 2-dimensional space-time, the so called null
coordinates.

An important result in 2-dimensional Riemannian geometry states that every 2D-metric is (lo-
cally) conformally flat. In the Lorenzian case we can consider the inertial systems associated with the
flat metric conformal to the space-time metric tensor. Then we see that null coordinates {u, v} exist
such that

ds2 = m(u, v) du dv

So that, the metric covariant components are:

(gi j) =
m
2

(
0 1
1 0

)
In a 2-dimensional geometry g the Riemann tensor can be written:

Riem(g) =
1
4

R(g) g ∧ g

So that, the scalar curvature R(g) is the unique strict component of the curvature. In terms of the
conformal factor m the scalar curvature is:

R(g) =
1
m

∆ ln m = ∆g ln m , g = mη

where ∆ is the Laplacian operator for the flat metric η. From here, it follows that a 2-dimensional
metric is flat iff the logarithm of the conformal factor is an harmonic function. Then: a 2D-Lorenzian
metric is flat iff the conformal factor factorizes in null coordinates, so that:

m(u, v) = U(u)V(v)

In this flat case, the change of coordinates from a generic null system {u, v} to an inertial one {ū, v̄}
is given by

ū = ū(u)
v̄ = v̄(v) (2)

where ū′(u) = U(u) , v̄′(v) = V(v).
For a non (necessarily) flat metric, the change (2) gives the internal transformation between null

coordinates, the metric tensor changing as:

ds2 = m(u, v) du dv = m̄(ū, v̄) dū dv̄

m(u, v) = m̄(u(u), v(v))ū′(u)v̄′(v)

What does this internal transformation mean from a geometric point of view?
We could introduce and understand null coordinates as follows: a Lorentzian 2D-metric defines

in the space-time extension two (geodesic) null congruences or, equivalently, two families of null
hypersurfaces. Let us note that, in a space-time picture, we will usually draw coordinate (non metric)
representations where the coordinate lines (hypersurfaces) are straight lines (fig. 4a).
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It is worth remarking that (only!) in the 2D case the null cone of an event determines the null
hypersurfaces that include this event. In higher dimensions null hypersurfaces exist that are not
light cones!

The space-time functions that have one of these families as level hypersurfaces are the null coordi-
nate functions. Evidently, these functions are defined up to a change given by (2). So, the coordinate
lines (or the coordinate hypersurfaces) are invariant under this internal transformation but they are
parameterized in a different way in every null coordinate system. In fig. 4b we see a (u, v)-coordinate
diagram where we have drawn coordinate lines of a second null system (ū, v̄). In this particular case
we have the linear transformation:

ū = λu , 0 < λ < 1
v̄ = µv , µ > 1

u v v=1 

u=4 
u=3 

v=2 
u=1 

u=2 
v=3 

v=4 

u , uv , v

v=
co

nsta
nt 

v=
co

nsta
nt 

Figure 4:

2.3 Kinematics in null coordinates

Now we will consider some basic and simple kinematic results and write them in a given null system
{u, v}. Later we will apply all these results to the emitter null coordinates.

In terms of his proper time τ , the trajectory of an observer γ is (fig. 5a):

u = u(τ)
v = v(τ) (3)

and its tangent vector:
T(τ) = (Tu, Tv) = (u̇(τ), v̇(τ))

where, in what follows, a dot means derivative with respect proper time. The unit condition for T
connects the metric component with the observer trajectory:

m(u(τ), v(τ)) =
1

u̇(τ)v̇(τ)
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This simple relation plays an important role in 2D-positioning as we will see later. It can be read as
follows: if one knows the unit tangent vector of an observer in terms of his proper time, then one
knows the metric on the trajectory of this observer.

u v 

u 

v 

γ 

(u (τ) , v (τ))
u v 

u 

v=F(u) 

γ 

(u, F(u))

τ

Figure 5:

From one of the two functions (3) we can obtain the proper time of the observer γ. For example,
we have:

τ = τ(u) = u−1(u)

Moreover the trajectory is given by a function v = F(u) that can be obtained as (fig. 5b):

v = F(u) = v(τ(u))

Then the unit condition can be written:

[τ ′(u)]2 = m(u, F(u))F′(u) (4)

From here two statements follow:

- If the trajectory v = F(u) of an observer γ is known, then one knows the metric on the trajectory iff
one knows the γ-proper time τ = τ(u) (fig. 4.2).

- If the metric component m(u, v) is known, then the trajectory of the observers γ with a fixed proper
time τ = τ(u) is given by the solutions v = F(u) of the first order differential equation (4).

Evidently, a trajectory with a fixed proper time τ = τ(u) passes for any fixed event in the coordi-
nate domain (fig. 6).

Now we will study the acceleration of an observer γ in null coordinates. We need the Christoffel
symbols that, in null coordinates {u, v} take the expression:

Γ uuu = (ln m),u , Γ vvv = (ln m),v
Γ a

ab = 0 , a 6= b
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Then the acceleration of the observer (3) is:

a(τ) = (au, av) =
(

ü + (ln m),u u̇2 , v̈ + (ln m),v v̇2
)

(5)

Letα(τ) be the acceleration scalar defined as:

α(τ) ≡ ±
√
−a2(τ)

Then a straightforward calculation leads to:

α(τ) =
ü
u̇

+ (ln m),u u̇ = − v̈
v̇
− (ln m),v v̇ (6)

We can rewrite the acceleration scalar in terms of the trajectory v = F(u) and the proper time
function τ = τ(u):

α(u) =
1

τ ′(u)

[
−τ

′′(u)
τ ′(u)

+ (ln m),u (u, F(u))
]

The geodesic equation as well as the dynamic equation (equation for the world lines with a known
accelerationα) can be written as two coupled equations for the proper time functions (u(τ), v(τ)):

ü
u̇

+ (ln m),u u̇ = α(τ) (= 0)
mu̇v̇ = 1

(7)

In (7) we are considering a known metric m(u, v), and where we write m we must read m(u(τ), v(τ)).
So, it is a coupled system.

We can also write the dynamic equation as equations for the proper time function τ(u) and tra-
jectory function F(u). Then we obtain the following coupled equations:

1
τ ′(u)

[
−τ

′′(u)
τ ′(u)

+ (ln m),u (u, F(u))
]

= α(u) (= 0)

m(u, F(u))F′(u) = [τ ′(u)]2
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In this case we can easily eliminate the proper time function and obtain an equation for the trajectory,
namely:

−1
2
[ln(mF′)]′ + (ln m),u = α(u)(mF′)1/2 (= 0)

Now in m we must read m(u, F(u)).

2.4 Kinematics in flat metric

It is worth remarking that when the metric is flat the first equation in (7) is a decoupled equation for
the sole unknown u(τ) (or, equivalently, τ(u)). Once we have solved this equation, v(τ) (respectively,
F(u)) can be obtained from the unit condition.

This fact implies that kinematic problems are much easier to study in a flat space-time and, in
particular, in inertial null coordinates. Now we will write the kinematic expressions in the flat case
and we will study two basic relativistic subjects: the inertial and the uniform accelerated motions.
We will use them later in building examples of 2D-positioning systems.

Let us remember that, if {u, v} is a generic null system in flat space time, the metric component
takes the form:

m(u, v) = ū′(u)v̄′(v)

where ū = ū(u), v̄ = v̄(v) is the change of coordinates to an inertial system {ū, v̄}.
We can rewrite all the expressions in the previous section by considering a factorized metric com-

ponent. In a given (non necessarily flat) metric the unit condition for the tangent vector constitutes
a differential equation for a component, say v(τ), if one knows the other one, u(τ). Nevertheless, in
the flat case this equation separates variables and becomes:

u̇(τ)ū′(u(τ)) =
1

v̇(τ)v̄′(v(τ))

Moreover, the unit condition in terms of the proper time function τ = τ(u) and the trajectory
v = F(u) becomes:

[τ ′(u)]2 = ū′(u)v̄′(F(u))F′(u) (8)

On the other hand, the observer acceleration can be written:

a(τ) =
(

u̇(τ)
(

ln[u̇(τ)ū′(u(τ))]
)
˙ , v̇(τ)

(
ln[v̇(τ)v̄′(v(τ))]

)
˙
)

(9)

And the acceleration scalarα(τ) is in this case:

α(τ) =
(

ln[u̇(τ)ū′(u(τ))]
)
˙ = −

(
ln[v̇(τ)v̄′(v(τ))]

)
˙

These equations allow us to partially integrate the dynamic equation and obtain:

u̇(τ)ū′(u(τ)) =
1

v̇(τ)v̄′(v(τ))
= s(τ) (10)

where the shift parameter s(τ) is defined as:

s(τ) ≡ exp
{∫

α(τ)dτ
}

Note that s(τ) is, actually, a shift parameter since it could be obtained as:
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Figure 7:

s(τ) =

√
1 +β(τ)
1−β(τ)

where β(τ) is the relative velocity between the given observer and an inertial one. The hyperbolic
angle between both observers is:

ψ(τ) = ln s(τ) =
∫
α(τ)dτ

Equations (10) can also be written as:

ū′(u) =
s(τ(u))
u̇(τ(u))

, v̄′(v) =
1

v̇(τ(v))s(τ(v))

These equations show that,
if one knows the proper time and the trajectory of an observer in null coordinates {u, v}, then the

acceleration scalar (the shift parameter) determines the metric in these coordinates everywhere.
Moreover, one can determine the trajectory in inertial null coordinates {ū, v̄}.

All the expressions obtained for a flat metric become even simpler if {u, v} are inertial null coor-
dinates . Then,

ū′(u) = v̄′(v) = 1

and we can obtain explicit expressions:

- For the component v(τ) if u(τ) is known:

v(τ) = v0 +
∫ τ

τ0

dτ
u̇(τ)
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- For the proper time function τ = τ(u) if the trajectory v = F(u) is known (or conversely):

τ(u) =
∫ u

u0

√
F′(u)du , F(u) =

∫ u

u0

[τ ′(u)]2du

- For the component u(τ) (and so for v(τ)) if the acceleration scalar (and then the shift parameter
s(τ)) is known:

u(τ) = u0 +
∫ τ

τ0

s(τ)dτ , v(τ) = v0 +
∫ τ

τ0

dτ
s(τ)

We will finish this section by considering the inertial and the uniform accelerated motions in
inertial null coordinates. If we take the acceleration scalar as a constant, α(τ) = α, we obtain the
following hyperbolic angle ψ and shift parameter:

ψ(τ) = ατ +ψ0 , s(τ) = λeατ

The inertial system can always be chosen such that ψ0 = 0 (λ = eψ0 = 1). Nevertheless, if we fix the
inertial system, we must allow these parameters to take generic values.

If the observer has an inertial motion (α = 0) we obtain (fig. 8a):

for the proper time parametrization
u = λτ + u0
v = 1

λ
τ + v0

(11)

and for the trajectory

v =
1
λ2 u+ C

The shift parameter λ determines the velocity β = tanh ln λ of the inertial particle with respect to

v 
u 

v 

γ 

u 
u v 

Figure 8:

the inertial system. The case λ = 1 represents the inertial motions at rest with respect to this system.
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If the observer has a uniformly accelerated motion (α 6= 0) we obtain (fig. 8b):
for the proper time parametrization

u = λ
α

eατ + u0
v = − 1

λα
e−ατ + v0

(12)

and for the trajectory

(v− v0)(u− u0) = − 1
α2

Thus we obtain a hyperbolic trajectory. The parameter λ determines the shift of the inertial observer
for which the particle is at rest at τ = 0.

2.5 Principal observers of a null system

We have already seen that if the metric is given, for every event in a null coordinate domain a tra-
jectory passes for which the proper time is already fixed. Thus, every proper time function will
define a congruence of observers (fig. 9a). In particular we can consider the principal observers of
a null system {u, v}: those whose proper time coincides with one of the two null coordinates (fig. 9b).

v 

γ 

u 
v 

u 

u v v=1 

u=4 
u=3 

v=2 
u=1 

u=2 
v=3 

v=4 

Figure 9:

We can distinguish two congruences (fig. 10):
The u-principal observers:

u = τ

v =ϕu(u)
(13)

The v-principal observers:
u =ϕv(v)
v = τ

(14)
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u=3 

v=2 
u=1 

u=2 
v=3 

v=4 

u-principal observer

Figure 10:

The tangent vectors of the principal observers are:

Tu = (1, ϕ̇u) , Tv = (ϕ̇v, 1)

And the unit condition takes the form:

m(u,ϕu(u)) =
1

ϕ̇u(u)
, m(ϕv(v), v) =

1
ϕ̇v(v)

For the principal observers the acceleration becomes:

au(u) =
(
(ln m),u , ϕ̈u + (ln m),v ϕ̇2

u
)

av(v) =
(
ϕ̈v + (ln m),u ϕ̇2

v , (ln m),v
) (15)

And the acceleration scalar is:
αu(u) = (ln m),u (u,ϕu(u))
αv(v) = −(ln m),v (ϕv(v), v) (16)

In the particular case of a flat metric, m(u, v) = ū′(u)v̄′(v), the dynamic equation for the principal
observers leads to:

ū′(u) = su(u) =
sv

(
ϕ−1

v (u)
)

ϕ̇v
(
ϕ−1

v (u)
)

v̄′(v) =
1

sv(v)
=

1
ϕ̇u

(
ϕ−1

u (v)
)

su
(
ϕ−1

u (v)
) (17)

Thus, we have the following important facts:
In a flat metric, if one knows the trajectory and the acceleration of a principal observer (of a

null system {u, v}) then one can determine the change to inertial coordinates and, consequently, one
knows the metric in this null system everywhere.
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In a flat metric if one knows the acceleration of both principal observers (of a null system), then
one can determine the change to inertial coordinates and, consequently, one knows the metric in this
null system everywhere.

The explicit expression for the metric component is:

m(u, v) =
su(u)
sv(v)

Consequently,
the metric at the event (u, v) is given by the relative shift between the principals observers.

