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Preface

This book offers a unified presentation of the concepts and general princi
ples common to all branches of solid and fluid mechanics, designed to appeal
to the intuition and understanding of advanced undergraduate or first-year
postgraduate students in engineering or engineering science.

The book arose from the need to provide a general preparation in contin
uum mechanics for students who WIll pursue further work in specialized fields
such as viscous fluids, elasticity, viscoelasticity, and plasncity, Originally the
book was introduced for reasons of pedagogical economy-to present the com
mon foundations of these specialized subjects in a unified manner and also to
provide some introduction to each subject for students who will not take
courses in all of these areas. This approach develops the foundations more
carefully than the traditional separate courses where there is a tendency to
hurry on to the applications, and moreover provides a background for later
advanced study in modem nonlinear continuum mechanics,

The first fivechapters devoted to general concepts and principles applicable
to all continuous media are followed by a chapter on constitutive equations, the
equations defining particular media. The chapter on constitutive theory begins
With sections on the specific constitutive equations of linear viscosity, linearized
elasticity, linear viscoelasucity, and plasticity, and concludes with two sections
on modem constitutive theory. There are also a chapter on fluid mechanics and
one on linearized elasticity to serve as examples of how the general principles
of the first five chapters are combined with a constituuve equation to formu
late a complete theory. Two appendices on curvilinear teosor components
follow, which may be omitted altogether or postponed until after the main
exposition is completed.

Although the book grew out of lecture notes for a one-quarter course for
first-year graduate students taught by the author and several colleagues during
the past 12 years, It contains enough material for a two-semester course and is
written at a level suitable for advanced undergraduate students. The only
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vi Preface

prerequisites are the basic mathematics and mechanics equivalent to that usu
ally taught in the first two or three years of an undergraduate engineering
program. Chapter 2 reviews vectors and matrices and introduces what tensor
methods are needed. Part of this material may be postponed until needed, but
it is collected in Chap. 2 for reference.

The last 15 to 20 years have seen a great expansion of research and publi
cation in modern continuum mechanics. The most notable developments have
been jn the theory of constitutive equations, especially in the formulation of
very general principles restricting the possible forms that constitutive equations
can take. These new theoretical developments are especially addressed to the
formulation of nonlinear constitutive equations, which are only briefly touched
upon in this book. But the new developments have also pointed up the limita
tions of some of the widely used linear theories. This does not mean that any
of the older linear theories must be discarded, but the new developments pro
vide some guidance to the conditions under which the older theories can be
used and the conditions where they are subject to significant error. The last
two sections of Chap: 6 survey modern constitutive theory and provide refer
ences to original papers and to more extended treatments of the modern theory
than that given in this, introductory text.

The book is a carefully graduated approach to the subject in both content
and-style. The earlier part of the book is written with a great deal of illustrative
detail in the development of the basic concepts of stress and deformation and
the mathematical formulation used to represent the concepts. Symbolic forms
of the equations, 'using dyadic notation, are supplemented by expanded Carte
sian component forms, matrix forms, and indicial forms of the same equations
to give the student abundant opportunity to master the notations. There are
also many simple exercises involving interpretation of the general ideas in con
crete examples. In Chaps. 4 and 5 there is a gradual transition to more reliance
on compact notations and a gradual increase in the demands on the reader's
ability to comprehend general statements.

Until the end of Sec. 4.2, each topic considered is treated fairly completely
and (except for the brief section on stress resultants in plate theory) only
concepts that will be used repeatedly in the following sections are introduced.
Then there begin to appear concepts and formulations whose full implementa
tion is beyond the scope of the book. These include, for example, the relative
description of motion, mentioned in Sec. 4.3 and also in some later sections,
and the finite rotation and stretch tensors of Sec. 4.6, which are important in
some of the modern developments referred to in the last two sections of Chap.
6. The aim in presenting this material is to heighten the reader's awareness
that the subject of continuum mechanics is in a state of rapid development,
and to encourage his reading of the current literature. The chapters on fluids
and on elasticity also refer to published methods and results in addition to
those actually presented.
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The sections on the constitutive equations of viscoelasticity and plasticity
are introduced by accounts of the observed responses of real materials in order
to motivate and also to point up the limitations of the idealized representations
that follow. The second section on plasticity includes work-hardening. a part
of the theory not in a satisfactory state, but so important in engineering appli
cations that it was believed essential to mention and point out some of the
shortcomings of the available formulations.

A one-quarter course might well include most of the first five chapters, only
part of Chap. 6, and either Chap. 7 on fluids or Chap. 8 on elasticity. Section
3.6 on stress resultants in plates and those parts of Sees. 5.3 and 5.4 treating
couple stress can be omitted without destroying the continuity, as also can Sees.
6.5 and 6.6 on plasticity. Section 4.6 can be given only minor emphasis, or
omitted altogether if the last two sections of Chap. 6 are not to be covered.
The second appendix, presenting only physical components in orthogonal cur
vilinear coordinates might be included if time permits; although not needed in
the text, it is useful for applications.

A two-term course could include the first appendix on general curvilinear
tensor components, useful as a preparation for reading some of the modern lit
erature. There is sufficient textual material in the book for a full year course,
but it should probably be supplemented with some challenging applications
problems. Most of the exercises in the text are teaching devices to illuminate
the theory, rather than applications.