3 Basic theory on 2D-positioning

3.1 Emitter coordinates: an analytic construction

Let us consider the proper time history of two emitters to be known in a given null coordinate system
{u, v} (fig. 11a):

γ1 ≡ u = u1(τ1)v = v1(τ1) γ2 ≡ u = u2(τ2)v = v2(τ2) (18)

The emitter trajectory functions are given by:

v = Fi(u) , Fi = vi ◦ u−1
i (19)

γ 1γ 2

τ   1

τ   2

u v 

γ 1γ 2

(τ  ,  1 τ  ) 2

Ω 

τ   1
τ   2

u v 

(u,v)

Figure 11:

We can introduce the proper times as coordinates {τ1, τ2} by defining the change to the null
system {u, v} given by (fig. 11b):

u = u1(τ1)
v = v2(τ2)

τ1 = u−1
1 (u) = τ1(u)

τ2 = v−1
2 (v) = τ2(v)

(20)
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In terms of the coordinates {u, v}, the region Ω where the new coordinates {τ1, τ2} can be con-
sidered emitted times is (fig. 12):

Ω ≡
{
(u, v) / F−1

2 (v) ≤ u , F1(u) ≤ v
}

Then we said that (20) define emitter null coordinates in the emitter coordinate domain Ω.

γ 1γ 2

(τ  ,  1 τ  ) 2

Ω 

τ   1

τ   2

u v 

(τ  ,  1 τ  ) 2

(u,v)

Figure 12:

In the region outside Ω (20) also determines null coordinates which are an extension of the emitter
coordinates. But in this region the coordinates are not the emitted proper times of the principal
emitters already given (fig. 12).

There are several null coordinate systems which can be associated with a unique observer or with
two observers by considering their advanced or retarded proper times. Now we limit ourselves to
the emitter coordinates: those that can be obtained from a Coll positioning system, so that, the reception
for a user of the proper time of the principal emitters.

In emitter coordinates, the principal emitter trajectories take the expression (fig. 13):

γ1 ≡ τ1 = τ1τ2 =ϕ1(τ1) γ2 ≡ τ1 =ϕ2(τ2)τ2 = τ2 (21)

where the functionsϕi which give the principal trajectories are given by:

ϕ1 = v−1
2 ◦ v1 , ϕ2 = u−1

1 ◦ u2 (22)

The expression (21) shows that:
The two principal emitters are principal observers of the emitter coordinate system that they

define.
Finally, if we know the metric component in null coordinates {u, v}, we can obtain the metric

interval in emitter coordinates {τ1, τ2} by using the change (20):

ds2 = m(τ1, τ2)dτ1dτ2

m(τ1, τ2) = m(u1(τ1), v2(τ2))u′1(τ
1)v′2(τ

2)
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Figure 13:

3.2 Autonomous Coll system: the user grid

The basic elements of the positioning system are (fig. 14a):

(1a) The principal emitters γ1, γ2, which broadcast their proper time τ1, τ2.

(1b) The users γ, travelling in the emitter coordinate domain Ω, receive the emitted times {τ1, τ2}
(their emitter coordinates).

γ 1γ 2

Ω 

τ   1

τ   2

τ 1 τ 2

τ   1

(τ  , 

γ 

τ  ) 2

γ 

 1

γ 1γ 2

Ω 

τ 1 τ 2

τ   1

(τ  , 

γ 

τ  ) 2

γ 

 1

(User grid)

Figure 14:

These elements define an immediate and passive positioning system. Any user knows his trajec-
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tory in emitter coordinates {τ1, τ2} (fig. 14a):

τ2 = F(τ1)

and he can draw it in a (τ1, τ2)-diagram, the user grid (fig. 14b). It is worth remarking that the user
grid origin depends on choosing the proper time origin of the emitter clocks.

We will perform our positioning systems with another quality (fig. 15):

(2a) The emitters γ1, γ2 are also transmitters: they receive the signals (such as a user) and broadcast
them.

(2b) The users γ also receive the transmitted times {τ̄1, τ̄2}.

These new elements define an autonomous positioning system. Then, any user knows (and, in
particular, the principal emitters) every emitter trajectory in emitter coordinates {τ1, τ2} (fig. 8.3).
Indeed, the functions

ϕ1(τ1) = τ̄2 , ϕ2(τ2) = τ̄1

determine the emitters trajectories, which can be drawn for any user on the user grid.

γ 1γ 2

Ω 

τ   1

τ   2

τ 1 τ 2

γ 

(User grid) (τ  ,  1 τ  , 2  τ  ,  1 τ  ) 2

Figure 15:

Eventually, the positioning system can be carried out using complementary qualities which could
be useful for different prospects:

(3a) The emitters γ1, γ2 carry accelerometers and they broadcast their accelerationα1,α2.

(3b) The users γ also receive the emitter accelerations {α1,α2}.

These new elements allow any user (and, in particular, the principal emitters) to knows the accel-
eration scalar of the principal emitters:

α1 = α1(τ1) , α2 = α2(τ2)
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(4) Any user carries a clock that measures his proper time τ and/or an accelerometer that measures
his accelerationα.

These new elements allow, on one hand, any user to know his proper time function τ(τ1) and,
consequently, to give the proper time parametrization of his trajectory:

γ ≡
{
τ1 = τ1(τ)
τ2 = τ2(τ)

(23)

And/or on the other hand, they allow any user to know his acceleration scalar:

α = α(τ)

Thus, a Coll positioning system will be performed in such a way that any user can obtain a subset
of the public and user data:

{τ1, τ2; τ̄1, τ̄2;α1,α2; τ ,α}

We will suppose that the two first pairs, which define the autonomous character of the positioning
system, are always known by the user and we must study the metric information that these public
data give. Moreover we will analyze the complementary data which are necessary for a user to know
his proper unities of time and distance completely. We will also show that the user data are not
independent quantities, and we will obtain the constraints they fulfill. These relationships could be
useful in controlling the positioning systems.

An ending remark: if the users do not draw their own trajectories on their user grids, then all
the user grids offer the same information about the positioning system. Let us call public grid the
information which is common to any user grid (fig. 16).

γ 1γ 2

Ω 
τ 1 τ 2

(Public grid)
γ 1γ 2

Ω 
τ 1 τ 2

γ bγ 1γ 2

Ω 
τ   1

τ   2

τ 1 τ 2

(τ  ,  1 τ  ) 2

τ   2
τ   1

 1

γ a

(a-user grid) (b-user grid)

Figure 16:

3.3 Positioning with inertial emitters
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As a first simple example, we consider the positioning system defined by two inertial emitters γ1, γ2
in flat space-time.

In inertial null coordinates {u, v} the trajectory of the emitters are (fig. 17a):

γ1 ≡ v = 1
λ2

1
u+ v0

γ2 ≡ v = 1
λ2

2
(u− u0)

where λ1, λ2 are the shift of the emitters with respect to the inertial system. We could choose these
inertial coordinates so that one emitter was at rest. The constants u0 and v0 can also be arbitrarily
chosen depending on the inertial origin. But at the moment, we will consider that they take an
arbitrary value. In the pictures we are considering u0 < 0, v0 < 0 and 1 ≤ λ2 ≤ λ1.

u v 

γ 1γ 2

U0
V0

u v 

γ 1γ 2

(τ  ,  1 τ  ) 2

τ 2

τ 1

v u 

Ω 

Figure 17:

The origin in the emitter proper times can be taken so that (fig. 17b):

γ1 ≡ u = λ1τ
1 v =

1
λ1
τ1 + v0 γ2 ≡ u = λ2τ

2 + u0 v =
1
λ2
τ2 (24)

Then, the emitter coordinates {τ1, τ2} are defined by the change to the inertial system {u, v}:

u = u1(τ1) = λ1τ
1

v = v2(τ2) = 1
λ2
τ2

τ1 = 1
λ1
u

τ2 = λ2v
(25)

From here we can obtain the metric tensor in emitter coordinates {τ1, τ2}. Indeed, we have:

m(τ1, τ2) = u′1(τ
1)v′2(τ

2) =
λ1

λ2

Thus, the metric component is constant and equal the shift parameter between both emitters:

ds2 = λ dτ1dτ2 , λ ≡ λ1

λ2
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Figure 18:

It is worth pointing out that the coordinates {τ1, τ2} defined in (25) can be extended throughout
the whole space-time (fig. 18), but outside domain Ω they are not emitter coordinates. Nor are they
in the domain Ω̃ in fig. 18, where they are advanced-advanced coordinates.

Of course, in this domain Ω̃ the emitters γ1, γ2 also define emitter coordinates, but they are not
given by (25). In this case we must interchange the role of both emitters. Then, in Ω̃ the emitter
coordinates {τ̃1, τ̃2} are given by:

u = λ2τ̃
1 + u0

v = 1
λ1
τ̃2 + v0

(26)

and the metric tensor is now:
ds2 =

1
λ

dτ̃1dτ̃2 , λ ≡ λ1

λ2

The coordinates {τ̃1, τ̃2} can also be extended to the whole space-time, but only on the domain Ω̃ are
emitter coordinates.

Note that the extensions of the emitter coordinates (25) and (26) are different everywhere when
λ 6= 1. When the emitters are at rest with each other (λ = 1), both extensions coincide (up to an
origin change) and they define inertial coordinates.

From now, we will only consider the domain Ω where the emitter coordinates are given by (25).
In these coordinates {τ1, τ2}, the emitter trajectories are (fig. 19a, 20a):

γ1 ≡ τ1 = τ1

τ2 =ϕ1(τ1) ≡ 1
λ
τ1 + τ2

0

(27)

γ2 ≡ τ1 =ϕ2(τ2) ≡ 1
λ
τ2 + τ1

0

τ2 = τ2
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(28)
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Figure 19:

If we analyze these emitter trajectories and we draw them on the user grid we can observe that
the ’initial’ inertial information has been lost (see fig. 19, 20). Indeed, only the shift λ between the
emitters appears, and the grid origin depends exclusively on the zero of the emitter times (not on the
inertial coordinate origin).
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τ   2

τ   2

τ   1

u v 

γ 1γ 2
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τ 2

τ 1

v u 

Ω 

Figure 20:

What information can a user obtain from the public data? Evidently (τ1, τ2) place the user on the
user grid, and (τ̄1, τ̄2), τ̄ i =ϕ j(τ j), place the emitters on the user grid.

Let us suppose at the moment that the positioning system is defined by geodetic emitters with non
zero relative velocity (λ 6= 1) and that both emitter clocks show zero at the cut event (τ1

0 = τ2
0 = 0).
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Then we have:
In terms of the public data {τ1, τ2; τ̄1, τ̄2} the space-time metric interval is given by

ds2 =

√
τ1τ2

τ̄1τ̄2 dτ1dτ2 (29)

This statement is only true for inertial emitters with clocks that show zero at the cut event. But,
can the public data inform any user of these facts? Firstly, we can observe that the metric compo-
nent could be obtained from the derivative of an emitter trajectory (public data), even without any
restriction on the synchronization of the emitter clocks. What is more, in this case a user only needs
to know the public data at two events, and then the metric is:

ds2 =

√
∆τ1∆τ2

∆τ̄1∆τ̄2 dτ1dτ2 (30)

On the other hand, if the system is performed with the ability of obtaining the emitter accelera-
tions {α1,α2} as user data, then any user could also know the geodetic character of the emitters. This
user information is necessary because, in fact, non geodetic principal trajectories can be straight lines
on the user grid.

We will spend the rest of the 2D talks analyzing the metric information provided by the different
kinds of public data, for a generic Coll positioning system. We will also develop other examples
which give us a better understanding of these results.

3.4 Gravimetry and Positioning

Let us be an emitter positioning system which generates the public data

{τ1, τ2; τ̄1, τ̄2;α1,α2}

and a user that can receive these data and can also obtain his proper user data

{τ ,α}

We already know that the basic public data

{τ1, τ2; τ̄1, τ̄2}

determine, on one hand, the user trajectory

τ2 = F(τ1)

and, on the other hand, the emitter trajectories

τ2 =ϕ1(τ1)(≡ τ̄2) , τ1 =ϕ2(τ2)(≡ τ̄1)

But, what about the metric interval? Let us suppose now that the user has no information, as yet,
on the gravitational field. Then, what metric information can a user obtain from the public and user
data? Can a user do gravimetry by using our positioning system?

Let us remember that principal emitters are principal observers for the emitter coordinates. Then,
taking into account the kinematic expressions that we obtained for these observers, we have:
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- The basic public data {τ1, τ2; τ̄1, τ̄2} determine the space-time metric interval on the emitter
trajectories, namely:

m(τ1,ϕ1(τ1)) =
1

ϕ̇1(τ1)
(31)

m(ϕ2(τ2), τ2) =
1

ϕ̇2(τ2)
(32)

If the metric function m(τ1, τ2) is known on a trajectory, then one knows its gradient iff one knows
a partial derivative. Thus, from the expression of the scalar acceleration of the principal observers,
we obtain:

- The public data {τ1, τ2; τ̄1, τ̄2;α1,α2} determine the gradient of the space-time metric compo-
nent along the emitter trajectories, namely:

(ln m),1 (τ1,ϕ1(τ1)) =α1(τ1) (33)
(ln m),2 (ϕ2(τ2), τ2) = −α2(τ2) (34)

Finally, we analyze the role played by the proper user data {τ ,α}. If the user carries a clock that
measures his proper time τ , then he can known his proper time function

τ = τ(τ1)

by comparing τ with the proper time τ1 received from the emitter γ1. Consequently he can obtain
his parameterized proper time trajectory:

τ1 = τ1(τ)
τ2 = τ2(τ)

If the user also carries an accelerometer, then he can obtain his acceleration scalar α(τ). Thus,
from the previously obtained expressions on kinematics in null coordinates, we can state:

- The public-user data {τ1, τ2; τ ,α} determine the space-time metric interval and its gradient on
the user trajectory, namely:

m(τ1(τ), τ2(τ)) =
1

τ̇1(τ)τ̇2(τ)
(35)

(ln m),1 (τ1(τ), τ2(τ)) =
1

τ̇1(τ)

[
α(τ)− τ̈

1(τ)
τ̇1(τ)

]
(36)

We have seen that the public data allow any user to know the metric and its gradient on the
emitter trajectories. Can this user estimate the gravitational field everywhere if he has no previous
information about the metric?.

During this course, Albert Tarantola will present us some inverse methods that can be useful in
estimating the gravitational field. Evidently, the more data the user knows, the more accurate this
estimation is. Thus, the knowledge of the principal emitter accelerations will allow a better metric
estimation than if we only know the basic public data.
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Likewise, we can improve the estimation of the gravitational field by performing our positioning
system with secondary emitters. Then we increase the user information by extending the public data.

The proper user data enable the user to know the metric and its gradient on the user trajectory.
But this data must only be used in obtaining the gravitational field when we know that the user clock
and the user accelerometer are precise enough.

We finish this section with an example of data that a user can obtain from a positioning system.
And we will see the metric information that these data offer.

γ 1γ 2

τ 2
τ 1

Ω 

(public grid)

Figure 21:

Let us consider a user with no previous information on the gravitational field travelling through-
out the domain of the positioning system defined by two geodetic emitters in a flat metric. (It is
important to remark that we know that the space-time is flat but the user did not). The basic pub-
lic data {τ1, τ2; τ̄1, τ̄2} show the user a particular linear relation between the τ̄ ’s and the τ ’s. More
precisely, the principal trajectories are straight lines with a complementary slope (fig. 21), namely:

τ̄2 =ϕ1(τ1) ≡ 1
λ
τ1 + τ2

0
τ̄1 =ϕ2(τ2) ≡ 1

λ
τ2 + τ1

0

where λ > 1. Then, as a consequence of (31, 32), we obtain the metric function on the trajectories,
which is:

m(τ1) = λ , m(τ2) = λ

From this information, the inverse methods should offer us an estimation for the metric everywhere.
On the other hand, the public data {α1,α2} must vanish everywhere:

α1(τ1) = 0 , α2(τ2) = 0

Then, as a consequence of (33,34), the gradient of the metric function vanishes on the principal trajec-
tories. This new information should be added to the inverse methods in order to improve the metric
estimation.
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3.5 Positioning in the Schwarschild plane

Let us consider the metric interval in the Schwarschild plane:

ds2 = b(r)dt2 − 1
b(r)

dr2 , b(r) ≡ 1− rs

r

We can define the null coordinates {u, v} (fig. 22):

u = t + x t = 1
2 (u+ v)

v = t− x x = 1
2 (u− v)

where
x = x(σ) ≡ rs

(
σ + ln[rs(σ − 1)]

)
σ being the radial coordinate in unities of the Schwarschild radii

σ =
r
rs

> 1

Then the metric interval is
ds2 = b(σ) du dv , b(σ) ≡ 1− 1

σ

t

uv

γ 2 γ 1

Figure 22:

Now we study the positioning system defined by two stationary emitters γi. Their trajectories are
defined by the conditions:

σ = σi , 1 < σ2 < σ1

In null coordinates {u, v} the proper time principal trajectories are (fig. 23a):

γ1 ≡ u = λ1τ
1 + x1 v = λ1τ

1 − x1 γ2 ≡ u = λ2τ
2 + x2 v = λ2τ

2 − x2 (37)

where

λi =
√

σi

σi − 1
, xi = x(σi) (38)
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Then, the emitter coordinates {τ1, τ2} are defined by the change to the null system {u, v}:

u = λ1τ
1 + x1

v = λ2τ
2 − x2

τ1 = 1
λ1

(u− x1)
τ2 = 1

λ2
(v+ x2)

(39)

In these coordinates {τ1, τ2}, the emitter trajectories are (fig. 23b):

uv

γ 2 γ 1

γ 1γ 2

τ 2
τ 1

Ω 

(public grid)

Figure 23:

γ1 ≡ τ1 = τ1

τ2 =ϕ1(τ1) ≡ 1
π

(τ1 −κ)
(40)

γ2 ≡ τ1 =ϕ2(τ2) ≡ πτ2 −κ
τ2 = τ2

(41)

where π and κ are given by:

π = π(σ1,σ2) ≡

√
σ2(σ1 − 1)
σ1(σ2 − 1)

(42)

κ = κ(rs,σ1,σ2) ≡ rs

√
1− 1

σ1

[
σ1 −σ2 + ln

σ1 − 1
σ2 − 1

]
(43)

On the other hand, the principal acceleration scalars must be constant because principal trajecto-
ries are tangent to a Killing vector. Their constant value is:

αi = αi(rs,σi) ≡
1

2rs
√
σi(σi − 1)

(44)
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Then, the results in section 10 give us the metric component and its gradient on the emitter tra-
jectories, namely:

m(τ1) = π , m(τ2) = 1
π

(45)

(ln m),1 (τ1) = α1 , (ln m),2 (τ2) = −α2 (46)

where π andαi are given in (42) and (44), respectively.
Let us go now on the public data that a user traveling on emitter coordinate domain can obtain.

Moreover, we analyze the metric information that these data offer. At present we suppose that the
user have no previous knowledge on the space-time interval.

By analyzing the basic public data {τ1, τ2; τ̄1, τ̄2} a user will find a particular linear relation be-
tween the τ̄ ’s and the τ ’s. More precisely, he concludes that emitter trajectories are parallel straight
lines in his user grid, namely:

τ̄2 =ϕ1(τ1) ≡ 1
π
(τ1 −κ)

τ̄1 =ϕ2(τ2) ≡ πτ2 −κ

where the found numerical values for π and κ are, necessarily, restricted by:

1 < π , 0 < κ (47)

From here, the user knows that the metric component on the emitter trajectories is given by (45).
Then, what estimation of the gravitational field can be provided by the inverse methods?

If the user also receives the public data {α1,α2}, he will find constant values. Then the specific
numerical values that the user can obtain for {π ,κ,α1,α2} can be generated by using (42, 43, 44)
where rs and σi are numerical values restricted by:

rs > 0 , 1 < σ2 < σ1

Then, the user knows both the metric component and its gradient which are given by (45, 46). With
these wider data, what estimation of the gravitational field can be provided by the inverse methods?

All the results above are independent of the user motion. Let us consider now a stationary user
γ. His trajectory is defined by (fig. 24a):

σ = σ̄ , σ2 < σ̄ < σ1

In null coordinates {u, v} the proper time user trajectory is:

γ ≡ u = λτ + x̄ v = λτ − x̄ (48)

where

λ =
√

σ̄

σ̄ − 1
, x̄ = x(σ̄) (49)

Then, in emitter coordinates {τ1, τ2}, the user trajectory is:

γ ≡ τ1 = τ1(τ) ≡ 1
λ1

(λτ + x̄− x1)

τ2 = τ2(τ) ≡ 1
λ2

(λτ − x̄ + x2)

(50)
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Figure 24:

Thus, the user trajectory in the user grid is a straight line parallel to the emitter ones (fig. 24b),
namely:

γ ≡ τ2 =
1
π
τ1 +

1
λ1

(x1 + x2 − 2x̄) (51)

On the other hand, the user acceleration scalar take the constant value:

α = α(rs, σ̄) ≡ 1
2rs

√
σ̄(σ̄ − 1)

(52)

Then, the results in section 10 give us the metric component and its gradient on the user trajectory,
namely:

m(τ) =
λ1λ2

λ2 (53)

m,1 (τ) = α (54)

These user data could be useful in testing the metric estimation acquired from the public data.
We finish with a remark: if a user already knew that the space-time is a Schwarschild plane, the

public data allow him to determine rs and σi, that is, the Schwarschild mass and the emitter trajecto-
ries in Schwarschild coordinates. We will take this point of view in next and following sections.

4 Positioning in a known gravitational field

4.1 Positioning in flat space-time

We have already analyzed the metric information that a positioning system can provide to a user
when this one has no prior knowledge of the gravitational field. Now, we take another point of view:
the user knows the space-time where he is immersed (Minkowski, Schwarschild,..) and we want to
analyze if the public data received by the user afford information on:
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- His local unities of time and distance.

- His acceleration.

- The metric in emitter coordinates.

- The coordinate change between emitter coordinates and a characteristic coordinate system of
the given space-time (inertial in flat metric, stationary coordinates in Schwarschild o other sta-
tionary metric, ...).

- His trajectory and principal trajectories in this distinguished coordinate system.

Although the example given in the Schwarschild plane suggests that many of the results that we
present here could be generalized to other space-times, from now we focus on the flat case.

Let us consider a positioning system defined by two emitters. Their proper time history in inertial
null coordinates {u, v} are:

γ1 ≡ u = u1(τ1)v = v1(τ1) γ2 ≡ u = u2(τ2)v = v2(τ2) (55)

Then, the emitter coordinates {τ1, τ2} are defined by:

u = u1(τ1)
v = v2(τ2)

τ1 = u−1
1 (u) = τ1(u)

τ2 = v−1
2 (v) = τ2(v)

(56)

In emitter coordinates, the emitter trajectories take the expression:

γ1 ≡ τ1 = τ1τ2 =ϕ1(τ1) γ2 ≡ τ1 =ϕ2(τ2)τ2 = τ2 (57)

where the functionsϕi which give the emitter trajectories are given by:

ϕ1 = v−1
2 ◦ v1 , ϕ2 = u−1

1 ◦ u2 (58)

From here we obtain:
v1 = v2 ◦ϕ1 , u2 = u1 ◦ϕ2 (59)

These relations give the precise expression of the following fact:
if one knows the change between emitter and inertial coordinates, the basic public data determine

the principal trajectories in inertial coordinates.
On the other hand we know that the metric component in emitter coordinates depends on the

derivatives of the coordinate change, namely:

m(τ1, τ2) = u′1(τ
1)v′2(τ

2) (60)

Can we determine the functions u1(τ1) and v2(τ2) from the public data? From the acceleration
scalarsαi(τ i) obtained from the public data we can calculate the emitter shift parameters si by means
of:

si(τ i) = exp

{∫ τ i

τ i
0

αi(τ i) dτ i

}
(61)

Then, from expression (17) obtained for principal observers in flat metric we have:

u′1(τ
1) = s1(τ1) , v′2(τ

2) =
1

s2(τ2)
(62)

s2(τ2) = ϕ̇2(τ2) s1(ϕ2(τ2)) (63)

s1(τ1)ϕ̇1(τ1) = s2(ϕ1(τ1)) (64)
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These expressions allow us to state:
If a user knows the basic public data {τ1, τ2; τ̄1, τ̄2} and the acceleration of an emitter, then he

knows:

- The acceleration of the other emitter.

- The change between emitter and inertial coordinates.

- The metric interval in emitter coordinates everywhere.

- The principal trajectories in inertial coordinates.

The explicit expression for the metric component is:

m(τ1, τ2) =
s1(τ1)
s2(τ2)

(65)

Thus, we have:
in emitter coordinates the metric interval is given by the relative shift between the principal emit-

ters.
The information which a user can obtain from a emitter acceleration is given by means of some

functions depending on arbitrary constants. Indeed, (62) determines the coordinate change up to an
additive constant once we know the shift parameters. And the shift parameter s1 is fixed up to a
constant factor by the acceleration scalar α1. These freedoms simply correspond to a choice of the
inertial system.

It is worth remarking that this result shows that the public data {τ1, τ2; τ̄1, τ̄2;α1,α2} are not
independent quantities. We have stated that an acceleration scalar depends on the other public data.
Nevertheless, the constraints (63, 64) on the public data can be read in a different way. Indeed, we also
can take them as differential equations on the emitter trajectoriesϕi(τ i) if we know the acceleration
scalars. We will come back later on this point of view.

Finally we analyze if the user data {τ ,α} offer new information or they are quantities that the
user could obtain from the public data.

If we take into account the kinematic expressions obtained in the case of a flat space-time, we can
determine the user proper time function τ(τ1) and acceleration scalarα(τ):

τ(τ1) =
∫ τ1

τ1
0

√
m(τ1, F(τ1))F′(τ1) dτ1 (66)

α(τ) = (ln[u̇(τ)])˙ (67)

where τ2 = F(τ1) is the user trajectory supplied by the public data, and u(τ) = u1(τ1(τ)). Thus, if
we also take into account the results above, we can state:

If a user knows the basic public data {τ1, τ2; τ̄1, τ̄2} and the acceleration of an emitter, then he
knows:

- His local unities of time and distance.

- His acceleration

- His trajectory in inertial coordinates

We will study later stronger restrictions on the public data: no acceleration of a principal emitter
is completely arbitrary if we know the basic public data {τ1, τ2; τ̄1, τ̄2}. Before we deal with another
example of positioning system that help us to understand the user data constraints.
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4.2 Positioning with uniformly accelerated emitters

We consider now the positioning system defined by two uniformly accelerated emitters γ1, γ2 in flat
space-time. We focus on the case when the hyperbolic emitter trajectories have the same asymptotic
behavior. Then we can choose inertial null coordinates {u, v} such that the trajectories of the principal
emitters are (fig. 25a):

v u = − 1
α2

i

whereαi, 0 < α1 < α2, is the acceleration parameter of the emitter γi.
The origin in the emitter proper times can be taken such that (fig. 25a):

γi ≡ u = ui(τ i) =
1
αi

eαiτ
i
v = vi(τ i) = − 1

αi
e−αiτ

i
(68)

Then, the emitter coordinates {τ1, τ2} are defined by the change to the inertial system {u, v}:

u = u1(τ1) =
1
α1

eα1τ
1

v = v2(τ2) = − 1
α2

e−α2τ
2

τ1 =
1
α1

ln(α1u)

τ2 = − 1
α2

ln(−α2v)
(69)

v 

γ 1

γ 2

u γ 1γ 2τ 2
τ 1

Ω 

q

q

Figure 25:

In emitter coordinates {τ1, τ2}, the emitter trajectories are (fig. 25b):

γ1 ≡ τ1 = τ1

τ2 =ϕ1(τ1) ≡ 1
π

(τ1 − q)
(70)

γ2 ≡ τ1 =ϕ2(τ2) ≡ πτ2 − q
τ2 = τ2
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(71)

where
π =

α2

α1
> 1 , q =

1
α1

ln
α2

α1
> 0

γ 1γ 2τ 2
τ 1

γ 

(τ  ,  1 τ  , 2  τ  ,  1 τ  ,α1) 2

Figure 26:

Let us consider a user travelling on the positioning domain {τ1, τ2} that receives the basic public
data {τ1, τ2; τ̄1, τ̄2} and an emitter acceleration scalarα1 (fig. 26).