The book is a textbook, designed for classroom teaching or self-study, not
a treatise reporting new scientific results. Obviously the author is indebted to
hundreds of investigators over a period of more than two centuries as well as
to earlier books in the field or in its specialized branches. Some of these inves
tigators and authors are named in the text, but the bibliography at the end of
the book includes only the twentieth-century writings cited. Extensive bibli
ographies may be found in the two Encyclopedia of Physics treatises; "The
Classical Field Theories," by C. Truesdell and R. A. Toupin, Vol. III.' 1, pp.
226-793 (1960), and "The Non-Linear Field Theories of Mechanics." by C.
Truesdell and W. Noll, Vol. lUj3 (1965), published by Springer-Verlag,
Berlin. These two valuable comprehensive treatises are among the references
for collateral reading cited at the end of the introduction. Many of the
historical allusions in the text are based on these two sources.

The author is indebted to several colleagues at Michigan State University
who have used preliminary versions of the book in their classes. These include
Dr. C. A. Tatro (now at the Lawrence Radiation Laboratory. Livermore,
California)and Professors M. A. Medick. R. W. Little, and K. N. Subramanian.
Professors John Foss and Merle Potter read the first version of the material
on fluid mechanics. Encouragement and helpful criticism have been provided
by these colleagues and also by the dozens of students who have taken the
course.
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The author is also indebted to Michigan State University for sabbatical
leave during 1966-67 to work 00 the book and to Prentice-Hall, Iae., for their
cooperation and assistance in preparing the final text and illustrations.

Finally~ thanks arc due to the author's wife for inspiration, encouragement
and forbearance.

LAWRENCB E. MALVBR.N

WI Lan~ing~ Michigan
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Sec. 4.6 Strain and Deformation 173

additive decomposition of the displacement gradient into the sum of a pure
strain plus a pure rotation, since when the displacement-gradient components
are not small compared to unity the two matrices no longer represent pure
strain and pure rotation, respectively. But a multiplicative decomposition of
the deformation gradient F = x~ into the product of two tensors, one of which
represents a rigid-body rotation, while the other is a symmetric positive-definite
tensor is always possible. If R denotes the orthogonal rotation tensor, which
rotates the principal axes of C at X into the directions of the principal axesof
D- I at x, then we will see in Eqs. (14) to (21) below that there exist two tensors
U and V satisfyingt

so that

F=R·U=V·R

dx =(R.U).dX =(V.R).dX

(4.6.1a)

with rectangular Cartesian component forms (referring XI and XI to the same
reference axes and using lower-case indices for both)

such that

Xfc,p = RkqUqp = VkqR qp and

dx, = RkqUqpdXp = VkqRqpdXp

R1mRJm = s; and RkpRkq = s; or}

R·R" = 1 and R"·R = 1.

(4.6.1b)

(4.6.1 c)

U is called the right stretch tensor, and V is called the left stretch tensor.
Either stretch tensor operating as U· or as V· on the set of all vectors at a
point produces length changes (stretch) in the vectors and also produces addi
tional rotation of all vectors except those in the principal directions of the
stretch tensor, in addition to the rigid-body rotation R of the whole set of
vectors. Both U and V are symmetric and positive-definite.

Equations (1) show that we may consider the motion and deformation of
an infinitesimal volume element at X to consist of the successive application] of:

tThe notation here is that of Truesdell and Noll (1965), following Noll (1958), except
that they omit the dots. giving F = RU = VR.

tThe fact that the deformation at a point may be considered as the result of a translation
followed by a rotation of the principal axes of strain, and stretches along the principal
axes, was apparently recognized by Thomson and Tail in 1867, but first explicitly stated
by Love in 1892.











































































































































































































































































































































































































































































402 Constitutive Equations Chap. (I

unaffected by the change of frame. frame-indifference does place restrictions
on possible nonlinear viscous constitutive equations. In fact frame-indifference
implies that the function reo) in Eq. (6.3.8) must be an isotropic tensor func
tion. See, for example, Truesdell and Toupin (/960), Sec. 299.

Co-rotational and convected stress rates, stress flux. Some particular
constitutive equations that have been proposed include the material time deriv
ative t of the stress T among the constitutive variables, for example the Max
well model and the standard linear solid of linear viscoelasticity (see Sec. 6.4)
and the Prandtl-Reuss elastic plastic material (Sec. 6.5). Such equations do
not satisfy the principle of material frame-indifference for arbitrary motions.
One part of the difficulty is that the material derivative t does not transform
according to Eq. (7) under an orthogonal change of the spatial reference frame
even though T does. That is, t is not frame-indifferent, even though T is. We
shall demonstrate that t is not frame-indifferent, and in the demonstration we
shall discover a group of terms which together are frame-indifferent. This group
is called the co-rotational stress rate and denoted by or with a superposed
small circle instead of a dot. It is equal to the material derivative of the stress
as it would appear to an observer in a frame of reference attached to the
particle and rotating with it at an angular velocity equal to the instantaneous
value of the angular velocity w of the material. We define:

Co-rotational stress rate (6.7.69)

where W is the spin tensor of Sec. 4.4.
To lead to the definition of Eq, (69) we begin by differentiating the equation

given by Eq. (7), obtaining

'I'. Q 'I' QT' I r~ 'I' QT' I Q TnT'= •• * - \..l... - . • .'l.

(6.7.70)

(6.7.71)

Because of the last two terms in Eq. (71), the tensor t is not frame-indifferent.
We now eliminate Qand QT' from Eq. (71) as follows. We substitute A = Q oQ"
in Eq. (68b) and then multiply Eq. (68b) by Q from the right, to obtain

whence, since QToQ = 1, we obtain

Q= W· oQ - QoW with transpose

Q" = _Q".W. -\- WoQT.
(6.7.72)

(Recall that Wand W· are skew, so that, for example W" = - W.) Substitut-














































































































































































































































































































































































































































































































































































































