From these data the user knows that emitter trajectories in the public grid are the parallel straight
lines given in (70,71), where π > 1, q > 0. Moreover he also observes that γ1 is a uniformly acceler-
ated emitter with accelerationα1 restricted by:

qα1 = ln π

Then, taking into account the results in previous section, the user can obtain:

• The shift of the first emitter:
s1(τ1) = eα1τ

1

• The shift of the second emitter:

s2(τ2) = ϕ̇2(τ2) s1(ϕ2(τ2)) = eα2τ
2

, α2 ≡ πα1

• The metric component:

m(τ1, τ2) =
s1(τ1)
s2(τ2)

= eα1τ
1−α2τ

2
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• The coordinate change:

u = u1(τ1) =
∫

s1(τ1)dτ1 =
1
α1

eα1τ
1

v = v2(τ2) =
∫ 1

s2(τ2)
dτ2 = − 1

α2
e−α2τ

2

• The principal emitters in inertial coordinates:

v1(τ1) = v2[ϕ1(τ1)] = − 1
α1

e−α1τ
1

u2(τ2) = u1[ϕ2(τ2)] =
1
α2

eα2τ
2

The user can also obtain from the public data his own trajectory in the user grid. Let us assume
that this trajectory is (fig. 27a):

τ2 = F(τ1) =
1
π
τ1

so that, a straight line parallel to the emitter trajectories and that contains the grid origin. Then, from
the results above the user can obtain:

• His proper time function:

τ(τ1) =
∫ √

m(τ1, F(τ1))F′(τ1) dτ1 =
τ1
√
π

• His trajectory in inertial coordinates:

γ ≡ u = u(τ) =
π

α
eατ v = v(τ) = − 1

πα
e−ατ v u = − 1

α2

• His acceleration scalar:
α(τ) = (ln u̇)˙ =

√
α1α2 ≡ α

Thus, we have that the user also follows a uniformly accelerated trajectory with an acceleration
parameter that is the geometric average between those of the principal emitters (fig. 27b). This means
that their distances from a settled inertial observer keep the same relation. We find the parameter π
in the proper time parametrization of γ as a consequence of taking the origin in the proper time τ
that is not simultaneous (for this fixed inertial observer) with those of the principal emitters.

Any uniformly accelerated user at (relative) rest with respect to the accelerated emitters (fig. 28a)
has a trajectory in the user grid that is a straight line parallel to the principal trajectories (fig. 28b):

τ2 = F(τ1) =
1
π
τ1 + C

The geodetic user (fig. 29a):

γ ≡ u = u(τ) = τ +
1
α1

v = v(τ) = τ − 1
α1

t = τ , x =
1
α1
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γ 1γ 2τ 2
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Figure 27:

has the following trajectory in the user grid (fig. 29b):

τ2 = F(τ1) = − 1
α2

ln[π(2− eα1τ
1
)]

Finally, a comment about gravimetry. We have shown that, under the hypothesis the flat space-
time, the public data allow the user to obtain the whole information about the positioning system
and they allow the user to know his local unities of time and distance.

Nevertheless, when the user does not know the gravitational field where he is immersed, the
public data only allow the user obtain metric information along the emitter trajectories (see section
10). Thus, a user that receives the public data given above (those generated by uniformly accelerated
emitters in flat space-time) obtains the metric component and its gradient along the emitter trajecto-
ries:

m(τ1) = π , (ln m),1 (τ1) = α1 (72)

m(τ2) =
1
π

, (ln m),2 (τ2) = −πα1 (73)

It is worth pointing out that these data are those that a user obtains when travelling on the posi-
tioning domain defined by two stationary emitters in the Schwarszchild plane (equivalence princi-
ple).

What is the estimation of the gravitational field that can be provided with these data by the in-
verse methods?

4.3 Obtaining shifts by means of echo functions

At the moment we know that a user can obtain a principal shift from another one. This result is based
on the following delay system:

s2(τ2) = ϕ̇2(τ2) s1(ϕ2(τ2)) (74)

s1(τ1)ϕ̇1(τ1) = s2(ϕ1(τ1)) (75)
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It is worth analyzing these expressions in detail. They can be read as follows (fig. 30):

• If a user receives the trajectory τ̄1 = ϕ2(τ2) at time τ2 and the shift s1(τ̄1) at time τ̄1, then he
can obtain the shift s2(τ2) at time τ2.

• If a user receives the trajectory τ̄2 = ϕ1(τ1) at time τ1 and the shift s2(τ̄2) at time τ̄2, then he
can obtain the shift s1(τ1) at time τ1.

This interpretation has important consequences. Let us define the past echo functions εi as follows:

ε1 =ϕ2 ◦ϕ1 , ε2 =ϕ1 ◦ϕ2 (76)

The (past) echo functions have the following geometric interpretation (fig. 31):

• If γ1 receives at time τ1 a signal after being echoed by γ2, it must be emitted at time ε1(τ1).

• If γ2 receives at time τ2 a signal after being echoed by γ1, it must be emitted at time ε2(τ2).

Let us suppose that a user receives the emitter acceleration α1 (and so he knows the shift s1)
in the echo interval [ε1(τ1), τ1], and he also receives the basic public data {τ1, τ2; τ̄1, τ̄2} along the
arc [ϕ1(τ1),ϕ−1

2 (τ1)] that is, he knows the principal trajectoriesϕi(τ i) along this arc. Then the user
knows the shift s2 in the arc [ϕ1(τ1),ϕ−1

2 (τ1)] as a consequence of (74) (fig. 14.5). Therefore the user
knows the shift s1 in the interval [τ1,ε−1

1 (τ1)] as a consequence of (75). And so on (fig. 32).
We can obtain the analytical expression of this fact by replacing τ2 with ϕ1(τ1) in equation (74)

and substituting in (75). Then we arrive to the delay master equation:

s1(τ1) =
ϕ̇2(ϕ1(τ1))
ϕ̇1(τ1)

s1(ε1(τ1)) (77)

In a similar way we obtain:

s2(τ2) =
ϕ̇2(τ2)

ϕ̇1(ϕ2(τ2))
s2(ε2(τ2)) (78)
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Consequently:
A user knows the shift of a principal emitter provided that he receives the shift during an echo

interval and the basic public data along his trajectory.
This fact and the results in section 12 allow us to state:
If a user receives the basic public data {τ1, τ2; τ̄1, τ̄2} along his trajectory and the acceleration of

an emitter during an echo interval, then this user knows:

- His own acceleration and the acceleration of the principal emitters.

- The change between emitter and inertial coordinates.

- The metric interval in emitter coordinates everywhere.

- His trajectory and the emitter trajectories in inertial coordinates.

- His local unities of time and distance.

The delay master equation can be written in terms of the echo-operators Qi(τ i) as:

s1(τ1) = Q1(τ1)s1(ε1(τ1)) , Q1(τ1) ≡ ϕ̇2(ϕ1(τ1))
ϕ̇1(τ1)

(79)

s2(τ2) =
1

Q2(τ2)
s2(ε2(τ2)) , Q2(τ2) ≡ ϕ̇1(ϕ2(τ2))

ϕ̇2(τ2)
(80)
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From the delay master equations we can obtain delay equations for the emitter acceleration
scalars (fig. 33a):

α1(τ1) =
Q̇1(τ1)
Q1(τ1)

+α1(ε1(τ1))ε̇1(τ1) (81)

α2(τ2) = − Q̇2(τ2)
Q2(τ2)

+α2(ε2(τ2))ε̇2(τ2) (82)

Evidently, we can obtain the shift further from an echo interval by applying the delay master
equation repeatedly. This fact can be expressed by using the n-echo-operators Πn

i (τ
i) (fig. 33b):

s1(τ1) = Πn
1(τ

1)s1(εn
1(τ

1)), Πn
1(τ

1) ≡
n−1

∏
r=0

Q1(εr
1(τ

1)) (83)

s2(τ2) =
1

Πn
2(τ2)

s2(εn
2(τ

2)), Πn
2(τ

2) ≡
n−1

∏
r=0

Q2(εr
2(τ

2)) (84)

In positioning with uniformly accelerated emitters we obtain:

Q̇1 = Q̇2 = 0 , ε̇1 = ε̇2 = 1

Then, if a user receives a constant emitter acceleration during an echo interval, the delay master
equation forces the acceleration to take the same constant value along the emitter trajectory.

4.4 Systems with cutting principal trajectories

Let us suppose that emitter trajectories cut at the event P at proper times τ0
1 and τ0

2 (fig. 34a):

γ1(τ0
1 ) = γ2(τ0

2 ) = P
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Then, successive applications of the echo functions on a proper time τ i, give a time closer and
closer to τ i

0 (fig. 34b). In fact, one has:

lim
n→∞εn

1(τ
1) = τ1

0 , lim
n→∞εn

2(τ
2) = τ2

0

Consequently, applying the process of the delay master equations indefinitely we obtain:

s1(τ1) = Π1(τ1)s0
1 , s2(τ2) =

1
Π2(τ2)

s0
2 (85)

where s0
i are the principal shifts at the cut event, s0

i = si(τ i
0), and Πi(τ i) are the cutting-delay-

operators:
Π1(τ1) = lim

n→∞ Πn
1(τ

1) , Π2(τ2) = lim
n→∞ Πn

2(τ
2) (86)

In terms of the accelerations the cutting delay equations (85) become:

α1(τ1) =
Π̇1(τ1)
Π1(τ1)

, α2(τ2) = − Π̇2(τ2)
Π2(τ2)

(87)

Thus, we can state (fig. 15.3):
A user knows an emitter acceleration from the cut event provided that he receives the basic public

data from the cut event.
Once the user knows a principal acceleration he can obtain, as in the generic (non cutting) case, his

proper time and his acceleration as well as the elements of the positioning system, namely, metric in
emitter coordinates, change to inertial coordinates and the emitter trajectories in inertial coordinates.
It is worth remarking an important fact for the case of cutting principal emitters: the basic public
data are sufficient to determine the metric everywhere. Indeed, we know that the basic public data
determine the metric along the emitter trajectories, and so, at the cut event too. Moreover, from (85)
we have:

m(τ1, τ2) =
s1(τ1)
s2(τ2)

= Π1(τ1)Π2(τ2)
s0

1

s0
2

= Π1(τ1)Π2(τ2)m(τ1
0 , τ2

0 )
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Finally, one obtains:

m(τ1, τ2) =
Π1(τ1)Π2(τ2)√
ϕ̇1(τ1

0 )ϕ̇2(τ2
0 )

(88)

where the operators Πi(τ i) are given in (86). So, we can state (fig. 35a):
In a positioning system with cutting emitters any user knows the metric everywhere provided

that he receives the basic public data from the cut event.
We can apply this result to the positioning system with two inertial emitters (fig. 35b). When they

are in relative motion, they have cutting trajectories, and

ϕ̇1(τ1
0 ) = ϕ̇1(τ1) =

∆τ̄1

∆τ1 , ϕ̇2(τ2
0 ) = ϕ̇2(τ2) =

∆τ̄2

∆τ2

Moreover, in this case Πi(τ i) = 1. Consequently, a user that only receives the public data from
the cut event, and without measuring any acceleration, knows that the metric interval in emitter
coordinates is:

ds2 =

√
∆τ1∆τ2

∆τ̄1∆τ̄2 dτ1dτ2 (89)

It is worth pointing out the advantages or limitations in using the cutting delay equation. We can
use it when a user receives the basic public data from the cut event; and then he does not need any
information on the emitter accelerations (fig. 36b). On the contrary, when the user only receives the
public data at present times, he must receive an emitter acceleration in an echo interval and he will
use the delay master equation in order to obtain the characteristics of the positioning system (fig.
36a).

4.5 Systems with a given public grid
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Figure 33:

Any user travelling in the positioning domain and receiving the basic public data {τ1, τ2; τ̄1, τ̄2}
obtains the emitter trajectories and he can draw them on the public grid (fig. 37a).

It is worth remarking that if a receiver travelling outside the emitter coordinate domain receives
the basic public data, he can also draw the public grid. Evidently, in this case he is not a user of
the positioning system: he does not know his own emitter coordinates and he can not draw his own
trajectory on the public grid. More precisely, independently of his trajectory, he receives the same
public data that the next emitter. This receiver can not use the system for positioning, but he can
make gravimetry or he can control the system (fig. 37b).

Previously we have seen that the knowledge of more than the basic public data (an acceleration
during an echo interval; or the emitter trajectories from the cut event when cutting emitters) allow
any user to know the system completely. But when this complementary information is unknown,
what are the positioning systems compatible with a public grid? (fig. 38a).

In order to answer this question we must find out which accelerations are compatible with fixed
basic public data, that is, we must obtain the shifts s1(τ1) which are the solution to the delay master
equation:

s1(τ1) = Q1(τ1)s1(ε1(τ1)) (90)

where Q1 and ε1 are given functions depending on the basic public data:

Q1(τ1) ≡ ϕ̇2(ϕ1(τ1))
ϕ̇1(τ1)

, ε1(τ1)) =ϕ2(ϕ1(τ1))

If Q1 andε1 are known functions, this expression constitutes a delay equation for s1(τ1). Evidently,
if we give an arbitrary function in the interval [ε1(τ1), τ1], we can generate a unique solution to (90).
So that:

• The basic public data {τ1, τ2; τ̄1, τ̄2} fix the positioning system up to an arbitrary function given
in an echo interval (fig. 38b).

• In a positioning system with cutting emitters the basic public data {τ1, τ2; τ̄1, τ̄2} from the cut
event fix the positioning system (fig. 38c).
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We have seen above that the public grid in fig. 15.4 only corresponds to the positioning system
generated by two inertial emitters in relative motion. Nevertheless, we will show in next section that
the public grid in fig. 20a corresponds to the positioning system with inertial emitters at rest with
each other, but also to a wider family of positioning systems.

4.6 Equi-shift positioning systems

Let γ(τ) be an observer travelling on the domain of the emitter coordinates {τ1, τ2}:

γ ≡ τ1 = τ1(τ) τ2 = τ2(τ) (91)

The derivative τ̇ i(τ) of the proper time functions τ i(τ) gives the shift of the observer γ relative to the
τ i-principal observers of the emitter coordinates and, in particular, relative to the principal emitter γi
(fig. 39a).

We say that γ(τ) is an equi-shift observer of a positioning system when he has equal shift relative
to the principal emitters,

τ̇1(τ) = τ̇2(τ)

This condition defines a congruence of equi-shift observers whose trajectories in emitter coordi-
nates, τ2 = F(τ1), are parallel to the public grid bisector, F′(τ1) = 1, (fig. 39b):

τ2 = τ1 + C

In positioning with uniformly accelerated emitters the trajectory of the equi-shift observers in
inertial coordinates {u, v} are (fig. 40):

vuπ = K

In positioning with inertial emitters at rest with each other, the equi-shift observers are the inertial
observers at rest with respect to the principal emitters (fig. 41). In particular, principal emitters are
equi-shift observers. This property suggests the following definition:
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We say that a Coll system is an equi-shift positioning system when principal emitters are equi-
shift observers (fig. 42a).

A positioning system is an equi-shift system iff the basic public data satisfy:

ϕ̇1(τ1) = 1 , ϕ̇2(τ2) = 1 (92)

The positioning system defined by inertial emitters at rest with each other is an equi-shift system.
What are the other equi-shift systems?

The public grid of an equi-shift positioning system will be fixed when one gives the parameter
that controls the ’grid distance’ between the emitters (we identify the public grids which only differ
in the grid origin, that is, in the zero of the emitter clocks). Indeed, from (92) we learn that the basic
public data imply:

ϕ1(τ1) = τ1 − C1 , ϕ2(τ2) = τ2 − C2 (93)

where T = C1 + C2 is a parameter that does not depend on the grid origin and that controls the ’grid
distance’ between the emitters (fig. 42a).

For an equi-shift system, the echo-function ε1(τ1) and the echo-operator Q1(τ1) are, respectively,

ε1(τ1) = τ1 − T , Q1(τ1) = 1

Consequently, for the equi-shift systems the delay master equation becomes

s1(τ1) = s1(τ1 − T) (94)

Thus, we have obtained:
The emitter shift parameters s1(τ1) and s2(τ2) are periodic functions with period T.
So, if we give the shift parameter s1(τ1) as an arbitrary function on an echo interval, the equation

(94) gives it everywhere. Moreover if we take into account (74), we obtain:

s2(τ2) =
1

s1(τ2 − T/2)
(95)
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On the other hand, from the relationship between shift and acceleration, an emitter scalar accel-
eration can be taken as an arbitrary T-periodic function. More precisely, from the results in section
12, we have:

An equi-shift positioning system is determined by a ’grid distance parameter’ T ≥ 0 and an
arbitrary periodic function f (x) with period T. Furthermore:

• The emitter shifts are T-periodic functions given by:

s1(τ1) = f (τ1) , s2(τ2) = f (τ2 − T/2)

• The emitter scalar accelerations are T-periodic functions given by:

α1(τ1) = (ln f (τ1))˙ , α2(τ2) = −α1(τ2 − T/2)

• The metric interval in coordinates {τ1, τ2} is:

d s2 =
f (τ1)

f (τ2 − T/2)
dτ1 dτ2

• The metric change to the inertial coordinates {u, v} is:

u = u1(τ1) = u0
1 +

∫ τ1

0 f (x)dx
v = v2(τ2) = v0

2 +
∫ τ2

0
1

f (x−T/2) dx

• The emitter trajectories in inertial coordinates {u, v} are:

γ1 ≡ u = u1(τ1)
v = v1(τ1) = v2(τ1 − T/2)
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γ2 ≡ u = u2(τ2) = u1(τ2 − T/2)
v = v2(τ2)

Two ending remarks. The emitter trajectories in inertial coordinates {u, v} are determined if we
give them in a period. For example, the function u1(τ1) satisfies (fig. 42b):

u1(τ1 + T) = u1(τ1) + K , K ≡
∫ T

0
f (x)dx

On the other hand, the emitter trajectories v = vi(u) in inertial coordinates satisfy (fig. 42b):

v2(u) = v1(u) + L = v1(u+ K) , L ≡
∫ T

0

1
f (x)

dx

Let us note that we obtain the positioning system with two inertial emitters by taking f (x) = 1.

4.7 Positioning systems with a geodetic emitter

In previous sections we have considered the delay system (74,75) and the delay master equations
(77) and (78) as equations for the emitter shifts if we know the emitter trajectories (basic public data).
Nevertheless we can also read them as equations for the emitter trajectories ϕi(τ i) if we know the
emitter accelerations. In this section we take this point of view in order to understand the behavior
of our positioning systems better.

A first analysis of the system (74,75) leads to:
Any of the following conditions implies the other ones:

• Both emitters are geodesic.

• An emitter is geodesic and its trajectory is a straight line in the public grid.
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• An emitter is geodesic and the other one follows a straight line trajectory in the public grid.

• The trajectory of both emitters in the public grid are straight lines with complementary slope.

But it is worth remarking that:

- The public trajectory of a non geodetic emitter can be a straight line (see first example below).

- A geodetic emitter can have a trajectory that is not a straight line in the public grid (see second
example below).

- Both trajectories of non geodetic emitters can be straight lines in the public grid (uniformly
accelerated emitters).

All these questions about the behavior of the emitters in the public grid can be studied for non
geodetic emitters by using basic properties that follow from the delay master equation (77):

• If one knows the shift parameter s1(τ1) and the public trajectoryϕ1(τ1) of emitter γ1, then the
public trajectoryϕ2(τ2) of emitter γ2 can be obtained from the expression:

∫ ϕ2(τ2)

ϕ2(τ2
0 )

s1(τ̄1) dτ̄1 =
∫ ϕ−1

1 (τ2)

ϕ−1
1 (τ2

0 )
s1(τ1)[ϕ̇1(τ1)]2 dτ1 (96)

• If one knows the shift parameter s1(τ1) of emitter γ1 and the public trajectoryϕ2(τ2) of emitter
γ2, then the public trajectoryϕ1(τ1) of emitter γ1 can be obtained from the expression:

∫ τ1

τ1
0

dτ1

s1(τ1)
=

∫ ϕ1(τ1)

ϕ1(τ1
0 )

dτ2

s1(ϕ2(τ2))ϕ̇2(τ2)
(97)

In particular, we have:
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• If emitter γ1 is geodesic and one knows the public trajectory ϕ1(τ1) of emitter γ1, then the
public trajectoryϕ2(τ2) of emitter γ2 can be obtained from the expression:

ϕ2(τ2) =ϕ2(τ2
0 ) +

∫ ϕ−1
1 (τ2)

ϕ−1
1 (τ2

0 )
[ϕ̇1(τ1)]2 dτ1 (98)

• If the emitter γ1 is geodesic and one knows the public trajectoryϕ2(τ2) of the emitter γ2, then
the public trajectoryϕ1(τ1) of the emitter γ1 can be obtained from the expression:

τ1 = τ1
0 +

∫ ϕ1(τ1)

ϕ1(τ1
0 )

dτ2

ϕ̇2(τ2)
(99)

As a first example, consider a positioning system with an emitter γ1 whose scalar acceleration
and public trajectory are given, respectively, by (fig. 43a):

α1(τ1) = 1 , ϕ1(τ1) = τ1

Thus, γ1 is a uniformly accelerated emitter that is an equi-shift observer for the positioning system.
Then, equation (96) implies that the public trajectory of the second emitter γ2 is (fig. 43a):

ϕ2(τ2) = ln(eτ
2 − p) , p > 0

From this, together with the delay equations, we learn that γ2 in a uniformly accelerated emitter,
with the same acceleration parameter as γ1,α2 = 1. Moreover, the trajectories of the emitters γ1 and
γ2 in inertial coordinates are, respectively (fig. 43b):

v u = −1 , v (u+ p) = −1
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As a second example we consider a positioning system defined by an inertial emitter and a uni-
formly accelerated emitter. More precisely, in inertial coordinates the emitter proper time parameter-
izations are (fig. 44a):

γ1 ≡ u = eτ
1
v = −e−τ

1
γ2 ≡ u = τ2 v = τ2 (100)

Then, the emitter trajectories in the public grid are (fig. 44b):

γ1 ≡ τ1 = τ1

τ2 =ϕ1(τ1) ≡ −e−τ
1

(101)
γ2 ≡ τ1 =ϕ2(τ2) ≡ ln τ2

τ2 = τ2

(102)
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Classical frames

Relativistic frames

Coordinates: Newtonian and Lorentzian frames 4

A few moments ago, Tolo has emphasized a very suitable way to

visualize a space–time coordinate system.

One starts from:

four families of coordinate 3−surfaces.

Then, its mutual cuts give

six families of coordinate 2−surfaces and

four congruences of coordinate lines.
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CAUSAL STRUCTURES

Newtonian Lorentzian

Coordinates: Newtonian and Lorentzian frames 10

We will consider space–time frames and coordinate systems and we will

classify them from the causal point of view.

A frame is an ordered basis of vectors (of the tangent space) at a

given space–time event.

Each pair or each trio of independent vectors generate a 2-plane or a

3-plane, respectively. These are called the adjoint planes associated

with the frame.

We will distinguish between

Newtonian and Lorentzian frames

depending on the underlying physics.

Coordinates: Newtonian and Lorentzian frames 11

The diversity in building space–time coordinates systems is directly

related to the causal character of the frame vectors and their adjoint

planes.

If the frame is a coordinate frame, these ingredients give the causal

character of the lines and surfaces associated with the coordinate system.
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CAUSAL CLASSES
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CAUSAL CLASSES

{t t t t, TTTTTT, eeee} {eeee, EEEEEE, l l l l}

Coordinates: Newtonian and Lorentzian frames 16

In dealing with Newtonian or Lorentzian frames a remarkable difference

immediately appears.

In Relativity one have a space-time metric and then one can identify

vectors and covectors.

In Newtonian physics, one have two degenerate metrics (one for

measure time intervals and another to measure distances).

Only space-like or instantaneous vectors may be metrically

associated with covectors (via the spatial contra-metric).

Coordinates: Newtonian frames
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NEWTONIAN SPACE-TIME

CCC

B

A

BB

AA

d(A,C)

|t(A)-t(B)|

θ = dtT = θ o θ,

γ∗ ,  γ∗(θ) = 0
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Temporal current

A (temporal) current on an observer congruence ξ is a 1−form θ on

M4 such that i(ξ)θ �= 0.

Unit of time

A parametrization ξ̃ of ξ such that i(ξ̃)θ = 1 is said a unit of time
over ξ relative to θ.

The parameter τ of each integral curve of ξ̃ is defined up to an

additive constant.

Uniform current

A current θ is said uniform if is ξ̃- invariant,

L(ξ̃)θ = 0, with i(ξ̃)θ = 1

(ξ̃ and τ are also named uniform.)

Coordinates: Newtonian and Lorentzian frames 22

Galileo space–time

{M4, θ, γ
∗}

M4 ≡ R
4

θ: uniform temporal current on every observer congruence.

γ∗: contra–metric of signature (0, +, +, +)

γ∗(θ) = 0
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On the other hand, in dealing with the equations of motion, one needs

to introduce an affine connection on the space-time extension.

In Relativity, this connection is provided by the Lorentzian

space-time metric.

In contrast, the existence of a Newtonian connection is an

independent hypothesis which we must add. It can not be obtained

from the two degenerate Newtonian metrics.

Coordinates: Newtonian and Lorentzian frames 23

Galileo–Newton space–time

{M4, θ, γ
∗,∇}

{M4, θ, γ
∗} : Galilean structure

∇: symmetric affine connection on M4

There exist a congruence of observers ξ admitting an adapted coordinate

system {x0, xi} (ξ = ∂0) in which the coefficients of ∇ vanish

(Γµ
αβ = 0) and

γ∗ = δij ∂

∂xi
⊗ ∂

∂xj

These observers and coordinates are named inertial.

Coordinates: Newtonian and Lorentzian frames 24

The assumptions of Newtonian physics are recovered from the above

definition:

The current θ is closed, dθ = 0.

/ L(ξ̃)θ = i(ξ̃)dθ + di(ξ̃)θ = i(ξ̃)dθ /

A global function (coordinate) t : M4 −→ R exists such that θ = dt.

t is determined up to an additive constant function (t → t + t0) and

|(t(p) − t(q)|

is the absolute temporal interval between p and q.

Coordinates: Newtonian and Lorentzian frames 26

Both θ and γ∗ are invariant by parallel transport,

∇θ = 0 and ∇γ∗ = 0

(this follows immediately in inertial coordinates.)

On each instant Sp one has a flat Euclidean metric γ whose

expression in any inertial system is

γ = δij dxi ⊗ dxj

Coordinates: Newtonian frames
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NEWTONIAN CAUSAL CHARACTER
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Newtonian causal character of vectors and fields

Let v ∈ TpM4 − {0} be a vector at p,

v is

⎧⎨
⎩space − like if θp(v) = 0

time − like if θp(v) �= 0

v is future (resp. past) oriented if θp(v) > 0 (resp. θp(v) < 0)

– A vector field ξ is called space–like (time–like) if ξp is space–like

(time–like) at every point p in the domain of ξ.

– A basis has at most three space–like vectors.

– There exist four causal types of Newtonian bases,

{t, e, e, e}, {t, t, e, e}, {t, t, t, e}, {t, t, t, t}
(t: time–like; e: space–like)
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Newtonian causal character of covectors and 1–forms

Let ω ∈ T ∗
p M4 − {0} be a covector at p,

ω is

⎧⎨
⎩space − like if γ∗

p(ω) �= 0

time − like if γ∗
p(ω) = 0

– A 1–form α is space–like (time–like) if, αp is space–like (time–like)

at every p in the domain of α.

{θ} is the sole time–like codirection

– A cobasis has at most one time–like covector.

– There exist two causal types of cobasis,

{τ, ε, ε, ε}, {ε, ε, ε, ε}
(τ : time–like; ε: space–like)
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Newtonian causal character of planes and surfaces

Let Π ⊆ TpM4 be a r-plane,

- Π is space–like if every v ∈ Π is space–like.

- Π is time–like if there exists a time–like vector v ∈ Π.

– Two (resp. three) linearly independent space–like vectors generate a

space–like 2−plane (resp. 3−plane).

A r-surface S ⊆ M4 is said space–like (resp. time–like) if

∀p ∈ S, TpS is a space–like (resp. time–like) r-plane

Coordinates: Newtonian and Lorentzian frames 35

Dual basis and causal character

Every Newtonian basis {b(1), b(2), b(3), b(4)} has associated its

dual (co)basis {θ(1), θ(2), θ(3), θ(4)},

θ(µ)(b(ν)) = δµ
ν = b(ν)(θ(µ))

The covector θi is time-like (space–like) iff the 3−plane generated

by {b(j)}j �=i is space–like (time–like)
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Causal classification of Newtonian frames

Causal classes of Newtonian frames.

basis 2-planes 3-planes dual basis

{t, e, e, e} {T, T, T, E, E, E} {T, T, T, E} {τ, ε, ε, ε}
{t, t, e, e} {T, T, T, T, T, E} {T, T, T, T} {ε, ε, ε, ε}
{t, t, t, e} {T, T, T, T, T, T} {T, T, T, T} {ε, ε, ε, ε}
{t, t, t, t} {T, T, T, T, T, T} {T, T, T, T} {ε, ε, ε, ε}

t, T, T, τ : time–like e, E, E, ε: space–like

Coordinates: Newtonian frames
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Newtonian coordinates

Newtonian coordinates in 4D.

Geocentric inertial spherical coordinates: {t, Φ, θ, r}.
This coordinate system belongs to the causal class

{teee, TTTEEE, τεεε}

Geocentric rotating spherical coordinates: {T, φ, θ, r}.⎧⎨
⎩T =

Φ
ω

φ = Φ − ωt

This coordinate system belongs to the causal class

{ttee, TTTTTE, εεεε}
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NEWTONIAN COORDINATES
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Rotating coordinates

r = R θ = 0
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ωt
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NEWTONIAN COORDINATES
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- All the coordinate 3–surfaces are time–like.

- All the coordinate 2–surfaces are time–like except the generated by

{∂θ, ∂r}, which is space–like.

- Coordinate lines T = var (constant φ, θ, r) are time–like.

- Coordinate lines φ = var (constant T, θ, r) are time–like.

- All the 1-forms dT, dφ, dθ and dr are space–like.

- All the coordinates T, φ, θ, r are space–like.
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Newtonian coordinates in 3D.

An inertial coordinate system {t, x, y} belongs to the common

causal class {tee, TTE, τεε}.
Using a Galileo–like transformation, we can introduce the following

coordinates: ⎧⎪⎪⎨
⎪⎪⎩

x = x

x′ = x + αt (α �= 0)

y′ = y

Then, the coordinate system {x, x′, y′} belongs to the causal class

{tte, TTT, εεε}.
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Moreover, if we consider the following coordinates

⎧⎪⎪⎨
⎪⎪⎩

x̄ = x + βy (β �= 0)

x′ = x + αt (α �= 0)

y′ = y

the coordinate system {x̄, x′, y′} belongs to the causal class

{ttt, TTT, εεε}.

This construction we have done in 3D can be extended to any dimension.

Coordinates: Newtonian frames

NEWTONIAN SPACE-TIME
x = constant

x' = x - vt = constant

{ttt,TTT, εεε}

Coordinates: Newtonian and Lorentzian frames
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Two vertical cons with separated vertices cut along an hyperbola if they

have the same opening and orientation.

The tangent vector to the hyperbola is time-like at every point up at the

vertex, where it is space–like.

Coordinates: Newtonian and Lorentzian frames 2

Classical frames

Relativistic frames

Coordinates: Newtonian and Lorentzian frames 3

Minkowski space–time

The Minkowski space–time is a differentiable manifold M4

diffeomorphic to R
4 and endowed with a flat Lorentzian metric, g.

In dimension n = 4, a metric g is Lorentzian iff det g < 0.

Signature election: (− + ++)

Coordinates: Newtonian and Lorentzian frames 4

Causal character of vectors and covectors

x �= 0 is

⎧⎪⎪⎨
⎪⎪⎩

space − like if g(x, x) > 0

time − like if g(x, x) < 0

light − like or null if g(x, x) = 0

The causal character of a covector θ ∈ T ∗
p M4 is, by definition, the

causal character of the vector x ∈ TpM4 associated to θ by the

contra–metric g∗ = g−1, x = g−1(θ). In components, xα = gαβθβ .

Coordinates: Newtonian and Lorentzian frames 5

Three basic properties

Any vector which is orthogonal to a time–like one is necessarily

space–like.

If x is time–like and y is time–like or null, then x · y �= 0.

Two null vectors are collinear iff they are orthogonal.
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Orthonormal frames

An orthonormal frame {eα} satisfies

ηαβ ≡ gαβ ≡ g(eα, eβ) =

⎛
⎜⎜⎜⎜⎜⎝

−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠

and it belongs to the causal class

{t e e e, T T T E E E, t e e e} (3 : 10 : 3)

Coordinates: Newtonian and Lorentzian frames 7

Real null frames

Given an orthonormal basis {e0, e1, e2, e3}, one defines

l =
1√
2
(e0 + e1), n =

1√
2
(e0 − e1), e2 = p, e3 = q

The basis {l, n, p, q} is named a real null frame. Then,

l2 = n2 = 0, l · n = −1, p2 = q2 = 1, l · p = n · q = p · q = 0

and the metric writes

g = −l⊗̃n + p ⊗ p + q ⊗ q

Real null frames belong to the causal class

{l l e e, T LLLLE, l l e e} (4 : 17 : 4)

Coordinates: Newtonian and Lorentzian frames 8

Causal character of planes

Let Π be a r–plane. One says that

Π is space–like if all the vectors of Π are space–like.

Π is time–like if there exists a time–like vector v ∈ Π.

Π is light–like or null in other case.

Any null plane contains a sole null direction. All the other direction

are space–like.

A r–plane Π is null iff ∃ l ∈ Π, x · l = 0 ∀x ∈ Π.

School on Relativistic Coordinates, Reference and Positioning Systems. Salamanca, January 2005.

Space-like plane

CAUSAL STRUCTURE

Coordinates: Lorentzian frames

School on Relativistic Coordinates, Reference and Positioning Systems. Salamanca, January 2005.

CAUSAL STRUCTURE

Coordinates: Lorentzian frames

Time-like plane

Coordinates: Lorentzian frames
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Null or light-like plane
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Π is time − like iff Π⊥ is space − like

Π is space − like iff Π⊥ is time − like

Π is light − like iff Π⊥ is light − like

Coordinates: Newtonian and Lorentzian frames 11

Causal character of a 2–plane

Let Π be the 2-plane generated by {x, y} and let us denote

∆ ≡ x2y2 − (x · y)2

Then

Π is

⎧⎪⎪⎨
⎪⎪⎩

space − like if ∆ > 0

time − like if ∆ < 0

light − like if ∆ = 0

(signature independent criterion)

Coordinates: Newtonian and Lorentzian frames 12

Causal character of a 3–plane

Let Π be the 3-plane generated by {x, y, z} and let us denote

∆ ≡ (∗(x ∧ y ∧ z))2

Then

Π is

⎧⎪⎪⎨
⎪⎪⎩

space − like if ∆ < 0

time − like if ∆ > 0

light − like if ∆ = 0

(signature dependent criterium)

Coordinates: Newtonian and Lorentzian frames 13

Frame causal characters

Vectors {eα} g(eα, eα) = gαα

Adjoint 2 − planes {eα, eβ} ∆αβ = e2
αe2

β − (eα · eβ)2

Adjoint 3 − planes {eα, eβ , eγ} ∆αβγ = (∗(eα ∧ eβ ∧ eγ))2

Coordinates: Newtonian and Lorentzian frames 14

Signature of a Lorentzian metric

The sign of the signature of a four–dimensional Lorentzian metric is

determined if one knows:

i) the causal character of an arbitrary vector,

ii) the causal character of a 2-plane that contains the above vector, and

iii) the causal character of a vector orthogonal to this 2–plane.

– B. Coll and J. A. Morales, Comments on space–time signature, J.

Math. Phys. 34, 2468–2474 (1993).

Coordinates: Newtonian and Lorentzian frames 15

Non–orthogonal frames

We consider a few examples of other less usual bases

1. Starting from an orthonormal frame {eα}, one can construct the

basis

b0 =
1√
2
(e0 + e1 + e2 + e3)

b1 =
1√
2
(e0 − e1 + e2 + e3)

b2 =
1√
2
(e0 + e1 − e2 + e3)

b3 =
1√
2
(e0 + e1 + e2 − e3)
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The expression of the metric in this basis is

gαβ ≡ g(bα, bβ) =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0

0 1 −1 −1

0 −1 1 −1

0 −1 −1 1

⎞
⎟⎟⎟⎟⎟⎠

Now, all the frame vectors are space–like. The three {b1, b2, b3}
generate the 3–plane T 0

3 orthogonal to b0. Now this 3–plane is

time–like. But, what about the causal character of the others

3–planes {b0, bi, bj}? In fact, this frame belongs to the causal class

{e e e e, E E E L L L, e l l l} (1 : 7 : 2)

Coordinates: Newtonian and Lorentzian frames 17

2. Starting from an orthonormal frame {eα}, one can construct the

basis

l0 =
1√
2
(
√

3e0 + e1 + e2 + e3)

l1 =
1√
2
(
√

3e0 − e1 + e2 + e3)

l2 =
1√
2
(
√

3e0 + e1 − e2 + e3)

l3 =
1√
2
(
√

3e0 + e1 + e2 − e3)

Coordinates: Newtonian and Lorentzian frames 18

The expression of the metric in this basis is

gαβ ≡ g(lα, lβ) =

⎛
⎜⎜⎜⎜⎜⎝

0 −1 −1 −1

−1 0 −1 −1

−1 −1 0 −1

−1 −1 −1 0

⎞
⎟⎟⎟⎟⎟⎠

Now, all the frame vectors are light–like. The six 2–planes and the

four 3–planes associated with the frames are all time–like, and its

causal class is

{l l l l, T T T T T T, e e e e} (11 : 28 : 1)

Coordinates: Newtonian and Lorentzian frames 19

Galileo-like transformations and Minkowski space-time

Minkowski 2–D

ds2 = −dt2+dx2 = /t = t, x′ = x + αt/ = (α2−1)dt2+dx′2−2αdt dx′

The coordinate basis {∂t, ∂x′} belongs to the causal class

{t e, t e} if α < 1
{l e, t l} if α = 1
{e e, t l} if α > 1

Coordinates: Newtonian and Lorentzian frames 20

Minkowski 2–D

ds2 = −dt2 + dx2 = /x = x, x′ = x + βt, β �= 0/ =

= (1 − 1
β2

)dx2 − 1
β2

dx′2 +
2
β2

dx dx′

The coordinate basis {∂x, ∂x′} belongs to the causal class

{t t, e e} if β < 1
{l t ,e l} if β = 1
{e t, e t} if β > 1

Coordinates: Newtonian and Lorentzian frames 21

Minkowski 3–D

ds2 = −dt2 + dx2 + dy2 = /x = x, x′ = x + αt, y′ = y + βt/ =

= (−1 + α2 + β2)dt2 + dx′2 + dy′2 − 2αdt dx′ − 2βdt dy′

The coordinate basis {∂t, ∂x′ , ∂y′} belongs to the causal class

{tee, TTE, tee} if α2 + β2 < 1

{lee, TTE, tee} if α2 + β2 = 1, β �= 0

{lee, TLE, tle} if α2 + β2 = 1, β = 0

{eee, ◦ ◦ E, t ◦ ◦} if α2 + β2 > 1
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Minkowski 3–D

α2 + β2 > 1

|β| < 1

⎧⎪⎪⎨
⎪⎪⎩

|α| < 1 {eee, TTE, tee}
|α| = 1 {eee, TLE, tle}
|α| > 1 {eee, TEE, tte}

|β| = 1

⎧⎪⎪⎨
⎪⎪⎩

|α| < 1 {eee, LTE, tel}
|α| = 1 {eee, LLE, tll}
|α| > 1 {eee, LEE, ttl}

|β| > 1

⎧⎪⎪⎨
⎪⎪⎩

|α| < 1 {eee, ETE, tet}
|α| = 1 {eee, ELE, tlt}
|α| > 1 {eee, EEE, ttt}
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n–dimensional aspects

Causal type

Let r be a frame constituted by p time–like, q null and r space–like

vectors, p + q + r = n.

The triplet (p, q, r) is called the causal type of r.

Causal type order

On the set of causal types, we defines the following order:

(p, q, r) precedes (p′, q′, r′) if r > r′ or r = r′ and q > q′.

Causal signature

The ordinal of the causal type is called the causal signature of r.

Coordinates: Newtonian and Lorentzian frames 24

Causal signature

The causal signature σ of a frame r of causal type (p, q, r) is given

by

σ =
1
2
(p + q)(p + q + 1) + p + 1

Conversely, the causal type can be obtained from the causal signature.

Let σ be the causal signature of a frame; its causal type (p, q, r) is

given by

p = σ − 1 − 1
2
s(s + 1), q = s − p, r = n − s

where

s = E(
1
2
[
√

8σ − 7 − 1])

E being the integral part function.
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Causal signature

The causal signature σ of a frame is an integer which satisfies

1 ≤ σ ≤ 1
2
(n + 1)(n + 2)

σ = 1 (0, 0, n) n space − like vectors

σ = 1 + 1
2n(n + 1) (0, n, 0) n light − like vectors

σ = 1
2 (n + 1)(n + 2) (n, 0, 0) n time − like vectors

σ = 3 (1, 0, n − 1) normal frames

σ = 4 (0, 2, n − 2) null frames

... ... ...

Coordinates: Newtonian and Lorentzian frames 26

Frames and coframes

Let r be a Lorentzian frame in dimension n.

If σ(r) = 1, then σ(r∗) = 1, 2, ..., (n + 1)(n + 2)/2.

If σ(r) = 2, then σ(r∗) = 1, 2, 3, 4, 5.

If σ(r) = 3, then σ(r∗) = 1, 2, 3.

If σ(r) = 4, then σ(r∗) = 1, 2, 4.

If σ(r) = 5, then σ(r∗) = 1, 2.

If σ(r) ≥ 6, then σ(r∗) = 1.

Coordinates: Newtonian and Lorentzian frames 27

The case σ(r) = σ(r∗) = 2

The frame and its dual are of causal type (0, 1, n− 1), and there are two

different situations:

(α) Their space–like vectors generate a null hyperplane, all the other

being time–like; in this case the null vectors of r and r∗ are not

collinear.

(β) Their space–like vectors generate a time–like hyperplane in such a

way that n − 2 of these vectors are orthogonal to the null vector of

the frame; in this case the null vectors of r and r∗ are collinear.
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Lorentzian frames and coframes

σ∗\σ 1 2α 2β 3 4 5 6 ... k ...

1 � � � � � � ... � ...

2 � � � � � �
3 � � �
4 � � �
5 � �
6 �
... ...

m �
... ...
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Lorentzian types of frames

In a Lorentzian space of dimension n > 2, the number N of canonically

ordered frames {r, r∗} having different causal character is given by

N = (n + 1)(n + 2) + 9

In dimension n = 2 and n = 3, the causal type {r, r∗} determines the

causal class.

In dimension n = 2 there exist 6 different causal classes of

Lorentzian frames:

{ee, tt}, {le, tl}, {te, te}, {ll , ll}, {tl , le}, {tt , ee}

Coordinates: Newtonian and Lorentzian frames 30

In dimension n = 3 there exist 29 different causal classes of

Lorentzian frames.
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In dimension n = 4, there exist

- 15 causal types of Lorentzian frames

- 39 canonically ordered Lorentzian pairs {r, r∗}

- 28 ordered causal configurations of adjoint 2-planes,

and

- ¿...? causal classes of Lorentzian frames.

Coordinates: Newtonian and Lorentzian frames 32

Lorentzian causal classes of frames

A Lorentzian frame {v1, v2, v3, v4} has associated four directions, six

2-planes and four 3-planes. The compatibility of these fourteen causal

characters allows us to classify the Lorentzian space–time frames from a

causal point of view. The result is:

There exist 199, and only 199,

causal classes of Lorentzian frames.

– B. Coll and J. A. Morales, 199 Causal Classes of Space-Time
Frames, Int. Jour. Theor. Phys. 31, 1045–1062 (1992).

The 199 Causal Classes of Space-time Frames
elee tlee ttee llle tlle ttle ttte llll tlll ttll tttl tttt

EEEEEE LEEEEE TEEEEE LLEEEE TTLEEE TTTEEE TTLLEE TTLELE TTTEEE TTTLEE TTTEEE TTTLEE TTTTLE TTTTTE TTLTLL TTTTLL TTTTTL TTTTTT TTTTTT TTTTTT TTTTTT TTTTTT TTTTTT

TLEEEE TTEEEE LLLEEE TLLEEE TTTLEE TTLTEE TTLETL TTTTEE TTTTEL TTTLLE TTTTLE TTTTTE TTTTTE TTTTTL TTTTLL TTTTTL TTTTTT

TTLEEE TTTEEE LLLLEE TLLLEE TTLLLE TTLELL TTTLLE TTLTLE TTTTLE TTTTTE TTLTLL TTLLTL TTTTLL TTTTTT TTTTTL TTTTTT

eeee TTLLEE TTTLEE TTTTEE LLLLLE TTLLTE TTLETL TTTTLE TTLTTE TTTLLL TTTTLL TTTTLL TTLLTT TTTTTL TTTTTT

TLLLLE TTLLLE TTTLLE TTTTLE TTLETT TTTTTE TTLLLL TTTLLL TTTTTL TTTTTT TTLTLT TTTTTL TTTTLT

TTTTTE LLLLLL TLLLLL TTLLLL TTLTLL TTLLTL TTTTLL TTLTTL TTTTLT TTTTTT TTTTTT

TTTLLL TTTTLL TTTTTL TTTTTT TTLLTT TTTTTL TTLTTT TTTTTT

EEEEEE LEEEEE EEELEE TEEEEE TTLEEE TTTEEE TTLLEE TTLELE TEELLE TTTEEE TTTLEE TTLLLE TTTLLE TTTLLE

LELEEE LEELEE EELLEE TLEEEE TTTLEE TLELLE

TEELEE EETLEE TTEEEE LLLEEE TTELLE

leee LLELEE LELLEE TLLEEE TLELEE TLLLLE

TELLEE LETLEE TTLEEE TTELEE TTLLLE

TETLEE TTTEEE LLLLEE TLLLEE TTTLLE

LLTLEE TTLLEE TLTLEE TTTLEE

EEEEEE LEEEEE TEEEEE LLEEEE TTLEEE TTTEEE TTTEEE

teee TLEEEE TTEEEE LLLEEE TLLEEE

TTLEEE TTTEEE

EEEEEE LEEEEE ELEEEE TEEEEE TLLEEE TLLLEE TLLLLE

llee LLEEEE EELLEE ELELEE TLEEEE

LLELEE LELLEE TLELEE TELLEE

EEEEEE LEEEEE ELEEEE TEEEEE TLLEEE

LLEEEE TLEEEE

ttee EEEEEE LEEEEE TEEEEE

llle EEEEEE LEEEEE LLEEEE LLELEE

tlle EEEEEE LEEEEE LLEEEE

ttle EEEEEE LEEEEE

ttte EEEEEE

llll EEEEEE

tlll EEEEEE

ttll EEEEEE

tttl EEEEEE

tttt EEEEEE

eeee leee teee llee

tlee

B. Coll and J.A. Morales, The 199 Causal Classes of Space-time Frames, Internat. J. Theo. Phys., 31, 6, p 1045-62 (1992)
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are respectively time-like , like-light , space-like coordinate

t , l , e

T , L , E

T , L , E

t , l, e

lines or tangent vectors

surfaces or planes

hypersurfaces or 3-planes

functions or co-vectors
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Coordinates in Relativity: causal classes

Schwarzschild space-time

Droste-Hilbert coordinates {t, r, θ, φ}

ds2 = −
(

1 − 2m

r

)
dt2 +

1
1 − 2m

r

dr2 + r2dΩ2

where r > 2m and dΩ2 = dθ2 + sin2 θ dφ

The coordinate basis {∂t, ∂r, ∂θ, ∂φ} belong to the causal class

{t e e e, T T T E E E, t e e e}

This is the common class (3 : 10 : 3).
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Coordinates in Relativity: causal classes

Schwarzschild space-time

Droste-Hilbert coordinates {t, r, θ, φ}
The region r ≤ 2m is not in the domain of the Droste–Hilbert chart.

Mathematically, one can consider the extended domain including this

region but then the r–coordinate becomes singular at r = 2m

(grr = ∞). In the region r < 2m the coordinate basis {∂t, ∂r, ∂θ, ∂φ}
belong to the causal class

{e t e e, T E E T T E, e t e e}
which is the same causal class that in region r > 2m, that is (3 : 10 : 3).
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Coordinates in Relativity: causal classes

Schwarzschild space-time

Lemâıtre coordinates {T, r, θ, φ}
Lemâıtre eliminated the singularity at r = 2m introducing a new

coordinate T from the following relation

dT = dt + ε

√
2m
r

1 − 2m
r

dr

where ε = ±1. This allows to express the Schwarzschild metric in the

form

ds2 = −
(

1 − 2m

r

)
dT 2 + 2ε

√
2m

r
dT dr + dr2 + r2dΩ2
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Coordinates in Relativity: causal classes

Schwarzschild space-time

Lemâıtre coordinates {T, r, θ, φ}
The coordinate basis {∂T , ∂r, ∂θ, ∂φ} belong to the causal class

{t e e e, T T T E E E, t e e e} if r > 2m (3 : 10 : 3)

{l e e e, T L L E E E, t l e e} if r = 2m (2 : 8 : 5)

{e e e e, T E E E E E, t t e e} if r < 2m (1 : 3 : 6)

Using the causal signature notation this are, respectively, the classes

(3 : 10 : 3), (2 : 8 : 5) and (1 : 3 : 6). We could name them Lemâıtre
causal classes. Note that the Lemâıtre class (1 : 3 : 6) at the region

r < 2m is the dual of the class (6 : 21 : 1) which is the relativistic

analog of the Newtonian class {ttee, TTTTTE, εεεε}.

The 199 Causal Classes of Space-time Frames
elee tlee ttee llle tlle ttle ttte llll tlll ttll tttl tttt

EEEEEE LEEEEE TEEEEE LLEEEE TTLEEE TTTEEE TTLLEE TTLELE TTTEEE TTTLEE TTTEEE TTTLEE TTTTLE TTTTTE TTLTLL TTTTLL TTTTTL TTTTTT TTTTTT TTTTTT TTTTTT TTTTTT TTTTTT

TLEEEE TTEEEE LLLEEE TLLEEE TTTLEE TTLTEE TTLETL TTTTEE TTTTEL TTTLLE TTTTLE TTTTTE TTTTTE TTTTTL TTTTLL TTTTTL TTTTTT

TTLEEE TTTEEE LLLLEE TLLLEE TTLLLE TTLELL TTTLLE TTLTLE TTTTLE TTTTTE TTLTLL TTLLTL TTTTLL TTTTTT TTTTTL TTTTTT

eeee TTLLEE TTTLEE TTTTEE LLLLLE TTLLTE TTLETL TTTTLE TTLTTE TTTLLL TTTTLL TTTTLL TTLLTT TTTTTL TTTTTT

TLLLLE TTLLLE TTTLLE TTTTLE TTLETT TTTTTE TTLLLL TTTLLL TTTTTL TTTTTT TTLTLT TTTTTL TTTTLT

TTTTTE LLLLLL TLLLLL TTLLLL TTLTLL TTLLTL TTTTLL TTLTTL TTTTLT TTTTTT TTTTTT

TTTLLL TTTTLL TTTTTL TTTTTT TTLLTT TTTTTL TTLTTT TTTTTT

EEEEEE LEEEEE EEELEE TEEEEE TTLEEE TTTEEE TTLLEE TTLELE TEELLE TTTEEE TTTLEE TTLLLE TTTLLE TTTLLE

LELEEE LEELEE EELLEE TLEEEE TTTLEE TLELLE

TEELEE EETLEE TTEEEE LLLEEE TTELLE

leee LLELEE LELLEE TLLEEE TLELEE TLLLLE

TELLEE LETLEE TTLEEE TTELEE TTLLLE

TETLEE TTTEEE LLLLEE TLLLEE TTTLLE

LLTLEE TTLLEE TLTLEE TTTLEE

EEEEEE LEEEEE TEEEEE LLEEEE TTLEEE TTTEEE TTTEEE

teee TLEEEE TTEEEE LLLEEE TLLEEE

TTLEEE TTTEEE

EEEEEE LEEEEE ELEEEE TEEEEE TLLEEE TLLLEE TLLLLE

llee LLEEEE EELLEE ELELEE TLEEEE

LLELEE LELLEE TLELEE TELLEE

EEEEEE LEEEEE ELEEEE TEEEEE TLLEEE

LLEEEE TLEEEE

ttee EEEEEE LEEEEE TEEEEE

llle EEEEEE LEEEEE LLEEEE LLELEE

tlle EEEEEE LEEEEE LLEEEE

ttle EEEEEE LEEEEE

ttte EEEEEE

llll EEEEEE

tlll EEEEEE

ttll EEEEEE

tttl EEEEEE

tttt EEEEEE

eeee leee teee llee

tlee

B. Coll and J.A. Morales, The 199 Causal Classes of Space-time Frames, Internat. J. Theo. Phys., 31, 6, p 1045-62 (1992)
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are respectively time-like , like-light , space-like coordinate

t , l , e

T , L , E

T , L , E

t , l, e

lines or tangent vectors

surfaces or planes

hypersurfaces or 3-planes

functions or co-vectors

Lemaître causal classes
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Coordinates in Relativity: causal classes

Schwarzschild space-time

Eddington–Finkelstein coordinates {u, r, θ, φ}

ds2 =
(

2m

r
− 1

)
du2 + 2 ε dudr + r2dΩ2

u = t + ε(r + 2m ln | r − 2m |), ε = ±1 (r �= 2m).

The transformation from extended Droste–Hilbert to

Eddington–Finkelstein coordinates is defined for any 0 < r �= 2m and

has unit Jacobian (irrespectively of the sign ε).

The coordinate lines defined by constant u, θ, and φ are radial null

geodesics which are ingoing or outgoing according to ε = 1 or ε = −1,

respectively.
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Coordinates in Relativity: causal classes

Schwarzschild space-time

Eddington–Finkelstein coordinates {u, r, θ, φ}
The coordinate basis {∂u, ∂r, ∂θ, ∂φ} belong to the causal class

{t l e e, T T T L L E, l e e e} if r > 2m (5 : 19 : 2)

{l l e e, TLLLLE, l l e e} if r = 2m (4 : 17 : 4)

{l e e e, T L L E E E, t l e e} if r < 2m (2 : 8 : 5)

We could refer them as the Eddigton–Finkelstein causal classes.

The class (4 : 17 : 4) is self–dual; the classes (5 : 19 : 2) and (2 : 8 : 5)
are dual each other.

The 199 Causal Classes of Space-time Frames
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are respectively time-like , like-light , space-like coordinate

t , l , e

T , L , E

T , L , E

t , l, e

lines or tangent vectors

surfaces or planes

hypersurfaces or 3-planes

functions or co-vectors

Eddington-Finkelstein causal classes
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Coordinates in Relativity: causal classes

Vaidya space-time

The Vaidya radiating solution is usually given in the form

ds2 =
(

2m(u)
r

− 1
)

du2 − 2dudr + r2dΩ2

The coordinate basis {∂u, ∂r, ∂θ, ∂φ} belong to the causal

Eddigton–Filkelstein class (5 : 19 : 2), (4 : 17 : 4), (2 : 8 : 5) according to

r > 2m(u), r = 2m(r) or r < 2m(r), respectively.
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Coordinates in Relativity: causal classes

Bondi–Sachs coordinates

Any space–time metric may be expressed in the form:

gαβ ≡ g

(
∂

∂xα
,

∂

∂xβ

)
=

⎛
⎜⎜⎜⎜⎜⎝

g00 g01 g02 g03

g01 0 0 0

g02 0 g22 g23

g03 0 g23 g33

⎞
⎟⎟⎟⎟⎟⎠

In addition, when ∆23 ≡ g22g33 − g2
12 > 0 one says that this corresponds

to take Bondi–Sachs radiating coordinates

x0 ≡ u, x1 ≡ r, x2 ≡ θ, x3 ≡ φ.
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Coordinates in Relativity: causal classes

Bondi–Sachs coordinates

The associated contra–metric has the form:

gαβ ≡ g(dxα, dxβ) =

⎛
⎜⎜⎜⎜⎜⎝

0 g01 0 0

g01 g11 g12 g13

0 g12 g22 g23

0 g13 g23 g33

⎞
⎟⎟⎟⎟⎟⎠

So, u = constant is a family of null hypersurfaces.

The causal classes associated with Bondi–Sachs coordinates have

necessarily this structure:

{◦ l ◦ ◦, T L L ◦ ◦ ◦ , l ◦ ◦ ◦}

Coordinates: Newtonian and Lorentzian frames 45

Coordinates in Relativity: causal classes

Bondi–Sachs causal classes

A direct inspection of our table allows to fill the above white holes with

the appropriate causal characters. Then one obtain the following result:

Bondi–Sachs coordinate systems are classified into 13 causal classes.

{t l e e, T T T L L E, l e e e} (5 : 19a : 2)

{l l e e, T T T L L E, l e e e} (4 : 19a : 2)

{l l e e, T T L L L E, l e e e} (4 : 18a : 2)

{l l e e, T L L L L E, l l e e } (4 : 17 : 4)

{l e e e, T L L L E E, l l e e} (2 : 12a : 4)

{l e e e, T L L E E E, l l e e} (2 : 8a : 4)

{l e e e, T L L E E E, t l e e} (2 : 8a : 5)
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{e l e e, T T T L L E, l e e e} (2β : 19a : 2)

{e l e e, T T L L L E, l e e e} (2β : 18a : 2)

{e l e e, T L L L L E, l e e e} (2β : 17 : 2)

{e l e e, T T E L L E, l e e e} (2β : 13′d : 2)

{e l e e, T L E L L E, l e e e} (2β : 12′a : 2)

{e l e e, T E E L L E, l e e e} (2β : 8′a : 2)
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are respectively time-like , like-light , space-like coordinate

t , l , e

T , L , E

T , L , E

t , l, e

lines or tangent vectors

surfaces or planes

hypersurfaces or 3-planes

functions or co-vectors
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Coordinates in Relativity: causal classes

Relativistic classes which are analogous to the Newtonian causal classes

Gödel space–time

ds2 = −dt2 − 1
2
e2ydx2 + dy2 + dz2 − 2eydt dx

The coordinate frame {∂t, ∂x, ∂y, ∂z} belongs to the causal class

(6 : 21 : 1), that is

{t t e e, T T T T T E, e e e e}

In the coordinate system {y, x, y′ = y + αt, z} the Gödel metric take the

expression

ds2 = (1− 1
α2

)dy2−1
2
e2ydx2− 1

α2
dy′2+dz2+

2
α2

dy dy′+2eydy dx−2eydx dy′
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Gödel space–time

that is

gµν ≡ g

(
∂

∂xµ
,

∂

∂xν

)
=

⎛
⎜⎜⎜⎜⎜⎝

1 − 1
α2

1
αey 1

α2 0
1
αey − 1

2e2y − 1
αey 0

1
α2 − 1

αey − 1
α2 0

0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠

So, taking α < 1 the coordinate frame {∂y, ∂x, ∂y′ , ∂z} belongs to the

causal class (10 : 28 : 1), that is

{t t t e, T T T T T T, e e e e}
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Gödel space–time

Introducing new coordinates {z, x, y′, z′ = z + βy}, the Gödel metric

form is

gµν ≡ g

(
∂

∂xµ
,

∂

∂xν

)
=

⎛
⎜⎜⎜⎜⎜⎝

1 + 1
β2 (1 − 1

α2 ) 1
αβ ey 1

α2β
1

β2 (1 − 1
α2 )

1
αβ ey − 1

2e2y − 1
αey 1

αβ ey

1
α2β − 1

αey − 1
α2

1
α2β

1
β2 (1 − 1

α2 ) 1
αβ ey 1

α2β
1

β2 (1 − 1
α2 )

⎞
⎟⎟⎟⎟⎟⎠

where y = (z − z′)/β and α < 1. So, taking β2 < 1
α2 − 1, the coordinate

frame {∂z, ∂x, ∂y′ , ∂z′} belongs to the causal class (15 : 28 : 1), that is

{t t t t , T T T T T T, e e e e}
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Symmetric frames

We can introduce frames whose vectors are metrically indistinguishable

(they have the same length and the same mutual scalar products). We

call them symmetric frames. The metric in such a frame take the

expression

gσρ ≡ g(eσ, eρ) =

⎛
⎜⎜⎜⎜⎜⎝

α β β β

β α β β

β β α β

β β β α

⎞
⎟⎟⎟⎟⎟⎠

In dimension n there exist 2n − 1 causal classes of Lorentzian

symmetric frames.
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Symmetric frames

In dimension n, the signature σ of a metric that admits a symmetric

frame is given by

σ = sgn(α + (n − 1)β) + (n − 1)sgn(α − β)

The only nonelliptic metrics admitting symmetric frames are the

Lorentzian ones.

The algebraic dual coframe of a symmetric frame is a symmetric

frame.
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Axis of a symmetric frame

For any symmetric frame {ξA}n
A=1 there exists a unique direction

for which its vectors are isometric. This is the direction given by

{ξ = 1AξA} and we call them the axis of the symmetric frame.

In dimension n > 2, the axis of a Lorentzian symmetric frame is

time–like.
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Space–times and symmetric frames

It may occur that the vectors of a symmetric frame be indistinguishable

even for a (differential) concomitant of the metric.

- When this happens for a concomitant C, the frame is said to be

C–invariant, and

- it is said to be p–C–invariant if, in addition, it is invariant for the

covariant derivatives of C up to order p.
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Ricci–invariant symmetric frames

A Lorentzian space admits Ricci–invariant symmetric frames if, and

only if, it is a perfect fluid. These frames are those whose axis is

collinear to the fluid velocity.

A symmetric frame is p–Ricci–invariant iff it is one–Ricci–invariant.

The space–times admitting one–Ricci invariant symmetric frame are

the Einstein spaces and the FLRW universes.
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Riemann–invariant symmetric frames

For n > 3, the Lorentzian spaces admitting Riemann invariant

symmetric frames are the conformally flat perfect fluids.

A symmetric frame is p–Riemann invariant if, and only if, it is

one–Riemann invariant.

The space–times admitting one–Riemann invariant symmetric

frames are the FLRW universes.

The cosmological principle states that the space–times admits

frames whose vectors are indistinguishable for any differential

concomitant of the metric.
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Natural symmetric frames

The axis of a natural symmetric frame is shear–free and

vorticity–free.

In a Lorentzian space admitting natural symmetric frames there

exists (locally) an umbilical synchronization.

The Lorentzian space admitting natural symmetric frames are those

in which there exists (locally) and umbilical conformally flat

synchronization.

Coordinates: Newtonian and Lorentzian frames 60

Space–times admitting natural symmetric frames

In the space–time admitting a natural symmetric frame, the Weyl

tensor is of the electric type with respect to the axis of the frame.

Their Petrov–Bel type is I, D or O.

All the FLRW universes admit natural symmetric frames.

All the spherically symmetric space–times admit natural symmetric

frames.

In the above two examples the components of the metric are symmetric

functions of the corresponding local coordinates:

The ”tangent”symmetry goes down the underlying manifold.

– B. Coll and J. A. Morales, Symmetric frames on Lorentzian
spaces, J. Math. Phys. 32, 2450–2455 (1991).
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Invariance by permutations

Symmetric frames are invariant by permutation group S4. We can

extend this idea and consider frames that are invariant by the

permutation groups S3, S2 and S2 × S2. Then, the associated metric

expressions are the following.

S3 : gσρ ≡ g(eσ, eρ) =

⎛
⎜⎜⎜⎜⎜⎝

α β β ν

β α β ν

β β α ν

ν ν ν µ

⎞
⎟⎟⎟⎟⎟⎠

There exist 39 causal classes of S3 Lorentzian frames
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Invariance by permutations S2

S2 : gσρ ≡ g(eσ, eρ) =

⎛
⎜⎜⎜⎜⎜⎝

α β ν ν

β α ν ν

ν ν γ λ

ν ν λ µ

⎞
⎟⎟⎟⎟⎟⎠

S2 −→ (γ = µ) −→ S2 × S2 −→ (γ = α, λ = ν = β) −→ S4
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General Relativity and Newtonian gravity

General Relativity is a (metric) theory for gravity. Einstein field equations

equals the Ricci tensor (of the space-time geometry) with the matter

tensor (describing energy contents).

We quote a phrase by de Sitter which express clearly the essence of

Einstein theory.

The theory of (general) relativity brought the insight that space and

time are not merely the stage on which the piece is produced, but are

themselves actors playing an essential part in the plot.

W. de Sitter, Scentia 49, 1 (1931)

In General Relativity, the metric and torsion–free (Levi–Civita)

connection provides the free–falling (geodesic) motions.
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In Newtonian Dynamics, in absence of gravitation, the connection ∇ is

symmetric and flat:

Tor(∇) = 0, Riem(∇) = 0

and the world-lines of free particles are geodesics of ∇.

É. Cartan (1923), and subsequently C. Kilmister (1963) and A.

Trautman (1963), formalized Newtonian gravity in the context of a

geometrized theory in which the gravitational force is described by a

symmetric, non–flat and non-metric connection.

We summarize the main aspects of this theory.



Coordinates: Newtonian and Lorentzian frames 65

Newtonian Gravity (Cartan–Kilmister–Trautman formulation)

– The Galileo–Newton space–time {M4, θ, γ
∗,∇} is endowed with a

second symmetric, but non–flat connection, ∇̃.

– The difference of both connections is the tensor field

C = g ⊗ T

g is a space–like field, i(g)θ = 0.

T = θ ⊗ θ is the temporal Galilean metric.

In an arbitrary coordinate system, this writes as

Cα
µν ≡ Γ̃α

µν − Γα
µν = gαθµθν , gµθµ = 0
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– The curvature tensor of ∇̃ has the expression

R̃α
βµν = θβθν∇̃µgα − θβθµ∇̃νgα

and the Ricci tensor is proportional to the temporal Galilean metric:

Ric(∇̃) = (∇̃ · g) θ ⊗ θ

– Assuming the existence of three space–like independent fields,

X(a), i(X(a))(θ) such that ∇̃X(a) = 0, (a = 1, 2, 3), one can prove

that

The gravitational 1–form g∗ = i(g)γ is closed, dg∗ = 0

A real function (Newtonian potential) φ exists, g∗ = dφ.
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The connection ∇̃ is determined by φ. Free–fall is described by

world lines which are geodesics of ∇̃.

The Poisson equation

∆φ = 4πρ

is recovered from the expression of the Ricci tensor if one assume

that the field equations are given by

Ric(∇̃) = 4πρ θ ⊗ θ

(It is easy to see that ∆φ = ∆̃φ).
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In the way, one needs to assume that the uniform temporal current θ

and the contra-metric γ∗ are both compatible with ∇̃,

∇̃θ = 0, ∇̃γ∗ = 0

These conditions imply additional constraints on the curvature tensor:

∇̃θ = 0 =⇒ R̃iem(θ) = 0 (θλR̃λ
αβρ = 0)

∇̃γ∗ = 0 =⇒ R̃αβ
σρ = −R̃βα

σρ (R̃αβ
σρ ≡ γβλR̃α

λσρ)

(It is a direct consequence of the Ricci’s identities of ∇̃)
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